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PREFACE 


This book has been written for the students of Class X of Secondary Schools affiliated 
to the Central Board of Secondary Education (CBSE), New Delhi, according to new syllabus 


developed by National Council of Educational Research and Training (NCERT), New Delhi, 
under the National Policy of Education. 


In fact, it isan effort made to cater to the needs of the average students and the 
brighter students as well who have to learn Mathematics as а compulsory subject. Learning 
of Mathematics is essential for them to study other subjects as an integrated course and to face 
multi-dimensional and challenging situations in days to come. To make learning of the subject 
interesting and meaningful to the day-to-day needs of would be citizens, I have presented the 
contents ina new format which is based on my long experience of teaching the subject and 
varied writing experience of text-books on Mathematics. 


The following are the special features of the book : 


14 


. Working rules, 


. Whereve 


The emphasis has been laid on the clear understanding of basic concepts and 
principles by the students. 


Treatment of the subject matter is simple and logical. The matter has been 
developed successively with the help of previous knowledge of the students. 


. Each chapter comprises several functional units and each unit is designed to cover 


one or two teaching periods. 


. Numerous worked-out examples have been provided for better understanding of 


the contents by the students and to explain the methodical working of the problems 
fully. 


. There are sufficient well-graded questions related to our daily life in each exercise. 


Each exercise has been divided into three Sections A, B and С. Section A consists 
of objective or short-answer questions, while Section B has simple applications and 
Section C has more difficult questions. 


. After each chapter а review exercise has been added, enriched by the inclusion of 


questions set in public examinations for effective revision side by side. 


important results and points worth remembering and deductions 
are given at appropriate places. 
r necessary hints have been provided to help students to solve difficult 


questions with confidence. 


(iv ) 


9. The figures, diagrams and graphs given in the book are complete, neatly drawn 
and self-explanatory. 


10. Only agreed conventions, popular symbols or notations and metric units have been 
used throughout the book. 


11. Answers to questions have been carefully checked for their correctness and 
accuracy. 


Iam indebted to Dr. Vijay Bhushan Aggarwal, Founder Head of the Deptt. of 
Computer Science, Delhi University for writing Chapter 12 on Computing II in the book. 


I would like to request my fellow teachers and pupils to send their constructive criticism 
so that the book may be improved in its future editions. 


Ashok Vihar, Delhi RAJENDRA PRASAD GOEL 


SYLLABUS ІМ MATHEMATICS FOR CLASS Х PRESCRIBED BY CBSE 


One Paper 3 Hours Marks : 100 
UNITS Marks Marks 
1. Algebra | 1 30 4. Geometry 30 
2. Arithmetic and Mensuration 10 3. Statistics 08 
3. Trigonometry 12 6. Computing (II) 10 


Unit I: Algebra 

Linear equatians in two yariables. Linear equations in two i i 
System of two linear equations in two variables, Solution of the Ы oes graph. 
cal method. Consistency/inconsistency of the equations. Mat 

Algebraic method vf the solution of a system of equations. Applications involving the 
system of equations from different areas. 

Rational Expressions. Meaning of a rational expression, addition, subtraction, multipli- 
cation of rational expressions. Factorization of expressions involving cyclic factors, Ratio а 
proportion, Componendo, dividendo, alternendo, invertendo, etc , and their application 
Quadratic Equation. Meaning and standard form of a quadratic equation ax24-bx 4-c—0, а520 

Solution of ax?-4-bx--c—0, a0 (i) by factorization (ii) by quadratic formula. Discri- 
minant of the quadratic equation and nature of the roots. Applications involving quadratic 
equation and nature of the roots. 

Applications involving quadratic equation from several areas. 

Solution of equations reducible to quadratic form. Factorization of quadratic poly- 
nomials by using quadratic formula (when other methods are not easily applicable) poly: 
Unit II : Arithmetic and Mensuration 

Area and Volume. Review of concepís such as area of a circle, sector segment ; 
surface areas and volumes of cubes, cuboids, cones, cylinders, spheres ; area of four walls of a 
room studied in earlier classes and solution of problems (of higher difficulty level), using 
logarithmic tables for computational work. м 
Unit III : Trigonometry (20 Periods) = 

Trigonometrical Identities. sin? A+cos? A=] ; sec? A=1+tan* A ; cosec? A=1+cot? A 

Proving simple identities based upon the above. 

Trigonometrical ratios of complementary angles x 4 

sin (90°—A)=cos A, cosec (90°—A)=sec A, cos (90°—A)=sin A, sec (90°—A)=cosec А 
tan (90°—A)=cot A, cot (90°—A)=tan A. | Simple problems based upon the above н 

Heights and Distances. Reading of trigonometrical tables. Solution of simple problems 
on heights and distances, using trigonometrical tables and logarithmic tables. 

Unit IV : Geometr : 

A number of У ropositions in Geometry are listed below. Most of them have already 
been learnt at the Upper Primary stage by verification/experiments. At the Secondary stage the 

i 1 with the nature and method of a geometrical proof. In order 


purpose is to acquaint the pupil witl [ 
to see that the burden on the pupil is not much it may not be necessary to give proofs for all 
the propositions. So, a few of these may be selected in such a way that they reflect wreef 


roof like direct proof, proof by contradiction, proof by exhaustion, proofs using various 
E ANI SAS, 515 etc. But there should be a large number of exercises where AA pupil 
will be required to prove riders, applying the knowledge and understanding of the various 
theorems, so that the pupil develops the ability of identifying the inter-relationship between 
different parts of the problems and draws conclusions through reasoning, which is one of the 
main objectives of teaching Mathematics in general and Geometry in particular. 


Similar Triangles i i 
gle ne is drawn parallel to one side of a triangle, the other two sides are divided 


Ts * Газ 
in the sa Ano А А S $ M. 
E x IE divides any two sides of a triangle in the same ratio, the line is parallel to 
the third si i ei 
hird side. the corresponding angles are equal (/.е., if the two triangles are 


i o triangles, I € 
E their corresponding sides are proportioual (Axiom): s i 
4. Tf the sides of two triangles аге proportional the us are equiangular (Axiom). 
5. If corresponding angles of two triangles are equal, then the triangles are similar 
(Axiom). : 
3 6. If corresponding sides 
Similar (Axiom). 


of two triangles are proportional, then the triangles are 


(vi) 

7. If one angle of a triangle is equal to one angle of the other and the sides including 
these angles are proportional, the triangles are similar (Axiom). 

8. Ifa perpendicular is drawn from the vertex of the right angle of a right triangle to 
the hypotenuse, the triangles on each side of the perpendicular are similar to the whole triangle 
and to each other. 

*9. The ratio of the areas of similar triangles is equal to the ratio of the squares on the 
corresponding sides. 
ж10. In a right triangle, the square on the hypotenuse is equal to the sum of the 
squares on the other two sides. 
*11. Ina triangle, if the square on one side is equal to the 
remaining two, the angle opposite the first side is a right angle. 

Circles. 1. Two circles are congruent if and only if they have equal radii. 

2. If the areas of a circle are congruent. their corresponding chords are equal and its 
converse. 

3. A perpendicular from the centre of a circle to a chord bisects the chord and con- 


versely, the line drawn through the centre of a circle to bisect a chord is perpendicular to the 
chord. 


sum of the squares on the 


4. There is one and only one circle 
5. Equal chords of a circle (or of c 
and conversely, chords of a circle (o 
are equal. 
*6. The angle subtended by an arc at the centre is double the angle subtended by it at 
any point on the remaining part of the circle. 
*T. The angle in a semi-circle is a right angle and its converse. 
*8. Angles in the same segment of a circle are equal. 
9. Ifa line segment joining two points subtends equal angles at two other points lying 
on the same side of the line containing the segment, the four points lie on the same circle. 
10. Equal chords subten equal angles at the centre and conversely, if the angles 
subtended by the chords at the centre (of a circle) are equal, then the chords are equal. 


11. Two arcs of a circle are congruent if the angles subtended by them at the centre 
are equal and its converse. 

%12. The sum of the opposite angles of either pair of a cyclic quadrilateral'is 180% and 
conversely, if a pair of opposite angles of a quadrilateral are supplementary then the quadrila- 
teral is cyclic (proof of converse not required). 

13. А tangent at any point of a circle is perpendicular to the radius through the point 
of contact. 

14. The lengths of two tangents from an external point to a circle are equal. 

15. If two chords of a circle intersect inside or outside the circle then the rectangle 
formed by the two parts of one chord is equal in area to the rectangle formed by the two parts 
of the other. 

*16. If PAB isa secant toa circle intersecting the circle at A and B and PT is а 
tangent, then PAX PB=PT?. 

*17. Ifa line touches а circle and from the point of contact a chord is drawn, the 
angles which this chord makes with the given line are equal respectively to the angles formed in 
the corresponding alternate segments, and the converse 
18. If two circles touch each other, the point of contact lies on the line joining their 
centres. 
Note: Proofs of Theorems starred (9 are to be done. 

Constructions. 1. Construction of a circum-circle and an incircle of a triangle. 
2. Construction of a triangle, given base, vertical angle and either altitude or median through 
vertex. 3. Construction of a cyclic quadrilateral with one vertex angle as a right angle. 


4. Construction of figures (triangles, quadrilaterals, etc.) similar to the given figures as per the 
given scale factor. 


Unit IV : Statistics 
Mean of grouped data, Median of ungrouped data. 
Descriptive explanation of mortality tables, cost of living index, price index. etc. 
Unit V : Computing (II) 
Flow charts involving loops—algorithms for mathematical problems already studied 


from topics such as profit and loss, ratio and proportion, simple and compound interest, 
discount ; HCF and LCM etc.— Easy exercises. 


passing through three given non-collinear points. 
ongruent circles) are equidistant from the centres 
т of congruent circles) that are equidistant from the centres 
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LINEAR EQUATIONS ІМ TWO VARIABLES 


11. LINEAR EQUATIONS IN TWO VARIABLES 


You have learnt about line i i 

: І \ V 1 ar equations i i 
linear equation in one variable is of the form pon анар 
a0. Неге а is the co-efficient of x and b is the constant усы 


le іп your previous class. А 
and 6 are real numbers and 
You have also learnt how to 


solve such equations. The solution of ax+b=0 is х= 
à +b=0 is x ға: We also say that E is the 
root of the equation. a 
Consider the following equations : 


x—y-3, 3x+5y=9, ЭК лив 
8:7 61% pA 


Each of these equations contains two variables x and 
" H z A y and real nu 
linear equations in two variables over R. mbers. These are 


An equation in two variables x, y is said to be linear, if it is of the form Бс 
where a, b, c € R and a0, 650. ME 

Here a is called the co-efficient of x, b is called the co-efficient of y and c is the 
constant term. 


Consider the equation given below : 
x+y=5 [Domain of the variables is RJ 


When we assign any value to x, we find a unique value of y. 
If x=1, then y=4. So ordered pair (1, 4) makes the equation true. 
If x=2, then y=3, the ordered pair (2, 3) also makes the above equation true. 
_ If x—0, then y—5, the ordered pair (0, 5) also makes the given equation true. 
We say that the ordered pairs (1, 4), (2, 3) and (0,5) are solutions of the given 
equation. 
Are these the only solutions of the given equation ? 


Other such ordered pairs аге (3, 2), (4, 1), (5, 0), (0, 5). You сап go on assigning real 
Values to one variable. In each case you will be getting the corresponding value for the other 
Variable such that the ordered pairs so obtained make the equation true. 


The set of these ordered pairs in an infinite set. Each ordered pair corresponds to a 


Point on a real number plane. 
Let us consider the equation х+у=7. 


This is a linear equation in x and y over R. 


s to x, we get the corresponding values of y which make the 


Ву ору 
equation Ж real value: 


Thus, there are infinite number of ordered pairs which are the solutions of the given 
equation. 


Let us write some of these in the form of a table, as given below : 


x= 0 3 7 —1 —3 


doc 7 4 0 8 10 


Let us plot all those points whose coordinates are these ordered pairs. 


What do you observe ? Are these points collinear ? 


By plotting these points, we find that they all lie on a line. 


We say that the graph of the linear equation х--у--7 is a line. Тһе coordinates of any 
point on the line will satisfy this equation. Let us take a point P on the line whose coordi- 
nates ате (5,2). Now х=5 and y—2 satisfy the equation x--y—7. We, thus, see that any 
point on the graph of x--y—7 gives us a solution of the equation. Note that it is true for 
every linear equation in two variables over R. 


Hence, the graph of ax+by+c=0 is a line and eve 


Ty poi 
ax+by-+c=0 gives a solution of the equation. 7 РӨЛІ Ой hs graph of 


Although we need to plot only two points. to determine the grap 
the real numbers, it is a good practice to plot a third point as a check 


Example J. Draw the graph of the solution set of the equation 
2х-3у412-0, x y€R. 


h of a linear equation over 


Solution. 2x—3y4-1220 
ог —3y——2x—12 ог 3y—2x4-12 
EE 


3 


ше 


x= 
3 = 
y= 


2 


Let us plot the ordered pairs (0, 4), (3, 6) and (—3, 2), 


By joining these points, we get a line which is the requ; 
2x—3y-4-12—0. ылы 


Note that the solution set consists of all the points on the line, 


graph of the equation 


In case of fractional bers in ordered pairs, cho i 4 b 
points. esie ath шалдырып pairs, choose а suitable scale for Plotting the 
EXERCISE 1 (a) 

(Section A) 


Draw the graph of the solution set of each of the following equations : 


1. х=4. 2. y-—5. 3. х+у=0. 
4. x+8=0. 5. у=9. 6. x—y=0, 
7. xty=6. 8. х--у--7-0. 9. x=2y, 


(Section В) 
Draw the graphs of the following equations : 


10. 4x—y—5—0. 11. 3х--5у--15. 12. 2y—x—6. 
T Go 
13. 5x—3y=10. 14. aoa h 15. 4x+7y+28=0. 


12. SYSTEM OF EQUATIONS 


A pair of linear equations in two variables can be compounded b; 


the c ive ‘ang’ 
Then the compounded equations form a system of linear eq у Snheetiye Tana. 


uations in two variables, 


A system of equations is usually written as : 
2x—y-7 
3х—2у=9 

The truth set of the system will consist of the соттоп solutions of the ешле 
equations i.e., the truth set of the system is the intersection of the truth sets of the constituen 
equations. 


The graph of a linear equation in two variables is aline. When we draw graphs of 
two such equations on the same axes, we get two distinct lines in the same cartesian plane. 


2x—y=7 and 3х--2у--9; 


Any pair of lines in the same plane 

(i) may intersect in just one point, 

(ii) may intersect in an infinite number of points i.e., may coincide, 
(iii) may not intersect at all i.e., may be parallel. 


Thus, the truth set of a given system of linear equations may contain one element or an 
infinite number of elements or no elements. 


_ Here the two lines, representing graphs of given 
equations meet only at one point. So, these equations 
have only one common solution. 


If a system of equations has only one solution, it is 
called consistent. 


Here the two lines, representing graphs of given 
equations do not intersect at all je., they are parallel. So, 
these equations have ло common solution. 


If the system of equations has по solution, itis сайға X 


inconsistent. 


Неге the two lines, representing graphs of given 
equations coincide with each other. So, these equations 
have infinite number of common solutions. 


If a system of equations has an infinite number of 
solutions, it is called dependent, 


Example 2. Graph the solution set of the system of equations : 


{ 4х-3у-5 
4x—3y=9 


State which type of system it is. 
Solution. (1) Let us draw the graph of the first equation. 


4x—3y=5 or 4х--5--3у 
Тһеп yas 
x= 2 5 | —1 
y 1 5 | -3 


On plotting the points (2, 1), (5, 5) and (—1, —3), we get the line р. 
(2) Let us draw the graph of the second equation on the same axes. 


4х-3у-9 ог 4x—9=3y 


Then y= > 


On plotting the points (0, —3), (3, 1) and (6, 5), we get the line 4. 


¥ 
Ls 2 
zi 5 (58) ^ (6,5) 
zl 4 | 
ТЕГҮ 
2 
14- (2.1) (3,1) 
“j-§-5-4-3-2-1'0| A fo3 4 5 6 |x 
—1 
2-2 
(—1,—3) (0.—3) 
-4 
—5 
9 
E 
Y^ IE 


Scale—1 division— 1 unit 


(3 


. (3) We note that lines p and 4 аге parallel. So, there is no solution for the system of 
equations, 


The system of equations is inconsistent. 


Example 3. Graph the solution of the system of equations 
4x—3y=5 
х+2у=4 
State which type of system it is. 
Solution. (1) Taking the first equation, 


4x—3y=5 ог 3y=4x—5 or D: 


On plotting the points (2, 1), (—1, —3), (0, —§), and joining them, we get line р. 


Taking the second equation, x--2y—4 


or 2у-4--х or y= Bm 
l J 2 


Plotting the points (0, 2), (—2, 3), (2, 1) and joining them, we get line q. 


'-5u—4LHt—3i-2:2—1L-0 2-413 451512094 


Scale—5 divisions=1 unit 


The graphs of two equations j.e., lines p and 4 intersect each other at the poi 
whose coordinates are (2, 1). So, the solution of the system is x=2, у=], point P only 


Hence, the system of equations is consistent. 
EXERCISE 1 (b) 
(Section A) 
Solve the following systems of linear equations graphically : 
12 x+y=5 2. х-у-3 3. 2х+у=12 
х—у=3. х+у=1. x+y=10. 
(Section B) 
Solve each of the following systems of linear equations by drawing their graphs : 
4. 2x+3y—8 5. 2х—3у=12 6. y—x+2=0 
х--2у--5. 2х--3у--24. x—2y—4-Q. 


7. Solve the following equations graphically : 
3x+2y=6 and Ау-5х--1, 
taking 2 cm to represent one unit on both the axes. 
8. Taking 1 cm to represent | unit on each axis, draw graphs of the equations 
x+2y=7 and y—3x=1 
and find their solution. 


А ; unit 
9. Solve the following system of equations graphically, taking 2 cm to represent one 
on both the axes : 


Зх-у--4--0; 5х--у--4--0. 
Solve the following equations graphically, taking 2 cm=1 unit on each axis? 
4х-ЕЗу-5 ў 
х-2у----7. 
(Section С) 


Draw the graphs of the following systems of simultaneous equations and find the 


. = + 15 
solution set in each case. Determine whether these systems arc (4) consistent, (b) dependen 
(c) inconsistent. 


10. 


11. 5х-3у-11 12. x+3y—7=0 13. 2х--8--3у 
3х+у=15. 2х4-6у—14=0. 4х--бу--5. 
14. 3у—2х=7 15. 2х4-3у=13 16. 4x—y—31=0 
5х-ҒЗу---7. 5х—2у=4. 5x—24y—16=0. 
I3. ALGEBRAIC METHODS OF SOLVING SIMULTANEOUS EQUATIONS 
You 


have learnt graphical method of solving two simultaneous linear equations in = 
b ite often the graphical method is not convenient specially when coordinates í 

Foints are fractional numbers. To avoid inaccuracies that сап occur in the drawing of graphs, 
the algebraic methods of solving simultaneous equations are used. The first step in solving these 


equations is to obtain a simple equation having only. one variable. This can be done in 
three ways : 


variables. Qu 


(1) Method оғ equalizing coefficients. 
(2) Method of substitution. 
(3) Method of comparison. 


Example 4. Solve 4х--Зу--25 
7х--8у--52 

Solution. Let us name the equations, 
4x4-3y225 ““(1) 
7х--8у--52 (2) 


Неге the coefficients of neither x nor y in the two equations аге the same. 
We multiply both sides of equation (1) by 7 and equation (2) by 4. 
28х--21у--175 "e 
28х--32у--208 (4) 
Now the numerical coefficients of x іп equations (3) апа (4) are the same. 
We subtract (3) from (4) to eliminate x. 


Пу-3Ҙ 2. oye 


To find x, we substitute у==3 in (1). 
4х--3 х3=25 ог 4х=2 
1 


So, x=4, y=3 

Hence, the solution set is ((4. 3)}. 

Note that the system is consistent. 

This method of elimination consists of the following steps : 

(1) We multiply both the equations by such numbers so as to make the co-cfficients of one 


of the two unknowns numerically the same. 


(2) Then we add or subtract so as to get an equation containing only the other unknown. 


By solving this equation, we get the value of the one unknown, 


(3) We substitute the value of this unknown in either of the equations. 
By solving that, we get the value of the other unknown. 
EXERCISE 1 (c) 
(Section A) 
Solving the following systems of equations : 


x+y=10 2. x+y—5=0 
2x—3y=5. —2x+y=2. 
3x—4y=5 4. 4х—3у=4 
5x+2y=17. 2х--5у--15. 
х-2у-5 6. 2х-3у--11 
3x—4y=13. 3х—у=6. 


(Section В) 
Solve each of the following systems of equations : 


3x+y=4 8. х-2у-2 
y—4x—3 5х--5у--4 
х+у=10 10. x—2y—13 
2х—у=1 у= 7х6. 
Example 5. Solve x+7y=21 
5х— 17у=1 
Solution. х--7у--21 20) 
5х—17у=1 (2) 
We transform the first equation to obtain x in terms of у. 
From equation (1), we get х--21--7у. 


We substitute the expression for x in the equation (2). 
5(21—Ty)—17y=1 
105—35y—I7y=1 


or 
or —52y=1—105 
or —52y=— 104 
* y=2. 
Then we substitute this value of у in equation (1) to obtain the value of x. 
or x+7X2=21 
or x+14=21 
x=7 


The solution is х=7, у=2. 


This method of substitution consists of the following steps : 


(I) From either of the given equations, we express one of the two unknowns in terms of 
the other. 


(2) We substitute the value of unknown thus expressed in the other equation. 
By solving this equation, we get the value of one unknown. 

(3) We substitute the value of this unknown in either of the equations. 
By solving that, we get the value of the other unknown. 


EXERCISE 1 (d) 
(Section A) 
Solve the following systems of equations : 


2x—3y=7 2. 2x+3y=8 
5х+у=9. 4x=4-+6y. 
15x—8y=29 4. 8x413y—29—0 
17x--12y—75. 12x—7y—17=0. 
Solve each of the following systems of equations : 
2х+7у=39 6. 12х+15у=—18 7. 2x+y—3=0 
3х--5у--31. 18x—7y=—86. y—3x—1=0 
у=4х—7 9. 6х=7у+7 10. 3x—4y—20 
16x—Sy=25 Ty—x=8 x+2y=5, 
Example 6. Solve 3x+y=17 
8х-ҒІ1у--37 
Solution. 3х+у=17 en) 
8x--11y—37 e 
From equation (1), we have у=17—3х 
From equation (2), we have 11у=37—8х 
2 37--8х 
X тШ 
Equating these values of y, we get 
11-3. 37785 
1 
or 187—33x—37—8x 
91 —33x--8x—37—187 
or --25х----150 
x=6 
Substituting the value of x in equation (1), we have 
3X 6+y=17 or 18+y=17 
у=17—18 у=—1 
Hence the solution is х--б,у----1. 


This method of comparison consists of the following steps : 
(7) Express the same variable in terms of the other in both the equations, 
(2) Equate the results and obtain a simple equation containing only one variable, 
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(3) Solve it and find the value of the variable, 


(4) Substitute the value of this variable in one of the equations and find the value of the 
other variable. 


EXERCISE 1 (e) 
(Section A) 


Solve the following systems of equations : 


х-у-0 2. 3x—y=2 
2x—y=—1 х+2у=3 

3x+y=18 4. 5x+y=11 
3х—4у=3 х+5у=7 


(Section В) 


Solve each of the following systems of equations : 


7х--4у-5 6. x—y+1=0 
5x+6y=2 2x+2y+3=0 
5x—15y—22 8. 11x+15y+23=0 
7х--10у--37 7х--2у--20 
6x—S5y=21 10. 5x+4y-+8'7=0 
5x+4y=174 3x+y+41=0 
Example 7, Solve the following equations : 
7 
Sty=08, => =0 
х-- E 
Solution. The given equations arc [C.B.S.E., 1984 (А.Л 
Sty=08 or x+2y=1'6 2-0) 
7 
0 or 7=10x-++Sy 
т 
ог 10х--5у--7 (2) 
Multiplying equation (1) by 10, we get 
10х--20у--16 3) 
Subtracting (2) from (3), we get 
3 
15у=9 1% => 
J y 5 
Substituting the value of y in equation (1), we get 
ip mud 8 6 
x42 525716 ог a лі 
re 
"fais 


2 3 
Hence х= = У те 


5 2 1 
Example 8. Solve: 2 cT = 
3$ 24 
х Ў 
Solution. The given equations are 
EG m, dE “(1) 
x y 6 
36 24 4 —(2) 
х y 
Multiplying both sides of equation (1) by 18, we get 
—36 90 443) 
—=21 
x + y 
Adding equations (2) and (3), we get 
و96‎ 
1 1 
] 22 Еженнің 
ог 5746 ог у 3 
5% у=3 
Substituting the value of y in equation (1), we get 
Lo M5 77 
eos, 
= 5) —2 3 
о шелек "SUR B ә. 
j x сылар ОР ее 
—2 —1 
2 УЛЕМ х=4 
Непсе х=й, у=3 
Example 9, Solve : 10х--3у--30ху 
5х--12у--Тху 
Solution. 


The given equations are 
10х-- 3y—30xy 
5х—12у= 7ху 


These equations are not linear in x and y, but we can convert е into n equations. 
T, we will put them in the form of equations of Example 8, worked out a á 


Dividing both equations by x and y, we get 


Howeve 


— pI-—30 
y x 

PON 
a 35) 


Solve these equations, as solved in worked out Example 8. 
Observe that equations (1) and (2) are not linear in хапа у. But these can be con- 
verted into linear equation by an appropriate substitution e.g. by putting и for i. and v 
Then equations become 
Зи--10у--30, —12u-+-5v=7, 


for x, 
y 
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EXERCISE 1 (f) 
(Section A) 


Solve the following equations algebraically : 


1. 2x+3y=6 2. 5x+4y=8'°7 
3. 3a—2b=8 4. 5x+2y=11 
© BD Le me 
ато т ie I2, 
(Section В) 
BO е 0 
aa oa 6. 4x4 = 15 
B 27 S вый 
О 6х— 79714 
3 4 
7. х —4y=10 8. силу. 
4 ; 3 
uo es. [C.B.S.E., 1984 (Delhi)] 5+4=5. ІС.В.8.Е., 1983 (Delhi)] 
(Section С) 
1 1 / 
9. 7х +e =3 10. x—y=0°9 
be Еле oe 
25734 ^ GY 
x—1 3 Tx 2х-у 
11. JET 13. TU RENE -3у-5 
nn A. 5y—7 , 4х—3 
y—2 "UG 2 + 6 =18—5х. 
Ж E се x+y i 
13. 5х--4у--31ху 14. ттары 
--2х--бху. M ا‎ 
3y—2x=6xy = б. 


1:4. GENERAL SOLUTION AND CONDITIONS FOR SOLVABILITY 


Let us solve the general system of two simultaneous linear equations given below : 


ax+by+a=0 
аух- ыу саз-0 


We eliminate у by using one of the methods discussed in the last Article 1:3. 
Multiplying both sides of (1) by ba and of (2) by bı, we get 


аруа bi bay tbc =0 
a,byx +bybsy +bic,=0 


„(О 
02) 


(3) 
(4) 


Subtracting (4) from (3), we get 
(а,һь—а„Ь,)х-ЕЬ»с—Ьус„=0 
Then — (ajb;,—a,b)x— b,cs— bsc, 


(5) 

Multiplying both sides of (1) by a; and of (2) Бу а), we get 

adx d- abi y - a0, —0 ...(6( 

ауа,х-+-ауЬ»у--аус,=0 -“(7) 
Subtracting (7) from (6), we get 

(а-аб)у--аусі- (16-0 

Тһеп (а„Ь,—а,Ь„)у=аус»—а»с\ 
ог (а\»—а„Ь,)у=суа»— esa, (8) 


Now two cases arise : Either ар —а,р,50 or 4,b,—a2b,=0 
(i) 1а, —а,Б,50, then we get from (5) and (8), 
= bebe у баба, 
— араар’ У aby— ab; 
This forms the one and only solution of the given System. 50, we conclude that if 
ab, —agb, 740 hts To $ the system has a unique solution which is generally written as 
x y A 1 
8-сі саз сар аар, 
This is known as method of cross multiplication. 


The above solution can be written easily with the help of the following diagram : 


X. y 1 
b, с, а, b, 
b, с, а, b, 


Here the co-efficients are to be multiplied crosswise in the direction of arrows. Products 
formed by descending from left to tight are positive, but those formed by descending from 
right to left are negative. 

а bi 2 

If Es E the system of equations has a unique solution. Hence, the system of 

equations is consistent, when Pus A. 
2 


2 


ii TER а рр а b 
(ii) If a,b,—a,b,=0, then a A Let us suppose that [ ЕЁ 
Thus ау=Ка» and b,—kb;. 


So, the given equations become 
ka,x+kbyy+ce,=0 
dax by+e,=0 
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These equations can both be satisfied simultaneously only if cy=key. If cı=kca, any 
solution of 2,x-Fb;y-I-c,—0 will satisfy а1х--0174-с,=0 and any solution of аух--Әіу-сі--0 
will satisfy asx-I-53y--c57—0. It follows that there are infinitely many solutions of the system, if 


a b ен Д Ь с . a 
Ji. Lok and сі--Кеҙ. Thus, if Е B. and өтк ies b1 = , the system of 


а b: 2 2 as bs 
equations is dependent. 
а b ^ " " 
If ie" and c»£kcs, there is no solutions of the system. Thus, if а апа 
2 2 аз 2 
с 2 00 ,с NN. 
Li sák je, = ~—, the system of equations is inconsistent. 
La а ba” о 


Example 10. Find out if the following systems of equati i i 
Е 5 ations ar 2 
consistent or dependent. ч e 


(а) 3x= y+ 8 (b) 2x+y=4 (c) x—2y-1 
9x—3y—12 3х+у+3=0 Зх-4--бу 
Solution. First we write the equations of the system in the general form 
(a) Given equations are 3x=y+8 ; 


9x—3y=12 
These equations can be written as 
3x— y—8=0 
9x—3y—12=0 
3 1 by —1 1 - 
Неге s. ға ب‎ қалса E ==, 2 
T 25 іе. y. Tp, T L3 менн е = тору 26» ET 
tai OL „б: 
а Ds us Co 


Hence the system of equations is inconsistent. 
(b) Given equations are 2х+у=4 


3х--у--3--0 
These equations сап be written as 
2х--у--4-0 
3x-+y+3=0 
Here = -2 " n 1 and = =? 
а „Ёз 
а,” b, 


Hence the system of equations is consistent. 


(c) Given equations are x—2y=1 


3x—3=6y 
These equations can be written as 
x—2y—1=0 
3x—6y—3=0 
üi 4а pie 1,522 ; 1 23 Bea 1 
=> = ies 1 Lig 
Here a 3? h —6 3 and cpm Pes 3 


аз 2 EN 
Hence the system of equations is dependent. 
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i ich the system 
le 11. Find the value of К for whic. 
Example унны 
2х--у--5--0 
will have (а) a unique solution (0) по solutions, 


Solution. The given equations are 


3x--ky—8-0 
2x—y+5=0 
Her аст ре 2-2 
(а) The system has a unique solution, if xa E 
i.e., ie or ке-3- 


i.e., 


EXERCISE 1 (g) 


(Section A) 


i i i i i t or 
l. Determine whether the following systems of equations are consistent, inconsisten 


dependent : 
(а) 3x— y=2 (b) 4y=3x-+23 
6x—2y—3 4х--11--3у 
() 2х4-3у-6-0 Кра 
6x--9y—18—0 97—013 
2. Та еасһ of the following systems of equations determine whether the system has a 
unique solution, no solutions or infinitely many solutions H 
(а) x+ у=3 (0) x+ у-5 
2x4-3y—8 3х-Е3у--15 
(с) x—2y4- 5-0 (4) 3x=2+y 
3x—6y+12=0 2у-3-х 
(Section B) 
3. Find the values of k for which the system of equations 
2х--Ку--1 
3x—5y—7 
has (a) a unique solution, (5) no solutions, 
4. Find the у 


alues of k for which the system of equations 
Кх--2у--5--0 
y+3x=1 


will have (а) а unique solution and (b) no solutions, 
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Example 12. Solve the following system of equations by the method of cross- 
multiplication : 
8x=7y+19 
10х--23--9у 
Solution. The given equations are 
8x=7y+19 
10х--23--9у 
Writing these equations іп general form, we get 
8x+(—7)y+(—19)=0 
10x+-(—9)y+(—23)=0 
By the method of cross-multiplication, we have 


х "-— жина ы 
(-7,х(-29-(-9х(-19) = (—19)x10—(—23) x8 ^ 8X(—9)—10 x(—7) 
x у 1 
9r 161—171 = —190--184 — —72--70 
4% х y 1 XX 1 


Sig eg rp MPa 5 
x= i.e., 5 and yee Ibo 


А Note that the method of cross-multiplication сап be used only when the given system 
is consistent i.e., has а unique solution. In general, first check that the system is consistent and 
then use the method of cross multiplication. 


Example 13. Solve the following system of equations : 
(a--c)x—(a— c)y—2ab 
(a+-b)x—(a—b)y=2ab 

Solution. The given equations can be written as 

(a-++e)x—(a—c)y—2ab =0 
(a+b)x—(a—b)y—2ab=0 


а a+c ы —(a=c) а—с 
Неге йар па b Sabi Te... = 
ар, bı 
So, a b. 


Hence the given system is consistent. 


By the method of cross-multiplication, we get 


x P y 
(ас) x (—2ab)—[— (a—b) xX (—2ab) ^ (—2abY(a--b)—(—2ab)(a-F-c) 


1 
~(a+e)x[—(a—6)|— (a+b) x [—(a - с)] 


y 


or x 
2ab(—a+c+a—h) 2ab(a--b—a- c) 


1 
= @2-+ab—ca+be-+a2—ca-+-ab—be 
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1 


x y 
OF —2ab(c—b)  —2ab(b—c) 2ab—2ca 
Xx y 1 
QF 2ab(b—c) ~ —2ab(b—c) 2а(Б—с) 
.. 2ab(b—c) . —2ab(b—c) 
*=Qa(b—c) ° ?— 2a(b—c) 
Le, х=, у=—Ь 


EXERCISE 1 (h) 
(Section A) 
Solve by the method of cross-multiplication : 


1. х--4у--14 2. x=2y+6 
7х—3у= 5 у=2х—3 

3. 13х-- 7у--114-0 4. 3x=4y+20 
26х—10у+ 60=0 x+2y=5 


(Section B) 
Solve the following systems of equations : 


zr «des 
9e Pid 
7. ax+by =ва?-1-Ь° 8. ax+by —2ab 
ax—by =а2— p? x+y=at+b 
9. x=py+q 10. px-+qy=r 
Y=qx+p qx=py 


(Section C) 
Solve the following systems of equations : 


11. (a+b)x—(a—b)y=3ab 12. (a+b)x+(a—b)y=2a 
(a-+b)y—(a—b)x=ab (a—b)x+(a+b)y=2b 
15. WORD PROBLEMS 
. Many everyday problems can be easily solved by translating them into a system и 
equations. А few types of problems are given here. 
The method of problem-solving consists of three steps : 
(1) Translating the word problem into symbolic language. 
(2) Solving the equations, and 
(3) Interpreting the solution of the equations. 


Example 14. 


; In a two-digit f the digits is 7. The number formed 
n reversing the digits i igit number, the sum о 


5 9 more than the original number. Find the number. 
Solution. Let ішігі : nd y represent the digit in the 
е ct x represent the digit in the units place and y гер g 
Then 


У+х=7 
The number is 10y+x, 
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When we interchange the digits, x becomes the digit in the tens place and y the digit 
in the units place. 


The new number =10x+y. 


The problem states that 
10x4-y—10y4-x4-9 


ог 10х--у-10у-х--9 
от 9х—9у=9 
ог x—y=1 
| We thus have the system of equations : 
| х+у=7 
x—yzl 
Adding, we get 2x=8 or x=4 


Substituting x=4 іп х--у--7, we get 
| 4+y=7 or y=3. 
| Therefore, the required number—10 x 34-4 
=34, 
Example 15. A fraction becomes 1 when 8 is added to its numerator. It becomes 
i when is subtracted from its numerator and its denominator is multiplied by 2. Find the 
raction. 


Solution, Let the fraction be E 


When 8 is added to the numerator, the fraction becomes 1. 


Then = =1 
or x+8=y 
or х-у--8 


When 1 is subtracted from the numerator and the denominator is multiplied by 2, the 


в 1 
| fraction becomes ra 


x=1 1 
Then 2у =з 
ог 5х—5=2у 
ог 5х—2у=5 
We thus have the system of equations : 

жеты 4) 

ie depo NS 
Solving equations (1) and (2), we get 
xz, у=15. 


Therefore, the required fraction= те" 


Example 16. Three years hence a father will be three times as old as his son, 7 years 
ago he was seven times as old as the son. How old are they now ? 


Solution. Let the present age of the father be x years and of the son be уууеагв, 
After 3 years, the father’s age will be (х--3) years. 
After 3 years, the son's age will be (у--3) years. 


Numbe 
1. 
2: 


3. 
4. 
5. 


Digit Р 
6. 


T 


Thus x+3=3(y+3) 
or х--3--3у--9 
ог x—3y=6 


7 years ago, the father’s age was (x— 7) years. 
7 years ago, the son’s age was (y—7) years. 


Thus х--7-“Т(у--7) 
ог х--7--Т7у--49 
от x—Ty=—42 


We thus have the following system of equations : 
x—3y=6 and x—7y— —42 


Solving these equations, we get 
х--42, y=12 

Father’s age=42 years, Son’s age=12 years. 

EXERCISE 1 (i) 

r Problems 


The sum of two numbers is 45 and their difference is 15. Find the numbers. times the 
Find two numbers, which differ by 7, such that twice the greater added to five tim 
smaller makes 42. 


Find two numbe 


ice the 
TS Such that twice the first added to the second makes 21, and twi 
Second added to 


the first makes 27. is 93 
1 econd is 

Find two numbers such that four times the first added to — Шев 

and the excess of three times the first over twice the secon . 


s китер tract 5 from 
If I add 1 to each of the two given numbers, their ratio is 1; 2. If I subtr 
each the ratio is 5: ll. Find the numbers. 


roblems 


"— d to the number, 
^ number of two digits is four times the sum of йн ашы, И 9 be adde 

the digits in the number are reversed. Find the n анла а the number formed by 
A number of two digits is four times the sum of vs бірін дп the number. 

reversing the digits is 27 more than the original number. Ply reversed, the new 
The sum of the digits of a two-digit number is 7. If the a Find the original 
number increased by 3 equals four times the original nu : 

number. 

The units digit of a two 
of the digits is reversed 
In a two-digit number, 
the one obtained by int 


its digi der 
digit number is twice the difference of its digits. If the or 
the number is increased by 18. Find the number, — 
the sum of the digits is 13. If the number is mide eth oo 
erchanging the digits, the result is 45. Find the origina т. 
[C.B.S.E., 1978 (Delhi)] 
A number consists of two digits, 


and the tens digit is 2/3 of the units digit. If the 
digits are reversed the number is increased by 27. Find the number. 


wo digits by the number with the digits reversed is 
nd the number. 


The result of dividing a number of t 
1%. Ifthe sum of the digits is 12, fi 


Fraction Problems 


13. 


14. 


When the numerator of a fraction is increased by 4, the fraction increases by 3. What 
is the denominator of the fraction ? [C.B.S E., 1978 (A.1.)] 
А fraction becomes 2 when 9 


19 is added to its numerator and it becomes 1 when2 is 
subtracted from its denominator, Find the fraction. 


15. 
16. 


17. 


18. 


19. 


. 
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Find the fraction which becomes % when the denominator is increased by 4 and equals 
4 when the numerator is diminished by 5. 


If 1 is added to the denominator of a fraction, the fraction becomes 4. If l is added to 
the numerator of the fraction, the fraction becomes 1. Find the fraction. 


A fraction becomes equal to 4 when 1 is subtracted from its numerator and it becomes 
equal to 4 when 8 is added to its denominator. Find the fraction. 


Find the fraction which becomes $ when numerator and denominator are increased by 
1 and $ when numerator and denominator are diminished by 1. 


If the numerator of a fraction is increased by 2 and the denominator by 1, it becomes 
equal to $, and if the numerator and the denominator of the same fraction are each 
increased by 1, the fraction becomes equal to i. Find the fraction. 


Age Problems 


20. 


21. 


22. 


23. 


24. 


Six years ago Jai Ram was three times as old as his son. 


ч Я А 1 Іп six years time, he will be 
twice as old as his son. Find their present ages. 


Five years hence the age of a man will be 3 times that of his son. 
father’s age was 7 times that of his son. What are their ages now ? 


Ten years ago, father was twelve times as old as his son and ten years hence he will be 
twice as old as his son will Бе, Find their present ages. [C.B.S.E., 1981 (4.1. 


Five years ago, the 


Eight years ago Ravi's age was $ of Pramod’s. Four years hence Ravi's age will be $ 
of Pramod’s. Find their present ages. 


Three times my father's age added to seven times my sister's age is 183 years. Six 
times the difference between their ages added to 9 is three times the sum of their ages. 
Find their ages. 


Miscellaneous Problems 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


Mohan Lal sold 9 bags and 6 pens for Rs. 90. Again he sold 8 


1 bags and 5 pens at the 
same rate for Rs. 77. Find the price of one bag and one pen. 


3 nuts and 6 bolts weigh 72 g, 4 nuts and 5 bolts weigh 66 g. Find the weight of a nut 
and a bolt. 


Prachi has 50 coins, some are 50 P coins and the rest 10 P coins. The total value of all 
the coins is Rs. 7:80. Find the number of each kind of coin. 


In an examination, Manju’s marks are 2 more than ł of Kavita’s. If Manju scored 4 
less she would have had 2 of Kavita’s. Find their marks. 


an buys postage stamps of denominations 3 paise and 5 paise for Rel. He buys 22 
Ad in all Find the number of 3 paise stamps bought by him. 


There were 2,500 persons who bought tickets to see a village fair. The adults paid 75 
paise each for their admission tickets but the children paid only 25 paise each. If the 
total receipts amounted to Rs. 1,503, using an equation method, find how many adults 
and how many children saw the fair ? 


A boy saves his pocket money to buy a toy aeroplane. _He finds that the cost of the toy 
is Rs. 50 less than his yearly pocket money. What is his monthly pocket money if he 
could buy the toy out of 3 months pocket money and Rs. 40 extra which he gets from 
his mother ? 


желе = SCR 
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10. 


11. 


12, 


13. 


14. 


15. 


REVIEW EXERCISE Y 
(Section A) 
Fill in the blanks to make the following statements true : 


i = d c are real numbers and a, b 
tion of the type ax+by+c=0, where a, b an 
m e. xd sinon Ru cers is called а......... equation. [C.B.S.E., 1980 (А.1.)] 


b) The graph of the equation x--y—10 is a d A 
B The graph of х= 1 is a line parallel to. "axis. [C.B.S.E., ies 
(d) The graph of y=1 is a line parallel {0......... axis. (С.В.8.Е., 

(e) А system of linear equations is inconsistent if it has.-.-.-... solutions. 


i of 
(f) The method of cross-multiplication can be used only when the given system 
linear equations is... 


If (5, К) is a solution of the equation 2x-+-y—7=0. Find the value of k. 
Solve : y=2x—6, y=0. 


(Section B) 
Solve the following System of equations : 


1їх—&у—27} Зх--5у==—7 (с.В.8.Е., 1982 (Delhi) 
Solve for x and y : 
9x+4y=29 
x—y=9. 
Solve the simultaneous equations, algebraically 
2x+y=6 
3y—8-r-4x 
а o же: D — 
Solve : 4 3 6° y Х-у 
Sol hicall i i : 
olve graphically pom buo eS, [C.B.S.E., 1978 (А. 
Sketch the graphs of the equations : 
2x+3y=6 and — 6x—5y—4 Ihi)) 
Indicate in the graph the solution set of the above equations. (С.В.8.Е., 1979 (Delhi) 


ГАЧ; 2 
ve: ЕЧ ЕЎ وت‎ ТД 
Solve Um 2. T 7 2 


(Section C) eit 
A lady has only 10 paise and 25 Paise coins in her purse. If in all she has "e ІЛ 
totalling Rs. 8:25, how many of each does she have ? ІС.В.8.Е., 1980 (4.1. 
The total cost of 8 bucke 


i RIS and 5 mugs is Rs, 92 and the total cost of 5 buckets and 8 
mugs is Rs. 77. Find the cost of 2 mugs and 3 buckets. 
The sum of the digits of a 


Sume two-digit number is 9, If the digits а ed, the number 
obtained is 45 more than the original number, Бі Mapas егей, 


nd the original number. 
[C.B.S.E., 1984 (4.1,)] 


ог of a fraction equals 7. Four times the 
Or. What is the fraction ? 


(пап receives 50 paise if he hits the mark and pays 20 
60 shots and was paid Rs. 1530. How many times did 


The sum of the numerator and denominat 
numerator is 8 less than 5 times the denominat 


Ina shooting competition a mark 


paise if he misses it, He tried 
he hit the mark ? 


16. 


17. 


18. 


19. 


20. 


Solve the following system of equations : 


Ж s Ж e 
Таны 2x Зу 
The present age of a father is 3 years more than three times the age of the son. Three 


years hence, fathers age will be 10 years more than twice the age of the son. Find 
their present ages. [C.B.S.E., 1982 (Delhi)] 


There are two examination rooms А and В. If 10 candidates are sent from A to B, the 
number of students in each room is the same. 1f 20 students are sent from B to A, the 
number of students in A is double the number of students in each room. 


[C.B.S.E., 1984 (A.1.)) 
А and B, each has a certain number of mangoes. А says to B, “if you give me 30 of 


your mangoes, I will have twice as many as left with you." В replies, “if you give me 
10, I will have thrice as many as left with you." How many mangoes does each have ? 


[C.B.S.E., 1983 (4.1)] 


A sailor goes 8 km downstream in 40 minutes and returns їп 1 hour. Determine the 
speed of the sailor in still water and tbe speed of the current. [C.B.S.E., 1977 (Delhi)] 


OO 
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QUADRATIC EQUATIONS 


21. QUADRATIC POLYNOMIALS 


You have already studied quadratic polynomials in one variable. 
Consider the following quadratic polynomials : 

(i) х2—4 (i) 25х2—9 

(iii) х2--5х--6 (iv) 6x* —x—2. 


i he 
‘Note that all the co-efficients in each of the above polynomials are real a Ет 
general form of a quadratic polynomial is ax’+bx-+c, where а, b, с are = zn is eo dk 
and x is a variable. Throughout this chapter we will consider x to be a real var А 
а quadratic polynomial х can take апу real value. 


22. ZEROS OF A QUADRATIC POLYNOMIAL 


Every quadratic polynomial in x has a real value for every real value of x. К 
i a 
Let us consider the quadratic polynomial p(x)—3x*--2x—1. If we substitut and so 
value of x, say x=0, the value of p(x) is —1. If we take х= l, the value of p(x) 
on. 
Can you find those values of x for which P(x)=02 


If we substitute x=—1, the value of P(x) is 3—2 


—li.e., zero. 
1 EE] 1 1,2-1 Bé 
If we substitute х=» Ше value of p(x) is 3x 5 +2х-- =ї о 5 T3 
Zero. 
olyno- 
Thus, there are two values of x ie., х--- and E for which the value of P ied 
T + lyn 
mial becomes zero. These two values of x are called the zeros of the quadratic РО ы 
3х24-2х—1. 24bxte 
If k isa real number and the value of a quadratic polynomial dratic poly- 
becomes zero for x—k, then the real number К is called a zero of the (ча 
nomial ах? --Ьх --с, 


| 4 һеге, 
ы Еуегу quadratic polynomial сап have at most two zeros, This fact cannot be prove 
Since the proof is beyond the Scope of the book. kes 
: ) " ake 
Consider the quadratic polynomial x*--2. There is no real value of x which m 


А те 
the polynomial zero. For every real value of X,x'20 which means x2+2>2. Thus, 50 
quadratic polynomials do not һауе any real zero. 


a қ rk 
е If we are given а quadratic polynomial, we can test whether any given real numbe 
18 a zero of the given polynomial or not by substitution. 


If we are given a quadratic Polynomial, how do we determine its zeros ? 


( 24 ) 


Ss 
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Last year you solved linear equations in one variable /.e., ах--ӛ--0, a0. This really 
amounts to finding zeros of the linear polynomial ax+b. Similarly, for finding zeros of a 
quadratic polynomial ax*-+-bx-+c, a340, we have to solve ax*--bx--c—0 which is called quad- 
ratic equation. 


The following are all quadratic equations : 
x*—4=0 25х3--9--0 
x®—5x+6=0 6х2—х—2=0 


А quadratic equation in опе variable is an equation in one variable which equates to zero 
a polynomial of degree two. 


Every quadratic equation can, therefore, be written in the form 
ax?+bx+c=0, a0 
where the coefficients a, b, c may belong to any of the number systems at our disposal. 
Thus the general quadratic equation is 
ax?+bx+c=0, where а, b, c, € R and a0. 


If the real numbers а and § are two zeros of a quadratic pol i 2 
we say that a and P are the two roots of the quadratic equation ete ee par 


Example 1. Show that 2 is a zero of the polynomial 2x?--7x—4, 
Solution. Let p(x)—2x!--7x—4 


2 
The value of p(x) for xt is 2 (=) +7х 1-4 


Thus, the value of p(x) for z—4 is zero. 
Hence 3 is a zero of the polynomial 2х2--7х--4. 
Example 2. For the quadratic equation 2x?—5x—3—0, determine which of the fol- 
lowing are solutions ? 
(a) x=3 (b) x=--1 (с) х--і. 
Solution. The given equation is 2x*—5x—3 =0. 
(a) Substituting x—3 in the L.H.S. of the equation we get 
2x31—5x3—3—18—15—3—0 
L.H.S.—R.H.S. for x —3. 
Hence x—3 is a solution of the given quadratic equation. 
(b) Substituting x=—1 in the L.H.S. of the equation, we get 
2x(—1?—5(—1)-3-24-5—3 =4 
L.H.S. 0 or L.H.S.*R.H.S. 
Hence х= —1 is not a solution of the given equation. 
(c) Substituting x=—} in the L.H.S. of the equation, we get 


1\2 1 1 5 
ax(-+) -(-т ) -3=2 7 +773 
1 
ав: --0 


s. LHS.=R.HS. for х=—4. 


Hence х= — { із а solution of the given equation. 
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EXERCISE 2 (a) 


(Section A) 
- Which of the following are quadratic equations ? 
(а) x3i—5x4-6—0 (b) 2х2--7х--0 
(с) 224--3х-2 (d) 634-1 5x 
(е) x*-+x*—x+1=0 (f) x*4—23* 


(g) 3x*—4x--2—2x1—2x-H4. 


2. Show that —2 is a zero of the polynomial 3х2--11х--10. 
3. Show that 2 is not a zero of the polynomial х2—7х+14. 


(Section В) 


- Which of the numbers 2, 3 and —4 аге the zeros of the polynomial 2х2--7х--4 2 


. Which of the numbers 2, 1 апа T are the zeros of the polynomial 6х2--13х--6? 


. For the quadratic equation 2х2--3х--2--0, determine which of the following are solu- 
tions ? 
(а) х=—2 (b) x=0 (с) х=}. 

. Бог ће 


quadratic equation 6х2-х-15--0, determine which of the following are solu- 
tions ? - 


3 
(а) aad (b) х=3- (с) a= 


23. SOLVING A QUADRATIC EQUATION BY FACTORIZATION 


If a and b are 


ап h that ab=0, then either a=0 or b=0 
or both a=-0 and boo. y two real numbers suc 


linear fa 


Given a quadratic equation, if we can factorise the quadratic polynomial into two 
ctors, we can set each factor equal to zero and obtain a solution. 


Example 3. Solve x*—49, x € R. 


Solution, xi—49 

9t х2—49=0 Factorise the quadratic polynomial 

р (x--7)(x—7)—0 x2—49, [xt — at — (x--a)(x—a)] 
9 x+7=0 ог х-7--0 

then x=—7 or x=7 

Thus, 


the two solutions of the given quadratic equation are —7 and 7. 
Example 4. Solve 2x*—5x=0, when x € А. 


Solution. 2х%—5х=0 
or x(2x—5)=0 

x=0 or 2x—5=0 
ie., x=0 ог 2х-5 
Тһеп 


x0 © ор” ux. 
Hence, the two roots of the given quadratic equation are 0 and 2:5, 
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EXERCISE 2 (b) 
(Section A) 
Solve the following equations, the domain of the variable being the set of real numbers 


in each case : 


1. х2—25=0. 2. 16х3--9--0. 3. 5х2=94-2%2, 
4. 3x?—48=0. 5. (х--2)3--16--0, 6. 5(х--3)3--180. 
7. x?—3x=0. 8. 5x35—95—0. 9. 16х3--24х--0. 
10. 2х2—3ах=0. -11. 3х2=15х. 12. 4x*4-9x—0. 


(Section B) 
Find the roots of the following quadratic equations using factorization : 
13. Р. 14. (x--5)(x—5)— 39. 15. (2x—3)(x—1)—12— 5x. 
16. $671) E 72x23. 
17. (6--х(5--х)--(5--х(6-х)--10. 
Example 5. Solve x?—8x4-15—0, when x€ R. 


Solution. х2--8х--15--0 Split ; 
ог x*—5x—3x+15=0 Sires term of the quadratic 
Fd Ed Go me 15—(—5)(—3) 
or (x—5)(x—3)=0 (—5)+(—з)=—8 
#8 x—5=0 or x—3=0 
Then x=5 or x=3 
Hence the two roots of the given quadratic equation are 3 and 5, 
Check : 
When x=5 When x 
5?—8x5+15=0 31834150 
25—40+15=0 9—244-15—0 
40—40—0 24--24--0 
0--0 0--0 

Example 6. Solve 93?--15x—14—0, хЕ В. 
Solution. 9х3--15х-- 14-0 9x(—14)— —126 
ог 9x8+-21x—6x—14=0 —126=21 x(—6) 
or 3х(3х--7)--2(3х--7)--0 21+(—6)=15 
Or (3х--7)(3х-2)--0 

3x+7=0 or 3x—2=0 

7 2 
Then ЖТ где ay 
2 7 

Thus, the two roots are ae and —3 


(Perform a check). 
EXERCISE 2 (c) 
Solve the following equations, when x€ R in each case : 
(Section A) 
1. x?*--6x—16—0 2. х2%--7х--12--0 
3. 3*4-8x4-15-0 4. х2—4х—5=0. 
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(Section В) 
5. 4х2--4х--35--0 6. 3х2--11х--10--0 7. 6x®+x—15=0 
8. 12x?—x—6—0 9. 3x*--13x —10—0 10. 3x?—10x—8. 


(Section С) 
11. (x-+3) (5х--1)--3 (x—1) 12. 2(2x+1) (х--1)-(2х--3) (4x—1). 
24. SOLVING A QUADRATIC EQUATION BY COMPLETION OF SQUARES 


Sometimes the polynomial of the given quadratic equation cannot be factorised ру 
method of splitting the middle term. Then we factorise it by the method of completing 
square, 


The method is illustrated by the following example : 


Example 7. Solve **+6x+2=0, xER, 


Solution. We cannot break up 2 into factors whose sum is 6. So the polynomial 
x*--6x4-2 cannot be factorised 


х2--бх--2--0 
or +6x=—2 
or х24+2.3.х--32= 2-32 
ог (х--3у-7 
ї х+3=+ 7 
ог 


х= —3 У7 
Then X=—344/7 or x=—3— У7 
Hence the two Toots are —3+-7 and —3— 47. 
EXERCISE 2 (d) 
(Section A) 


Solve the following quadratic equations by completing the squares, the domain of the 
variable being R: 


1. 4—2х—1=0. 2. х2--3х--1--0. 3. №+х=7. 

4. x'—6x—65—0. 5. x?+3x+1=0. 6. 3x*—4x—60=0. 
(Section B) 

Solve the following equations, giving your answer correct to two decimal places : 

7. 2x! —8x--5—0. 8. 222—3x— 7—0. 9. 3х2--7г--1--0. 

10. х2--7х--5--0. 11. 4х2-11х--2. 12. 3х2--5х--4--0. 


25. ROOTS OF A QUADRATIC EQUATION AND THEIR NATURE 
Let the quadratic equation be 


ах2--Бх--с--0, a0 e) 
Multiplying both sides by 4a, we get 
4a*x*--4abx--4ac—0 (2) 


а is а root of equation (1), if it is a root of equation (2) and vice versa. 

So, it is enough to solve equation (2) which can be re-written as 
(2ax)?+-2(2ax)(b)= —4ac 

or (2ax)*+-2(2ax)(b)-++(b)2=b2—4ac 

DE (2ax--b)?—b?—4ac 

Since a is a root of equation (2), it is also a root of equation (3). 


249) 
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When we substitute x=a on the L.H.S. of equation (3), then it becomes the square of 
a real number. 
L.HS. 20 
Hence R.H.S. > 0 i.e., b?—4ac > 0. 
What do you observe ? 
If the quadratic equation : ax?-- bx-- c—0 has a real root, then 82--4ас must be > 0. 


If 2 4ас > 0, then V b?—4ac isa real number. Then equation (4) gives 


2ax+b=/ b?—4ac or -«/ b?—4ac 
or 2ax=—b+V #—4ас or —b—4/ B—4ac 
_ —bM b gac —b—^4/ b*—4ac. 
2a pr 2a 


What do you infer ? 
If 5?—4ac > 0, then the quadratic equation ax?--bx--c—0 has two real roots given by 
a cb b= 4ac | _ —b-V P hac 
2а P 2а 4 
The quantity b°—4ac is called the discriminant of the quadratic equation ax2-+-bx-+-c=0 
and is denoted by D. 
If D=b?—4ac is zero, then the roots 


= = = 2—4 
= 254 Erde and p= b ық b a are both equal to „фы We, then 
a a 2a 


say that this is a repeated root. 


a 


If D=b?—4ac is < 0, then the R.H.S. of equation (3) is negative. So, the L.H.S. 
should also be negative. But по real number о сап be found which will make the L H.S. of 
equation (3) negative by substituting x—« on it. 


What do you observe ? 

If D < 0, then the quadratic equation ax*-++bx-+c=0 has no real roots. 
Let us summarize above discussions as under : 

If ax?+bx-+c=0, a0, then D=b?—4ac is called the discriminant. 

(1) If D > 0, then there are two distinct real roots given by 


—b--A/. b?—4ac "- —b— b'—4ac. 
Me 2a 1 2a 
(2) If D=0, then there is a repeated real root given by 
b 
S 


(3) If D < 0, then there are по real roots. 


Example 8. Determine whether the quadratic equation 6x?— 7x--2—0 has real roots. 
If it has find them. 
Solution. The given quadratic equation is 


6х3--7х--2--0 
Неге we have a=6, b=—7 с=2 
D=b?—4ac=(—7)"—4X 6X2 
—49—48 =1. 


". D> 0, Hence the equation has two real roots. 
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Toot, 


These roots are given by 


_ b+ Vv Di—4ac в —b—A/ b —4ac 
T 2a i a 2a 
az СОН] aC i 
2x6 ^ B—— x6 
mU 2 |. 7-4 1 
Тһеп ا‎ ӨР is Вето Ос: 


Therefore, the two roots аге 2 and 1. 


Example 9. Find the value of k so that the equation 9x?--3kx--4—0 has a repeated 


Solution. The given quadratic equation is 
9x*--3kx--4—0 


Here, we have a=9, b=3k, c=4 
D—B—4ac— ky —4x 9x4 | 
=9k?— 144 
Since the quadratic equation has a repeated root, its discriminant is zero i.e., D—0. 
Then 9k*à—144—0 ог K*—16—0 
or 416  .. k=+4. 


EXERCISE 2 (e) 
(Section A) | 
Write the discriminant of the following quadratic equations : 


(а) 39--2x—1—0 (b) 2220 —5x4-3—0 

(c) х®— 43x--2—0 (d) 43x?—2 42x—24/3—0. 
Determine which of the following quadratic equations have real roots : 
(а) x3 —4x—2—0 (b) 2x2—3x+1=0 

(с) 335—2 J2x--1—0 (d) 4x5 4-12x 4-9—0. 

Determine which of the following quadratic equations have no real roots : 
(a) х2--4х--5-0 (b) 2x24 -3—6x 

(c) 2х2--3х--6--0 (d) 7х2--8х--5. 


(Section B) . d 
In the following determine the values of К for which the given quadratic equation has 
Teal roots : 
(а) kx? Ax--1—0 (b) x2-+-4x+k=0 
(c) 4x! -2kx--9—0 (d) 2x2 —kx--3—0. 
Show that each of the following quadratic equations has a repeated root and find 
that root : 
(а) 2x?—2 42x--1—0 (b) 3х2--4 4 3x -4—0. 
In the following determine whether the given quadratic equations have real roots and 
if so find them : 
(a) 5x3 —4x--2—0 (b) 222--x—1—0 
(c) 3х3--5х--4--0 (d) 6х2-13х--6--0. 
Show that the following quadratic equations have two real roots and find these roots: 
(а) 2x®—13x+-20=0 (b) 4/7x2—6x—13 47—0. 
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(бесіоп С) 


8. Inthe following, find the value of kso that the given quadratic equation has equal 
Toots: 


(a) 2x?--kx-4-8—0 (b) Ка2--8х--12. 
9. Show that the roots of ax?*—2(a— b) x—4b=0 are always real. 


10. Determine the value of k such that the quadratic equation x?-- 7(34- 2k) —2x(1--3k)— 0, 
has equal roots. . [C.B.S.E., 1977 (Delhi)] 


2:6. SUM AND PRODUCT OF ROOTS OF A QUADRATIC EQUATION 


Let the quadratic equation be ax?--bx--c—0, where a0. 
Suppose its discriminant D—5?—4ac > 0. 
Then it has two real roots given by 


BEV BE ЬУ b—4ac 
2a = 2a 


The sum of the roots=a+8 
Lob B—4ac | —b— VJ B—4ac 


2a 2a 
bM. B= 4ac—b—+/ B— hae 
2a 
£25 PU 
2a EVA 


The product of the roots=a8 


-( —b+V b3—4ac X CE V Pata) 


2a 2a 
_ CO BR (У P—Aacy 
Ec 
—(b?—4ac) _ b*—b?--4ac 
i 4a? F 4a? 
EN ERN 
~ 4a a 
b с 
Thus, «нв апа бе" 
Example 10. Find the sum and product of the roots of the quadratic equation 
4х2--7х--5--0. 
Solution. The given quadratic equation is 
42—7х+5=0 
Неге а=4, b=—7, c=5 
But i.e ig 
Sum of the roots ني‎ е, 1 
5 
Product of the roots -€— 
a 4 
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Example 11. Form a quadratic equation when sum of its roots is —3 and their 
product is 5. 


Solution. Let the required quadratic equation be ax*J-bx--c—0. 


Sum of the roots = -Ż =—3 (given) 
b=3a 

Product of the roots = 2=5 (given) 
c=Sa 


Then, the quadratic equation becomes 
ax*+3ax+5a=0 
Dividing both sides by a, we get 
x?+3x+5=0 


which is the required quadratic equation having sum of the root=—3 and product of the 
roots=5. 


The above equation can be rewritten as 
x?—(—3)x+5=0 


or x?—(sum of roots) x+(product of roots)=0. 
What do you observe ? 


If sum of roots and product of roots are known, then a quadratic equation having 
these roots can be formed. Hence, if the roots are given separately, we can always find the 


quadratic equation corresponding to them. 
Example 12. Find the quadratic equation whose roots are 1+ ¥5 and 1-4/ 


5. 
[C.B.S.E., 1979 (4.1. 
Solution. Given roots are 1+ У5 and 1— V5. 


Sum of the roots =14+ V75+1—v5 
=2 

Product of the roots =(1-+4/5)(1—4/5) 
--1--5 ---4 


The required quadratic equation is 
x*— (sum of the roots) x+-(product of the roots)=0 
on x®—(2)x+(—4)=0 
i.e., 27--2х--4--0. 


EXERCISE 2 (f) 


(Section A) 


Find the sum and product of the roots of the followin ; TAN: 
1. х4-2х--1--0. Ing quadratic equations : 


2. х34-3х-5-0. 
3. 4х24-5х--2--0. 4. 322—4х4-1=0 
5. x®+px4+-q=0. 6. px—qx-4-r—0 f 
(Section B) 
Construct a quadratic equation whose roots have the sum and the product as under : 
7. sum=2, product=2., 8. sum=4, product=5 
9. sum=—3, product=4, 10. sum —i, product=—t. 
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Construct a quadratic equation whose roots are 


ЩЕ 3 
11. —2and5 12. To and iC 
13. 5 УЗ апі 5— УЗ 14. TONS. and = 


15. Find the quadratic equation whose roots are 2 43, —2 73. 
[C.B.S.E., 1980 (4.1.)] 
(Section C) 


16. If one of the roots of the quadratic equation 2x*-+-pa+4=0 is 2, find the other root. 
Also find the value of p. 


17. One root of the quadratic equation 2x°—5x+k=0 is 3, Find the value of k and also 
the other root, 


18. Find the value of k so that the sum of the roots of the equation 
3x*-E(2k--1) x—k—5—0 is equal to the product of the roots. 


27. SYMMETRIC FUNCTIONS OF ROOTS 


Consider the following expressions iny olving a and f, the roots of 


à quadratic equation 
ax*+-bx+c=0, 4 y 


a+, a? Fg? a8 +63, 
aap te, алар, Rf 
In each case interchange a and В and compare the new form with the original one, 
Are they different ? 


All these expressions are symmetric in а and p. 


An expression involving « and 8, the roots of a quadratic equation is called a symmet- 
ric function of a and 8, when it remains unchanged by interchanging a and 8. 


Now we shall find the values of these symmetric functions in terms of the co 
of the quadratic equation. Since we directly find the values of «+8 and ap, 
function must be expressed in terms оҒа--8 and «8. 


-efficients 
every symmetric 


Example 13. If a, 8 are the roots of the equation 2x*--3x—5—0, find the value of 


le 


a 
pt a” 
Solution. The given quadratic equation is 2x?+3x—5=0, 
If a, В are the roots of the equation, then 


b 3 و ود‎ | AR 
a+p=— FS [Here'a—2,/5—3, cm—5 
5 
ече 
Now =, В oe 
(«-Е8)#—2 (ag) 
2717, тб бз, қ 
з ү 35 2 
(-:)2(-2) isa 
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2 
و‎ md 
== =—2'9, 
EXERCISE 2 (в) 


(Section А) 


1. Ifa, В are the roots of the equation x2—2x+3=0, find the values of 
(а) ағара (b) 1 qd. (c) ат 
А 


(Section В) 


2. Ifa, B are the roots of the equation x?—px-+-q=0, find the values of 
o ad i) най Yom 
a 


(Section C) 


3. Find the values of the following expressions, if a and ф аге the roots of the equation 
ax*+bx+c=0. 


2 ] X 
(а) (a+1) (+1) (b) (2-4) (c) ate 
2:8. FACTORIZATION OF QUADRATIC POLYNOMIALS 

Let us consider a quadratic polynomial р (%)=ax?-+bx +e. 

Let a be a root of the corresponding quadratic equation p (3) —0 i.e., ах24-ӛх--с--0. 

Then р (а)--0 and therefore by factor theorem x— is a factor р (x). 


Thus, if a and û are roots of the quadratic equation p (x)=0, then. (x—a) (x—8) is а 
factor of p (x). 


p (x)=k (х-ө) (x—Q), where К is a non-zero real number. 
So, ax?+bx+c=k (x—«) (x— 8) 
Comparing the coefficients of x? on both sides, we get k=a 
Then p (x)=a (x—a) (x— 8) 
Thus, if a and Bare the roots of the quadratic equation ax*4- bx4-c—0, the quadratic 
polynomial ax?--bx--c can be factorised as a (x —e) (х —6). 


If 52—4ac > 0, the quadratic equation ax? bx-- c—0 has two real roots а and § where 


—b--4/b:—4ac | SPAY ade 
A vb 4ac ан бы VE 4ac 4 
Hence the quadratic polynomial ax*-++bx-+c has the factorisation a (x—a) (x— 8), where 
—b+ y bi дас —b— дас 
a= 2а and $— x б 


If b?—4ac=0, the quadratic equation ax?+bx-+c=0 has a real repeated root а, where 


e Hence the quadratic polynomial ax?+bx-+-¢ has the factorisation a (x—a)* 


ie. a са Tut ad 


35 
If b°—4ac < 0, the quadratic equation ax*--bx--c—0 has no real root: 
quadratic polynomial ax?-+-bx-+c cannot be expressed as a product of two neat ілін ЫР $ 


А Example 14. Factorise the quadratic polynomial 1x?—3x--4 into linear factor over R 
if possible. E 


Solution. The given polynomial is 1х2--3х-Һ4, 


Here а=}, =—3, с--4. 
Now b?—4ac=(—3)*—4 (4) (4) 
--9--8 =] 
b*—4ac > 0. 


So, there exists a factorisation into real linear factors. 
E —Ё--А/ p —4ac 


= g= —b— ¥ —4a0 
2a 1 I0 GPa es 

_ 341 _ 3—1 

RXS E 

а--4, 8-2. 


The factorisation is $ (x—4) (x—2) i.e., (x—4) (4х-1). 


Example 15. Factorise the quadratic polynomial 4 4332-1. 5x. .2 Т Я 
ger B, if posible, 15х—2 3 into linear factors 


Solution. The given polynomial is 443x*4-5x—2 У3, 


Here a=4 V3, b=5, с=—2 13 
Now 83--4ас--(5):--4 (4/3) (-2 3) 
—254-96 е-І2і 
b?—4ac > 0. 


So, there exists а factorisation into real linear factors. 


Ру дас _ DLV ga 


НЕ 2а 5 Be 2a 
—5- 4/121 g— —5—/]01 
= S43. * RS - = 
511 le 
= "B83 ? ~ 843 
ERE ME 
^ а--2» وم‎ 


Я 43 2 
The factorisation is 4 3 (х— veo T7) 


i.e., (4x— 43) ( УЗх--2) 
EXERCISE 2 (h) 
(Section A) 
l. Determine which of the following quadratic polynomials can be factorised into a pro- 
duct of real linear factors : 


(a) 3х2--5х--2 (b) 3x*-b-2x-4-1 
(c) 9X. жаға? (d) 43533-L10v.L8 JA 


36 
(Section В) 


2. In the following, find the value(s) of k for which the quadratic has real linear factors : 


(а) 2x?-+6x-+k (D кх2—5х+2 

(с) 322—4х—28 2 (d) kx?—4+3x 
3. Factorise the following quadratic polynomials : 

(a) 222—3х+-1 (b) 2x?+11x+5 

(с) 6xi—5x—21 (d) 5х2—3х+4 


1 (Section C) Р , 
4. Factorise the following quadratic polynomials into linear factors over R, if possible : 


(a) 224-4х+2 (b) 2х--3х-17 

(c) x?*4-10x—2 (d) 3x*--6x—2 
29. EQUATIONS REDUCIBLE TO QUADRATIC EQUATIONS 

Sometimes we have to solve equations which, though not quadratic, can be rcdt ced to 
quadratic equations by making suitable substitutions. We shall call such cquations as cqua- 
tions reducible to quadratic equations. We shall now deal with several types of such equations. 

Туре 1. ах!-Бх?--с--0. 

. Тһе equation involves fourth degree polynomial having only even powers of x. Putting 

x®=z, the equation reduces to az*+bz+c=0 which being a quadratic in z can be solved. 

Example 16. Solve 4x1—25»?--36—0. 

Solution. The given equation is 4x1—25x*+36=0 


Substituting z=x*, we get 
422—2524-36=0 
ог 422--162--92---36--0 
ог 42 (z—4)—9 (z—4)=0 
or (z—4) (42—9)=0 


If  z—4—0, then 2-4 


If 42-9-0, еп A: 


Now substituting 2= х2, we get 


9 
2—4. TL 
x , v= 4 
T€ . кке: 
х=+2 S x= 2 


Let us verify these solutions of the given equation in x. 
When x=2, L.H.S.—4x 21—25 x 224-36 


—64— 1004-36 =0 
авн. 
When x=—2, L.H.S.—4 (—2)*—25 (—2)?+36 
—64— 1004-36 =0 
—R.H.S 
3 EV 3 Y 
When x= 3, LH.S.—4 ( 3 ) 25 (3) +36 
.81 25 1 36 =0 


aha 4 
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йды eme a з ү ЖҮ” 

hen x >> LES 4(-3) as ( ЗЕ 
81 225 
= 7 136 0 


Thus, the solutions of the given equation are 


х=+2 апа reid. 


Type 2. pyt p=. 


Here у occurs in the denominator of one of the terms in the equation. So, we must 
seek those real values of у which are not zero and satisfy the given equation. By multiplying 
both sides by y, the equation reduces to py*+q=ry or py*—ry+q=0. This is a quadratic 
equation in у and can be solved for y. 


Example 17. Solve 2+ =9. 


Solution. The given equation is ید‎ —9 


Multiplying both sides by x, we get 

2x1--4— 9x, when x0 
or 23?—9x--4—0 
The solutions are 


-(—9)2:4/(—89—4x2X4  914/ 81-32 
25€2 E 4 

ЩЕ 1 

zu i.e., 4, E 


Thus, the solutions of the equation are x—4 and x— i. 
Туре 3. vV a—x’=bx+e- 


i ion i s only one radical. Here 5 

име a E Seon шума ep опа npa ert us изу о кейі hoe sain for 
which x? < а and bx+c > 0. s for 

Squaring both sides of the equation, we get 

a—x*-(bx--c)* 

or a—a?-—p?x?--2(bx)c +c? 

or (b2-- 1)x* --2bcx-- (c?—a)=0. 

It is a quadratic equation which can be solved for x, where x? < a and bx+c > 0. 

Example 18. Solve x—4/ 25—3? =1. 

Solution. The given cquation is x— V 252—1. 

It can be written as 

х—1=\/ 25—х° 

и aa we have to seek solutions for which 25— 2 >0 ie, x? < 25 and x—1 >0 
16, BS 1, 

Now squaring both sides of the equation, we get 

x?—2x4-41225—3* 

or 2х2--2х--24--0 


Then x= 
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ог x*—x—12=0 
The roots of the equation are 
(+v (—1)#—4х1х(—12) 


x= 


2х1 
lv 14-48 _ 147 
2 2 


ss x=4, —3. 
These roots must satisfy both the conditions, x? < 25 and x > 1. 


We find that x—4 is the only solution of the given equation, satisfying both the 
conditions. 


EXERCISE 2 (i) 
(Section А) 


Solve the following equations by reducing them to quadratic equations :` 


1. х4--13х2--36--0. 2. 25x1—20x*4-4—0. 
3. 2x'—5xt--3—0. 4. 9x'—]148x*4-64—0. 
DK OPE 
5. 2x e =1. 6. 3x+ d6x А 
7. 4 302—2 —2x—1- 8. /13—x =x+5. 
(Section B) 
Determine the real solutions of the following equations : 
9. 3x—5Vx+2=0. 10. Ух--2х--. 
11. 83x*—913?--216—0. 12. x?94-12—7315, 
13. x V x—2 =8. 14. х-А/ 3x—6 —2. 


[C.B.S.E., 1979 (4.1.1 
(Section C) 
15. 3%--10,3%--9--0. 16. 4*—362*4-128—0. 
Type 4. V axcb LV сх ра =e 
This equation involves two radicals. Here we һауе to seek those solutions for which 
ax+b > 0 and сх+4 >0. The following solved example will help you to understand the 
method of solving such equations. 
Example 19. Solve 4 2x+9 — v x—4=3. 
Solution. The given equation is 
М 2xt9—V x—4-3 
Here we must look for solutions which satisfy 
2x49 20 іс, х>- - a 
x—4 20 ie, х>4 al) 
In order to satisfy both conditions (1) and (2), we must have x > 4. 
The equation can be written as : 
МЭх+9 = 340 х—4- 
Squaring both the sides, we get 
"IO ee LE Se RE 
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Regrouping the terms so that the radical is one side and all other terms are on the 
other side, we get 
2x—x+9-94+4= 6 x—4 
or x+4=67 x—4 
Squaring both sides again, we get 
x*4-8x4-16—36 (x—4) 


or x*--8x4-16—36x— 144 

or х2--8х--36х--16--144--0 
ог х3--28х--160--0 
or х2--20х- 8х--160--0 
ог хт>--20)-%(х--20)--0 
ог (x—20)(x—8)=0 


If x—20=0, then x=20 
If х-8 =0, then x=8. 


Thus, the roots of the equation are x=8 and x=20. 


. Since both roots satisfy the above condition x > 4, both are the solutions of the given 
equation, Hence, the required solutions аге x=8, x=20. 


Type 5. a (=+ )+b(x++)+e=0. 


1 
x? 
This equation can be rewritten as a quadratic equation in terms of I On solving 
it, we get Type 2 form discussed before. 
Example 20. Solve 2 СЕЗЕ ( xj-1-0 x340. 


Solution. The given equation is 


2 ( x+ 4)-3 ( x+—-)-1=0. 


" 1 = 2 E 2 
Гей XE Then Xy 2: 


Substituting these in the given equation, we have 
2(y?—2)—3y—1=0 


or 2y°—3y—5=0. 

The roots of the equation are 
; —(—3)5V 9-4х2х(-5) , м 344/9340. 
т 2х2 he, pe 
ЗЕТ разый ia, tee 
n 2 4 "ess Vapi ich 

l ES 
Now у-х алысу ade == 
or 2х4--2--5х от 2х4--5х-Е2:-0 


(5) 25—4х2х2 .. 5-459 
m 2x2 4 


Then LOIS x2 


a) а еті Le, x=2,x= 5” 
Agai =х+ -- | 
gain ge meris 

or #+1=—х 


ог x*--x--1—0 
Неге %?--4дс--1-4хіхі---3. 


Since b°--4ac < 0, this equation has no real roots. 
Thus, the solutions of the given equation are 
x=2, x=} 
We give below more examples of equations reducible to quadratic equations. 


2х-3 х—1 Аф. 522-3), 
Example 21. Solve ( ЗЕ )-4 G es х521, xz 2 


ІС.В.8.Е., 1978, (4I) 


Solution, The given equation is 


2x—3 و اج‎ 
( x—1 )-4( 2x—3 )=3. 


Substituting 23 = 


y in the equation, we have 


1 
-4х----3 
4 W 
or й—4=зу or у!--3у-4-0 
The roots of the equation are 


ye ==3&М 9—4х1х(—4) 3-3 9316 


2Ж1 2 
2345 EX oa 4, у=—1 
у= 7’ y 2 Le, y y 
Now yo 2823 a. BE 
x—l х-1 
ог 2х—3=4х—4 ог 2x—4x=—443 5 
* y=} 
or —2х=— от 2х=1 F^ 
Also A =—1 ог 2x—3——5-H 
. = 
ог 2x+x=143 or 3х=4 mi UND 
Hence the solutions of the given equation are 
Лы: BA... 
BO RE REX 


Example 22. Solve 7:57.12... 50 
Solution. The given equation is 
(E reps 


get 


11. 


12. 


or 7.7%44-7.7-%--50 or Ww. ТЕТ» i 


Substituting 7%--у, we get 
T) =0 or Ty 7—50y 


ог Ту3--50у--7--0 

ог Ty?—49y—y+7=0 
or Ту(у-7)- (у-7)-0 
or (y—7)(7y—1)=0 


If у—7=0, then у--7, 
If 7у—1=0, Шеп у= 


Now y=1, y= 
7-7}, 767-1 
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Since the bases are same on both sides of the equation, so equating their exponents, we 


х=1, х=—1 
Hence the solutions of the given equation are 
x=], х=—1 
EXERCISE 2 (1) 
(Section А) 


Solve the following by reducing them to quadratic equations : 


УА +\/х—5 =3 2. М1—5х+\/1—3х =2 


мхі 4x4 =3 
gj 1 1 
(x) x+)+6=0, x0 


9 ( +t )-27 ( xt )+8=0, x0 


3e14-3178—2 8. Step sire 56 


(Section B) 


Solve the following equations : 


2x41 х—1 )- Ж E 
EL br „сыы иге ж 
(4>)- att \=-2, x#-1, d 

cri 2 
2 (e =; e 3 20% 0, x0. 


8 | x 
x13 


22 x+3 23, x40, x£—3. 
X 


4 VENT =1 


ІС.В.8.Е., 1986 (4.17 


[C.B.S.E., 1986 (Delhi)] 
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13. (+ 5, o ( х=--)—2=0, хзё0. 


x 


14. 3i = + 1—® dps x60, xxl. 
х х 


(Section С) 


Solve for x: 


15. У(-1Хх-2) +f (x—3)x—4) =2 
16. 4/2х-у43 +\М/24-Ех—6 =3, 
210. PROBLEMS INVOLVING QUADRATIC EQUATIONS 


; ў іоп 
There are many word problems which сап be solved by setting up a gl gin tee 
whose solution will be a solution to the problem. Sometimes only one root оша tic equation 
of the quadratic equation has a meaning for the problem. Any root of the quadrati 
not satisfying the conditions of the given problem must be rejected. 


E " А ists of 
The method of solving verbal problems leading to quadratic equations consis 
three steps : 


(1) translating the word problem into the symbolic language, 
(2) solving the equation, and 


(3) interpreting the solution of the equation. 
The following example will illustrate the method : 


| { ares 
Example 23. The difference of two шы аф 
is 274. Find the numbers. 


Solution, Let one number be x. 


Then the other number—x--8 
Sum of their squares=274 


Then x? (x+8)2=274 

or X*-Ex?4-16x4-64—274 

or 23?--16x—210—0 

or х2--8х-105--0 

or 23--15х--7х-- 105--0 

ог x(x4-15)— 7(x4-15)—0 

or (х--15(х-7)--0 

If x+15=0, then х= — 15. 

If х—7=0, Шеп х--7. | 

Rejecting the negative value as given numbers are positive integers, we get 


xa 
One number is 7. Then the other number is 74-8, i.e., 15. 
So required numbers are 7 and 15, 


: i iform speed of 
Example 24. A man covers a distance of 200 km ЫЕ bep ep peed Veen 

‘x’ km per hour. The distance could have been covered in 2 ho 

(х--5) km per hour. Calculate the value of x, 


o an at х km per 
Solution, In first case, the time taken by the man to cover 200 k 


hour= 200 hours. 
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In sccond case, the time taken by the man to cover 200 km at (x4-5) km per 


hour = E hours 
According to the given condition, 

200 _ 200 _, 

x x5 

100 100 
9n A xm 
or 100(х--5)- 100x —x(x4-5) 
от 100х--500-100х-х2--5х 
ог x*4-5x—500—0 
от x?-+25x—20x—500=0 
or x(x4-25)—20(x4-25)—0 
or (x4-25)(x—20)—0 

х----25, 20. 


Rejecting the negative value, we get the value of x as 20 km/hour. 


EXERCISE 2 (к) 


Numbers : 

1. Thrice the square of a number is 243. Find the number. 

2. Тһе product of two consecutive odd numbers is 399. Find the numbers. 

3. Find two consecutive even numbers such that the sum of their squares is 100. 

4. The sum of two numbers is25 and the sum of their squares is 313. Find the 
numbers, 

5. The sum of the squares of two consecutive positive integers is 545. Find the 
numbers. ө 

6. The sum of the squares of three consecutive natural numbers is 194. Find them. 

7. The product of two successive multiples of З is 180. Determine the multiples. 

8. Finda possible number which when decreased by 20 is equal to 69 times the reciprocal 
of the number. 

9. Find two natural numbers which differ by 3 and the sum of whose squares is 117. 

10. Five times a certain whole number is eqval to thrce less twice the square of the number. 
Find the number. 

11. A body travels at x metres per minute for 8 minutes and then for another 4x minutes 
at the same speed. If the total distance covered is 117 metres, find the speed of the 
body. 

12. Divide 41 into two parts whose product is 288. 

13. Divide 15 into two parts such that the sum of their squares is 113. 

А ; + a4 
14. The sum of a number and its reciprocal is 27>. What is the number ? 
4rea: 3 b. 

15. Тһе sides of a right-angled triangle containing the right angle are 5x ст and 
(3x—1) ст. Ifthe area of the triangle be 60 ст?, calculate the lengths of the sides 
of the triangle. 

16. Let x denote the breadth ofa rectangle whose lengih exceeds the breadth by 3 units. 


f the area and the perimeter of the rectangle are equal, find x. 


If th ical values 0 ' 
CHE ІС.В.8.Е., 1978 (4.11 
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17. 


18. 
19. 


20. 


21. 


Mixed: 
22. 


23. 


24. 


25. 
26. 


27. 


28. 


29. 


30. 


A rectangle has an area of 24 ст?. If its length is x cm, write down its breadth in 

terms of x. Given that its perimeter is 20 cm, form an equation in x and solve it. Also 

find the dimensions of the rectangle. 

The perimeter of a rectangle is 82 mand its area is 400 т°. Find the breadth of the 

rectangle. [C.B.S.E., 1981 (Delhi}] 

The area of a right triangle is 66 sq. cm. Ifthe base of the triangle exceeds that of its 

altitude by 5 cm, find the altitude of the triangle. [C.B.S.E., 1984 (A.I.)] 

The hypotenuse of a right-triangle is 13 cm and the difference between the other two 

sides is 7 cm. 

(i) Taking ‘x’ as the length ofthe shorter of the two 
that represents the above statement. 

(ii) Solve the equation obtained in (7) above, and hence find the two unknown sides 
of the triangle. 

The length of a verandah is 3 m more than its breadth. 

area is equal to the numerical value of its perimeter. 


(i) Taking ‘x’ as the breadth of the verandah, write an equation in ‘x’ that represents 
the above statement. 


(ii) Solve the equation obtained in (i) above and hence find the dimensions of the 
verandh. 


sides, write an equation in ‘x’ 


The numerical value of its 


If a cyclist had gone 3 Кт per hour faster, 
less to ride 80 km. What time did he take ? 


AB is a segment line whose length is 6 cm. Find a point P in it such that 
AB.PB=AP?, 


Three consecutive numbers are such that the square of the middle number exceeds 
the difference of the squares of the other two by 60. Assume the middle number to 


be x and form a quadratic equation satisfying the above statement. Hence find the 
three numbers. 


he would have taken 1 hour 20 minutes 


The sum of the ages of Puneet and his father is 45 years and the product of their ages 
is 126. Find the ages of the father and the son. 

The product of Ravi’s age (in years) five years ago with his age (in years) 9 years later 
is 15. Find Ravi’s present age. 

A train covers a distance of 200 km between two stations ata speed of ‘x’ km/hour. 
Another train covers the same distance at a speed of (х--5) km/hour. 


(i) Find the time which each train takes to cover the distance between the stations. 
(ii) If the second train takes two hours less than the first, find the value of ‘x’. 


A trader bought a number of articles for Rs. 1200. Ten were damaged and he sold 
each of the rest at Rs. 2 more than what he paid for it, thus clearing a profit of Rs. 60 


on the whole transaction. Taking the number of articles he bought as x, form an 
equation in x and solve it. 


Some students planned a picnic. The budget for food was Rs. 24. Because four of 
them failed to go, the cost of food to each member got increased by Re. 1. How many 
students attended the picnic ? [C.B.S.E., 1983 (A.I.)] 


The length of the hypotenuse of a right triangle exceeds the length of the base by 2 em 


and exceeds twice the length of the altitude by 1 ст. Find the length of each side of 
the triangle. 


11. The length of a roo 


12. А segme 


14. A farmer wishes to start а 100 sq. т. тес 


15. A cyclist cycles non-stop from AtoBa 
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REVIEW EXERCISE П 


(Section А) 
1. Fill in the blanks to make the following statements true : 
(а) D (or discriminant) of —3x?--2x —8—0 із... [C.B.S.E., 1978 (Delhi)] 
i 2— E has по real roots, if-........ 
(ушеш таша да S SR [C.B.S.E., 1986 (А.Л 
і і 24 gx r= s equal roots, if-----.... 
(c) A quadratic equation рх24-4Х--ғ--0, p40 has eq ІСЕЕЕ, 1985 (Delhi) 
(d) The quadratic equation with roots 5, —3 is- [C.B.S.E., 1987 (Delhi)] 
(e) The product of the roots of the equation x*—5 is- [C.B.S.E., 1986 (Delhi)] 
(f) The equation whose roots are 1--4/3 and 1—4/3 is- [C.B.S.E., 1982 (A.1.)] 
(в) Every quadratic polynomial can have at тоѕі......... Zeros. 
(л) The sum of the roots of the equation 2х2--3х--5--0 15......... 
2. Ifa, B are the roots of the equation 3х2--7х4-3--0, write down the value of : 
(а) e4-B (b) ag. ІС.В.8.Е., 1981 (Delhi) 
3. Find the equation whose roots are 3+ 42 and 3— У2. [C.B.S.E., 1983 (Delhi)] 


4. Comment upon the nature of roots of the following : 


(а) 5y2+12y—9=0 
(b) 9a*b?x?—48 abcdx4-64c*d* —0, az£0, b0 [C.B.S.E., 1977 (Delhi)) 
(Section B) 


5. Use the quadratic formula to solve 


15x?—7x—36—0 [C.B.S.E., 1979 GDelhi)) 
6. Find the roots of the quadratic equation 
485?—13y—1—0 [C.B.S.E., 1980 (4.1, 
7. Solve for y : (xy 3 (2 )-18 0, 0 [C.B.S.E., 1985 (ре) 
А тез Py yes ys es EL, C.B.S E., 1977 (Delhi 
8. Solve for у: 6 (Zi) үде y 2 [ ‚ 1977 (Delhi)] 


9. Solve the following equation : 


E x—93' 1 
NES V 23... 25, 5540, 2363, [C.B.S.E., 1986 (A.1.)] 
(Section С) 


10. The sum of the squares of three consecutive natural numbers is 110. Determine the 


numbers. [C.B.S.E., 1984 (А.Т.)] 
m is 3 т. more than its breadth, If the area of the room is 70 sq. т, 
determine the dimensions of the room. 


nt AB of 2 m length is divided at С into two parts such that АС?--АВ. CB. 


Find the length of part CB. [C.B.S.E., 1980 (Delhi)] 


13. If I had walked 1 km рет hour faster, I would have taken 10 minutes less to walk 
i a 


[C.B.S.E., 1982 (A.1.)] 
tangular vegetable garden. Since he has 30 m. 
of the rectangular garden letting his house compound 
Find the dimensions of his garden. 
distance of 14 km ata certain average speed. 


Я he takes 3 hour more to cover the same 
у Lkm per hour, [C.B.S.E., 1986 (Delhi) 


Lu 


2 km Find the rate of my walking. 


barbed wire, he fences three sides 
wall act as the fourth side fence. 


If his average speed reduces b 
distance, Find his original average speed. 
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RATIONAL EXPRESSIONS 


31. In your previous class you have learnt about Н.С.Е. and L.C.M. of two polynomials. 
Remember that the H.C.F. is also called the greatest common divisor, written in short as 
G.C.D. 


EXERCISE 3 (a) 
1. Find the g.c.d. of the polynomials (x—3)2(x—2)(x+1)? and (x—3)(x4- 1)9(x— 4). 
. Find the g.c.d of the pelyremials 4 (x-+3,2 (x— I)(x-4- 1)? and 6 (x— 1)2(x-- 1)*(x4- 7). 
3. Find the g.c.d. of the two polynomials : 
р(х)=х2—5х-+-6 and q(x)— x?-L-5x—14. 


N 


4. Find the g.c.d. of the two polynomials : 
p(x)-6x*-11x4-3 and 4(Х)--2х2--х-3 
5. Find the g.c.d. of the following pair of polynomials: 
24(6x1—33— 2x?) ; 20(2х5--3х5-- x). 
6. Find the I.c.m. of the polynomials (x-4-3)(x—2,? and (x—2)(x—6). 
7. Find the 1.с.т. of the two polynomials, 
p(x)-x*4-7x--12 and 40д--х2--8х--16. 
8. Find the l.c.m. of the two polynomials, 
р(х) = —3?—x--6 апа а(х) = —x?4-x-F2. 
9. Find the l.c.m. of the following pair of polynomials : 
(х--3)(-6х2--5х--4); (2х2--7х-3)(х-1-3). 
10. Find the l.c.m. of the polynomials : 
x8—x2—5x+2 and x3--Ax?-- x— 6. 
32. RATIONAL EXPRESSION 


Let us recall the properties of integers and polynomials, Now compare the properties 
of integers with those of polynomials, 


What do you observe ? 


We observe that polynomials possess properties exactly similar to ee [н 
we may say that polynomials behave like integers. We form rational expres poly 
nomials just as we formed rational numbers from integers. 


A rational number is the quotient Bs of two integers m and n where ı0. Similarly, 


if p(X) and q(x) are two polynomials, then ES need not be a polynomial, where а(х) is a 


(46) 


47 


р(х) 
q(x) 


non-zero polynomial. Then we say that is a rational expression. 


i i ient 209 Қ 
We define a rational expression as the quotient a) of two polynomials p(x) and 


q(x), where q(x) is not the zero polynomial. 
2 р(х) 5 
In the rational expression 409? P(X) is called the numerator 

‚ (X) is called the denominator ; 
р(х) and q(x) are called the terms of the expression. 


‚ By this definition every integer, every rational number and, 
nomial is also a rational expression : | 


jos aie, Lt 
5 x 


in general, cvery poly- 


The:e are all examples of rational expressions. 
EXERCISE 3 (b) 


(Section A) 
1. Which of the following are rational expressions ? 


х®—х-Е3 Х3--2 
@ “555 (b) ЕЕЕ 
43x? -4х--7 х%--3х°—1 
(0 —— v6 @) Sep yeaa 


(Section B) 


2. Write a rational expression whose numerator is a linear р Н 3 
ШЕ : : olynomial an 
is a quadratic polynomial. and denominator 


3. Write a rational expression whose numerator is a binomial and whose denominator is 
a trinomial. 


(Section C) 


4. Write a rational expression whose numerator is a quadratic polynomial whose zeros are 
| and —2 and whose denominator is a quadratic polynomial whose zeros are 2 and + 


3:3. RATIONAL EXPRESSIONS IN LOWEST TERMS 
/ PA М 552 
You know that a rational number x5 said to be in its lowest terms if g.c.d. of its 


= : 1 ПА 7 TS 
numerator and denominator i.e., т апа nis 1. If 7 1$ not in its lowest terms, we get it in the 


lowest terms by cancelling the g.c.d. from both the numerator and denominator. In the same 
way, a rational expression is expressed in its lowest terms by cancelling out non-zero common 
factors (g.c.d.) of both the numerator and denominator. 


When a rational expression is written in its lowest terms, it is in its simplest form. 
ity. а 
Example 1. Reduce to lowest terms : с> бу 


Solution. Numerator=%°+x—2 
2--2х-х-2 


=? 
=x(x$2)—1 G2) =(х+2)(х—1) 
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11. 


Denominator—x?—9x-4-18 
==х2—6х—3х--18 
—x(x—6)—3(x—6) =(x—6)(x—3) 
g.c.d. of the numerator and denominator=1. 
Thus, the given rational expression is in lowest terms. 


5 5 4x?—4 
Example 2. Reduce th с с tot 
р е the rational expression 238-L6x—8 to its lowest terms. 


Solution. р(х)= 4х2—4 =4(x2—1) | 
—4(х+1)(х—1) | 
g(x) =2x2-+ 6x —8—2(x?--3x—4) 
—2[x?--4Ax— x — 4] 
=2[x (x4-4)—1 (x+4)] 
=2(х4-4)(х—1) 
в c.d. of р(х) and q:x) is 2 (x— 1). 
4xe—4 "А(х--1)х-1) 2(x4-1) х] 
2х2--6х-8 2(х4-4)(х—1) REA ° 
[Cancelling the g.c.d. 2 (х— 1), we get the simplest form.] 
EXERCISE 3 (с) 
(Section A) 
Reduce the following rational expressions to their simplest form : 


Now 


(x--3)(x—2) 2. (®+2(«—3) 
(x—1) 'o(x10D(x—2) 
3x—3 4 х2--3х 
5x—5 °` 9х—х°% 
(х-3)(х--2) e x2—9 
(х--2)х-Ғ1) ` 2x38 — 6x2 


(Section B) 
Reduce the following rational expressions to their lowest terms : 


х2-6х--8 8 х2—2х—3 
х#—5х--6 * 2х3--5х--3 
6х2—7х—5 10 15х2 –35х4-10 
6x?—19x4-15 Co ха--7Х--10 
6x2—7x—20 12 6x?—7xy—5y? 
9x2--6x—8 ° 6x?—xy— 15y" 


3:4. ADDITION OF RATIONAL EXPRESSIONS 


р(х) 
qx) 


If poo) nd 1% are two rational expressions, we define their sum 45, 
s(x. 


40) 
r(x) _ POHON, 
5(Х) _ q(x) 


The definition of addition implies that 
р(х) , г@®) O, 


qx) qc) 4( 
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5x4-3 T 
x 878 2х--1 


5х--3 ‚3х—4__5х-Ь3-Е3х—4 


Example 3. Find the sum of 


Solution. жаі SEI 2x1 

2 8x—1l 

(02x41 

; x—2 x41 
Example 4. Find the sum of zi and SE 
en X2 REL _(х—2\(х+2)-М(х-Е1(х—1) 

Solution. жо tx (х=1дх-+Е2) 

© х®%—4--х%—1 

О x2+x—2 

[o 2x?—$5 

1b EX—2.. 


EXERCISE 3 (d) 
(Section A) 
Find the sum of the following pairs of rational expressions : 


1. ad > uai. 2. 0—34 2 2 . 
x—a  x—a x45 ”х--5 
3 x1 xt—3 x a 
" xi3 XH 4. m dix 
x+y х-у аЬ  b—c 
SS, ша. Я x 
X y Е ab be 


(Section B) 


х+2 ,x—l. 2 1 
© aap xd 8. Зарр" 
x 1 x+1 edo 
9. 336 x46 10. аған 
xtpxppy* ر2‎ 3 1 
П. ару РТ таз) P. Tas  Gx- Doi) 
(Section C) 
Simplify : 
xx-l x+ E ل ی‎ Эй, 
13. "eol E 14. CET у= Қази 
15, _Х+3 х--2 х+1 


#—3х-12х#—4х--3 38—5xd6. 
35. ADDITION PROPERTIES ОҒ RATIONAL EXPRESSIONS 


Let us discuss addition properties of rational expressions. It is easy to verify them 


from what we have discussed so far. 
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(1) For апу two rational expressions AS and до) Я 
cm i 109. is also a rational expression. 


We say that the rational expressions are closed under addition. 


(2) For any two rational expressions ро). r(x) 


an > 
q(x) s(x) 
p(x) r(x) r(x) Ве). 
q(x) s(x)  sQ 1 q(x) ` 
We say that addition of rational expressions is commutative. 


p'x) r(x) u(x) 
402” s(x) v(x)’ 


ро) | r(x) u(x)  pG) Г х), a 
аб) * s(x) |+ у(х) © д(х) TL s(x) * vx) 


We say that addition of rational expressions is associative. 


(3) For any three rational expressions 


and 


( 
(4) For any rational expression A > 


We say that zero rational expression i.e. as is the additive identity for rational 


expressions. 


p(x) 
qx) ° 


there exists another rational expression 


(5) For any rational expression 
= peo. such that 
4(х) 


—р(х) _‏ )م 
ОЗШЕ ЕШ‏ 
P(x) ,‏ 
q(x)‏ 


We say that ro з is the additive inverse of 


Now we can define subtraction of two rational expressions. If 2 E and 2 are 

: қ px) r(x) p(x) , —r(x) : Р to 
rational expressions, We define 2D "mg 40%) + so) which is equal 
q(x)s(x) 
Example 5. Find the additive inverse of - v 
—5x. —(x®—5x) ,-х--5х 
Solution. The additive inverse of 3 is рр OFT 
2 3 : ; 
Example 6. Express IE AED as a rational expression. 


S1 


Solution 2 — 3 = i i (—8) 
* (x—1)?? ×1 (x—1)* (xr x—1) 


2 (x+1)+(—3)(x—1) 
(х-+Е1)(х—1)# 

_ 2x42—3x43 

„FI G-D 

Ep. cM 

= кже 

EXERCISE 3 (е) 
(Section A) 


2х2—1 


1. What is the additive identity for rational expression x43 


2 


2. What is the additive inverse of tt 2 


xi—3x 
ж-Ғ2;” 
(Section В) 

Express the following as rational expressions : 

| 1 

| i — 
x—y х-у ху "у-х 

x+1 x-1 Xo. SESE) 

x—-l x41. "o x+5 ^ x—5 

| 4x x-3 gao А, 

х#—1 xH ^ Чу—2# ^ х-2 


3. Find the additive inverse of 


(Section C) 


| Р x?+2 x—3 
10. Simplify: =e aie 


x y 2xy 
x-y ух в ea” 
х-і ,x—l 332 


| 13. Simplify: — L— inp ede 


| J 4x 4 5 , 
| 13. Simplify : азр be x2 


| x2+1 х+1 Ез x+1 ) 
| 14. Simplify : ( zl +) х+2 'x—2 


36. MULTIPLICATION OF RATIONAL EXPRESSIONS 


11. Simplify: 


j 200 r(x) are two rational expressions, we define their multiplication as, 
q(x) s(x) 
р(х) r(x) р(х) r(x) À 
4007 s(x) ~ qQ) s(x) 


and 


LE а 4 ER э жб LE LC. ae ae a 


_ А ae? 5х+2 x+6 
Example 7. Find the product of 5-3 апа TI 


, 5x+2 x6 (5x4-2)(x4- 6) 
Solution. 5, 4X x42 — (x—3)(-F2) 


2 532-32x-12 
= 5xt7a—6 ` 


Example 8. Multiply “wees by I 
a x2+10x+25 x—3 (х--5)(х-3) 
Solution. “25x46 52—25 ~(x+2)(%+3)(%-++5)(x—5) 
The factors of the numerator are (х--5), (х--5), (x—3). 
The factors of the denominator are (х--2), (х-Ғ3), (х--5), (x—5). 
Their g.c.d.=(x+5) 


А : (х--5)(х— 3) 
.c.d., we get the product 1 tt Ж RE aui АЧЕЙ 
Cancelling the g.c weg р in lowest terms as (с-Е2(х-Е3Здх—5) 


—“Е2х—15 
Xx*—19x—30 ` 
EXERCISE 3 ( f) 

(Section A) 
Find the product of the following pairs of rational expressions and express the. product 
in its lowest terms : 


2x42 x3. 2 x1 x+1 
oe Se за OTT жы. 

x—4 2x42 204 5-9 #4 
3; “ЖЕТ! x2 "apo нет 


(Section B) 


Multiply the following pairs of rational expressions and express the product in its 
lowest terms : 


ы Mt Mxd28 22—36. с utu Жы) 
' “x2-+11x+30? x2—49 2x?-+5x+3' 2х-3” 
, Xam DE в, 235—5x—3 2ax*+ax—3a 
* ax—bx ^ х2—а? ' ax?—a ' 2x1—3x—9^ 
(Section C) 
CIE I— ше Lf 
9, Simplify : qum KFA Say 
А M. x$—y* x+y «=? 
10. Simplify : رر‎ XG=ye* хуру? 


0.0 2xX*bx—1 7 2х2-5х--3. 332—7x—6 
11. Simplify: “а 4,3 X QUEX-2 *2х#—7х+6 ` 


27. MULTIPLICATION PROPERTIES OF RATIONAL EXPRESSIONS 


Let us discuss multiplication properties of rational expressio. Wi 
> ns, ; А 
them from what we have discussed so far. P $ e can easily verify 
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(х) i r(x) 


. А Dx) Jv, 
(1) For any two rational expressions 409 апа TS 


P(x) „г 
q(x) 7 s(x) 
We say that rational expressions are c'osed under multiplication. 


is also a rational expression. 


Т 7 р(х) r(x) 
(2) For any two rational expressions dar an EO: 


pa) то) or рб), 


x = x 
g(x) 7 s(x) — s(x) ^ а(х) 
We say that multiplication of rational expression’ is commutative. 


P(x) r(x) u(x) 
4037 s(x). and v(x)’ 


(3) For any three rational expressions 


P(x) ., r(x) u(x) ро) [ u(x) 7, 
Ес s(x) JS ED GL sC) OD 
We say that multiplication of rational expressions is associative. 


(4) For any rational expression PON, 
q(x) i 


р(х) Л DU. 
g(x) ^1 g(x) b 

We say that rational expression = i.e., 1 15 the multiplicative identity for rational 

( 
expressions. 

(5) For any rational expression a) , 
р(х) 290 AO 0 
a) ^om e) q(x) 


=0 
The product of any rational expression with zero rational expression is the zero rational 
expression, 


(6) For any non-zero rational expression 22) , there exists another rational expression 
q(x) ро) aw) L, 
re) such that 409 x PO) 


А х) 
We say that 1а is the multiplicative inverse or reciprocal of 2 e . 


Observe that the product of a rational expression with its reciprocal in lowest terms is 
always 1. 


Now we can define division of a rational expression by a non-zero rational expression. 


If 2 e and ee are rational expressions and Ae 40, then we define 
six 2 
р(х). r(x) px s(x); P(x) (х) ^ 


qa  49 re” dare 
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Thus, division of a rational expression by a non-zero rational expression is same as 
multiplying the dividend by the reciprocal of the divisor. 


ee үз] (х--1)2 
Example 9. Divide xt2 by 2+5x+6 


| х--1 . (x+1)2 МАРТ ot 52-6 
Solution, x42 "X€t5x—67 x42 * G+)? 


(х-Е1)(х—1) (х--2Хх--3) 
x42) * (Е) 
(х-Е1)(х— 1004-20063) 

si (7--2)(х+- 1)? 

(х— 1)(х--3) 

x x+1 

Ax —3 ر‎ 
х-ы 

EXERCISE 3 (g) 


(Section А) 


3 " . x 
1. What is the multiplicative identity of the rational expression г (n ? 


(х) 
ў 2 x 
2. What is the multiplicative inverse of the rational expression pm ? 


4(х 
What is the restriction on p(x) so that ^ E may have a multiplicative inverse ? 


3. Find the reciprocals of the following : 
1 х+1 х+х+1 
@ = O сусу 
х?+-1 х+1 
x-2 РУ уу? 


à, Divide ey See 5. Divide 
Ws x—3 


(Section B) 
Express the following as rational expressions in lowest terms : 
6 xt—36 7 x+6 


x?—49"7 х--7 
4х2-12х--9 x*—8x—-9 х2-1 
а-а --(2х-3). «T$ te 
* o esr оа > ya FT 9—25 
10 x+8x+12 , x3 +4x—12 € 
C 22—7х+12 ° 5—4 
(Section С) 
Ее? ЕТ 2243 x43 Y у] 
11. Simplify : ЕБ рі уа 
EIRT Же 5—8 х+3 \ x®?42x+4 
12. Simplify : (auxi) nun. 


3'8. You have learnt properties of rational expressions. 
Tational numbers. Compare properties 


1 You now recall properties of 
of rational numbers wit 


h those of rational expressions. 
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What do you observe ? 
We find that algebra of rational expressions is analogous to that of rational numbers. 
So, we say that rational expressions behave like rational numbers. 


We have used several identities proved for rational numbers. These identities will also 
be true for rational expressions. So, we can write special products and factorisation for 


rational expressions. 
If Rand S are two rational expressions, then the following results or statements will be 


very helpful to you in solving problems : 
(1) (RES)P=R2+2RS+S* 
(2) (R-S)?=R?—-2RS+S* 
(3 (R-S(R—S)—R?—S* 
(4) (R+S)=R°+S°+3RS(R+S) 
(5) (R—S)—R—S*—3RS(R—S) 
(6) R3--S*—(R-4-S)(R? —RS4-8?) 
(7) R1—S*5—(R—S)(R?H- RS 4-8?) 
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9. 


10. 


11, 


(f) The product of a non-zero rational expression and its reciprocal is always 


. Find the reciprocal of = 


. Which rational expression should be added to zu 


REVIEW EXERCISE III 
(Section А): 

Fill in the blanks to make the following statements true : 
(a) Polynomials behave like......... 
(b) Every rational number is also a........ expression. 
(c) Rational expressions ате......... under addition. 
(d) Multiplication of rational expressions is 
(e) Addition of rational expressions і......... 


көөн and associative. 
and commutative, 


UC 
СЕБЕ 
241 


E 


(Section В) > 


. Reduce the rational expression а= 3302—54) 


х=1)(х#=—2х—3)` to its lowest terms, 


. Find the sum of = D am d —— - 


ПЕРІ, 


2х%— 24.3 
хро {0 get FE ? 


—4* 


. Find the product of X TE and some 
Ws 


SO 2—1 оми 
de х 2х3 АН 
. Divide Бера 197 =] 


(Section С) 


Simplify : rast 

implify : хасав x?—bx—cx+ b, E 
Simplify : SO beter * P c E = 

4 с x+3 202—1 x247 2 
Simplify : GS с) (E 13 xt) 


00 
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MENSURATION 
(Plane Figures) 


41. REVIEW 


Mensuration is the science of measurement. It deals with determining lengths, breadths, 
areas and volumes of plane figures and solids. You have learnt to find area of plane figures in 
the earlier classes. Let us recall those results. 


1. Rectangles. 
(a) Perimeter of a rectangle=2 (1--5) 


(b) Area of a rectangle, A=/xb 
(c) Length of a rectangle= > 4 


(4) Breadth of а rectangle= A 
1 
(е) Diagonal of a rectangle— v (12+ 22) 
2. Squares, 


(a) Perimeter of a square, p=4a 


i I 
(b) Side of a square =ч 


t 


(c) Area of a square, A-a? 

(d) Side of a square —/A 

(e) Diagonal ofa square — —av2 a 
3. Triangles. 


(а) Semi-perimeter of a triangle, 
id EE 


2 с а 


1 
(b) Area of a triangle= > bh 


о 


(c) Area of a triangle=V/5(s—a)(s— 55-9 А b 


(57) 
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(4) Area of an equilateral triangle 


2 


دچ 
Altitude of an equilateral triangle,‏ 
ho a‏ 


(e) Perimeter of an isosceles triangle, 
p=a+bt+a 


Area of an isosceles triangle, 
= Es м. 4b2—q? 


. Parallelograms. 


(a) Perimeter of a parallelogram, p=2 (a+b) 
(b) Area of a parallelogram, A=ah 


(c) Base of a parallelogram 


(d) Height of a parallelogram 


A 
h 

A 
a 


. Rhombuses. 


(a) Perimeter of a rhombus, p=4a 


1 
(b) Area of a rhombus, A= vs d, 


(c) Side of a rhombus, а- 1 vi 


6. Trapeziums. 


(a) Area of a trapezium, A= 
a) Area of a trapezium, A= > (a+b)h 


(b) Height of a trapezium, ,—2A_ 


a+b 


10. 
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Quadrilaterals. 


1 
Area of a quadrilateral, А-- (hy+-h,) d 


EXERCISE 4 (a) 


. Find the least number of square slabs of equal size that will cover the floor of a hall 


which is 18 metres long and 14 metres broad. 


. If the length of a rectangle is decreased by 5 metres, and its breadth increased by two 


metres, it becomes a square whose area is 65 sq. metres less than that of the original 
rectangle. Find the dimensions of the rectangle. 


. A garden consists of a rectangular plot of grass surrounded by a border 3 metres wide, 


the whole being 40 metres long and 24 metres wide. In the central part are three 
rectangular flower-beds each 4 metres long and 3 metres wide. What percentage of the 
whole area is grass-covered ? 


. The sides of a triangular field are 1,022 metres, 1,095 metres and 949 metres. It is let 


out at Rs. 100 per hectare. Find the rent. 


. A plot of ground is in the form of ап isosceles triangle. If it costs Rs. 1,000 at the rate 


of Rs, 2:50 per square metre, and if each of the equal sides measures 40 metres, find the 
length of the base. 


. Find the base of an isosceles triangle whose area is 60 cm? and the length of one of its 


equal sides is 13 em. 


. The perimeter of a rhombus is 146 cm and one of its diagonals is 55 cm." Find the 


other diagonal and area of the rhombus. 


. A trapezium with parallel sides of length as 7 : 3is cut from a rectangle 30 dm by 


4 dm so as to have an area of one-third the latter. Find the lengths of the parallel 
sides. 


. The length and breadth of a room are in the ratio of 3:2. Its height is equal to 3 of 


its length. The cost of carpeting the floor at Rs. 4 per sq. metre is Rs. 216. Find the 
cost of papering the walls at Rs. 3:20 per square metre. 


i ight triangle is р. Its hypotenuse is d. Find the other two sides 
ПЕ н E Faking p=12 cm and d=5 cm, solve the problem, 


42. AREAS OF IRREGULAR FIGURES 


When a Tehsildar goes to check measurements of land in a village, he does not often 


come across fields whose shapes are rectangles, squares or right-angled triangles. He has En 
measure irregular polygons, То find the area of such polygons, we divide the figure into small 


rectangles, tr 


apeziums and right-angled triangles. We, then, can find the area of each of the 


Tegular figures so formed. Adding all these areas, we get the area of the irregular polygon. 


E 


UTV i len 
; 'ecords the various measurements such as 
h Sistemas: ed the Dose line in a &eld book, in the following form 
the di 


Metres 


50 45 To B 


Let us first draw the figure, Note that the field book is read 
с 


А 
Taking а suitable Scale, 20 m= 


1 ст, we draw base line AC=140 m. 
AF=40 m on AC and draw offsect FE=35 


т to the left. 
Measure 4G=50 m on AC and draw offset GB= 
Measure AH=90 m on AC and аг 


Then by joining 4, B, C, D, E and A 


45 m to the 


Bths of the offsets and 


from the bottom upwards. 


Measure 


right, 


aw offset HD —50 т to the left, 


» We get the polygon ABCDE, 
Area of the field ABCDE 


—Area of АВС--Агеа of AGBC-- Area of AHCD 
Area of right-angled AABG=}x AGx GB 


+Area of trap. ЕНрЕ 


"Area of A App, 

=4x 50x45 sq. т ae 

Area of right-angled AGBC-1xGCx GB [GC— 4 c- 4G- (140...) P. m 
=+х90х45 sq. m m=90 m] 


=2025 m2 
Area of right-angled AHCD= 4X HCx Hp 


={х50х50 Sq. m 
=1250 m? 


[HC— AC Ag. 


(14090) m=50 ті 


Area of trap. FHDE 


=} (354-50) х 50 sq. т 
—2125 т? 

Area of right-angled AAFE=4XAFX FE 
—1X40X35 sq. m 
=700 m? 

Area of pentagonal field 4BCDE 

—]1125 m?+-2025 m?+-1250 т2--2125 m? 
=7225 m?. 


EXERCISE 4 (b) 


(Section A) 


=} (FE+HD)x FH [ЕН=АН—АЕ= (90—40) т 


бі 


=50 т) 


1. Find the area of a pentagonal field, given the following data ina land surveyor’s field 


book : 


Metres 


To B 50 


2. Find the area of a pentagonal field, given the following fmeasurements in a land 
surveyor's field book : 


To E 60 


Metres 


(Section B) 


To C 50 
To B 25 


From the given measurements of the fields, draw figures of appropriate scale and find 


their areas : 


Metres 


To E 60 
To F 20 


Metres 


To C 50 
To B 10 
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(Section С) 


vor in hi Draw 
are noted as follows by a survey or in his field book. 
ы ан to suitable scale and find their areas : 


Metres 6. Metres 
5. 
To E ToA 
1000 m 
840 То G 140 5 
o E 20 700 |тор60 To F 150 480 
610 To C 800 470 To B 100 
G 340 560 ТоЕ 50 380 
ШО 310 [To B 220 100 To C 150 
From A From D ; 


4:3. CIRCLES eee MER * р 
to draw a circle when its centre and radius are Specified. You also 
M uH Sra seio ысыка circumference, 
w 4 3 
kno f A and C denote the area and circumference respectively of a circle of г: 
I А=тг? 3 С--2лғ. 


You know that the ci i bears a constant rati 
e circumference of a circle 

t ratio » ШЫ ДЕН by the Greek letter т, pronounced ‘pi’. 

tant т у 


adius r, then 


Oto its diameter. This cons- 
It stands for an irrational number 
c 3 2 

" value is given approximately to two decimal places by 314 or by the fraction 22. 
whose 


Upto four decimal places, its approximate value is 3:1416. But fi r lculati hel 
Я ulation ригро: ап 
і жү 14, 
approximate value of т is taken as 7 or 3 


EXERCISE 4 (c) 
1. А wire is in the form of a circle of radius 42 cm. Determine the 6 


5 ides of the square 
2 ; 
into which it сап be bent. (Use a=) [C.B.S.E., 1977 (Delhi)] 


2. What is the area of the circle, the circumference of which is equal to the perimeter of а 
: square of side 11 cm? 


copper plate which is a square of side 12°5 ст, Circular disc of diameter 7 ст 
3. dit. off. Pind the weight of the remaining part, if ] 54. cm of the plate weighs 


22 
0'8 gram. (Assume a=) [С.В S.E., 1980 (Delhi)] 
4. The outer circumference of a circular race track is 


1 528 m. The track i 
14 m wide. Calculate the cost of levelling the track at the Tate of 50 pois de de 
22 "e^ 
(Use «-2) ІС.В.8.Е., 1982 (Delhi)] 
5. The inner circumference of a circula: 


T track is 440 m. 
Calculate the cost of (a) levelling the tr: 


ack at the rate of 20 p 
2; 


The track is 14 m wide. 
up fence along outer circle at Rs. 2 per т. 


aise per sq, т (0) putting 
Use т=з) 
Т 
А playground has the Shape of 
2 АША; added to its outside. 
find the area of the playground, 


a rectangle with two Semi-circles oni T sides as 
ie, its smalle 

If the sides of the rectangle аге 36 т апа 2 45 т 

Я 
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7. А piece of wire that has been bent into the form of a semi-circle, including the bounding 
diameter, is straightened and then bent into the form of a square. The diameter of 
the circle is 12 cm long. Which area is larger, the semi-circle or the square? By how 
much ? 

8. The cost of turfing a uniform circular road round a circular garden at 20 P per sq. 
metre is Rs. 215760 and the area of the garden is 1,386 sq. metres. Find the breadth of 
the circular road. 

9. Four circular coins, each of radius 1:4 cm, are placed flat on a table such that their 
centres are the corners of a square and that each coin touches two of the others. 
Calculate the area lying vacant between their rims. 


10. A boy is cycling such that the wheels of the cycle are making 140 revolutions per 
minute. If the diameter of the wheel is 60 cm, calculate the speed per hour with which 
the boy is cycling. 

11. А circular field has a perimeter of 660 m. А plotin the shape of a square having its 
vertices on the circumference of the field is marked in the field. Calculate the area of 
the square plot. 


44. SECTOR 


Тһе shaded region shown on the right is a part of the 
circular region with centre O and radius r. The shaded region 
OAPB is called a sector of the circle. Its boundary consists of arc 
APB and two radii O4 and OB. This sector has an angle 0, 
subtended at the centre of the circle. 


The region bounded by two radii of a circle and 
the arc intercepted by them is called the sector of the 
circle. 


When 0 < 180°, arc AB is a minor arc. When 0 is in- 
creased to 180°, arc AB increases proportionally, to the size of а 
semi-circular arc of length zr. So, half the circumference of a 
circle i.e. xr subtends an angle of 180° at the centre of the circle. 


Thus, for sector AOB with Z AOB=6°, the length of minor arc AB is төр Хғ Тер Ко 


Observe that the area of a sector is proportional to the angle of the sector. When the 
arc subtends an angle of 180° at the centre, the area of the corresponding sector is} (area of 


the circle) i.e. «7?. 
nr? 


: е 3» 10 ] 
Thus, for sector AOB with 2.АОВ--0%, the area of the sector is i80 Xiuxr? ie., 7360 


тг0 D 
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Example 1. Іп а circle of radius 3:5 ст, find the perimeter of a sector with central 
angle 36°. 


Solution. Неге §=36°, r=3'5 ст 
тг0 
Length of the arc, 1—180 
3Ах35х36 
REA CU cm А 
2х3'5х36 
AA ! Bc 
=22 cm 


Perimeter of the sector=r+/-+r 
—(3:5--2:24-3:5) ст 
=9'2 cm. 


Example 2. Find the area of a sector of a circle whose radius is 6 dm and central 
angle is 105°. 
Solution. Неге 0— 105°, r=6 dm 
тғ20 
Area of a sector =3 60 


22 6x6x105 
ا‎ 


Area of the given sector=—- 360 dm? 
22x105 3 
=x 4" 
=33 dm? 
EXERCISE 4 (d) 
(Section A) 
1. In a circle with {radius 21 cm. Find the length of the arc of a sector with central 


angle 60°. 


2. Ina circle of radius 3°5 cm, find the area of the sector whose angle measures 36°. 


(Take =) 


3. Find the area of a sector of а circle whose radius is 8 ст and the length of the arc 
is 15 cm. 


4. Find the area of a sector of a circle whose radius is 6 metres and central angle is 422, 
(Section B) 
5. The length of the minute hand of a wall clock is 10°5 om. Find the area swept by the 


minute hand in 10 minutes time. Wee r=% ) 
6. Given a circle with radius 3'6 cm. Find the perimeter and area of its sector with 
central angle 36°. (Use nt) 


АЙ А | 
7. The area of a sector is гу that of the whole circle. Find the angle of the sector. 


8, From a circular piece of card-board of radius 3 cm two sectors with central 
40° each have been cut off. Find the area of the remaining portion. angle of 
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(Section С) 
9. А circular disc of 4 cm іп radius is divided into three sectors with central angles 110°, 
150° and 100°. What part of the whole disc is the sector with the central angle 150° ? 


10. A circular disc of 6 cm in radius is divided into three sectors with central angles 1205, 
1509, 909. What part of the whole area is the sector with central angle 12092 Also 
give the ratio of the areas of the sectors. [C.B.S.E., 1977 (A.1)] 


4:5. SEGMENT OF А CIRCLE 


The drawing on the right shows a circle with centre О D 
and radius r. 


Let chord AB divide the circle into two segments 4СВ 
and ADB. 


The segment ACB which is less than the semi-circle, is 
called the minor segment. The segment ADB which is greater 
than the semi-circle, is called the major segment. 


Join OA and OB. Let / АОВ be 02. 


Let us now find the area of the minor segment shown by ^ 
shaded region. 


Area of the minor segment ACB 
— Area of sector OACB— Area of A АОВ. 
Then, area of the major segment ADB 
| = Area of the circle— Area of minor segment ACB. 


Example 3. The radius of a circle is 7 cm and the angle of the sector is 60°. Find 
the area of the minor segment. 


Solution. Неге r—7 ст, 0—60* 


SERE. 


аар 
с 


Area of sector. O4CB— 279 
rea of sector OAC. 360 


22x 7x7x60 4 
—— Зо ес 


—— cm? =25'667 cm? 


3 
Area of AAOB ex а? [AAOB is equilateral] oS 


XIX, ст? ота: 
рЫ 
C 


xr E 
=21'217 cm? 
2. Area of the minor segment 
— Area of the sector ОАСВ-- Area of the AAOB 
—25:667 cm?—21217 ст? =4'45 cm?. 
EXERCISE 4 (e) 

1. A chord AB of a circle of radius 15 cm makes an angle of 60% at the centre of the 
E Find the area of the minor segment. (Take 1—3'14, 43—U0U73). 

2. i ircle with centre О is 5 ст. Two radii OA and ОВ are drawnat right 
сни EX p Find the area of the two segments made by the chord BA. 
(Take x— 3:14). 4 

3. Find the area of the minor segment of a circle, given that the angle of the sector is 120° 
and the radius of the circle is 21 cm. (Take 3 e | қ "od 

4. А chord АВ of a circle of radius 10 cm makes a right angle at the centre © e circle. 
Find the area of the major and the minor segments. (Take п--3:14). oOo 


5 


MENSURATION—SOLIDS 


5:1. SOLIDS 


. In the previous chapter you learnt about methods for finding areas of plane figures 
like rectangles, triangles, polygons, circles, sectors and segments. We shall now discuss solids. 
We see everyday solics like a brick, a book, a pencil, a match-box, a tennis ball, sugar cubes, 
tanks, etc. These are different kinds of solids. 


A plane figure lies entirely in a plane where as а solid does not. Solids lie in space. 
Plane figures are two dimensional and they have length and breadth only. But solids are three 
dimensional and they have length, breadth and height or thickness. 


,, 1, Usually we see the outside of a solid ; all the outside is called the surface. Some 
solids like bricks have plane surfaces, other like tennis balls have curved surfaces. 


1 The amount of space enclosed by the bounding surface or surfaces енше 
is called the volume of the solid. 


As with area we need a standard unit of volume. 


The unit of measurement of volume is unit cube. It isa cube with 1 cm sides. Its 
volume is 1 cubic centimetre or 1 cm?. 


We give below various units of volume depending upon the unit of measure. 
1000 cubic millimetres—1 cubic centimetre (cubic cm) 


1000 cubic centimetres —1 cubic decimetre (cubic dm) 

1000 cubic decimetres =1 cubic metie (cubic m) 

1000 cubic metres —] cubic decametre (cubic dam) 

1000 cubic decametres =1 cubic hectometre (cubic hm) 

1000 cubic hectometres —1 cubic kilometre (cubic km) 
52. CUBOID 


Shoe-boxes, chalk-boxes, match-boxes, packets of surf washing powder, water tub, сіс., 
are examples of cuboids. 

A solid bounded by six rectangular 
surfaces is called a cuboid or a rectangular VERTEX 
prism. / 


A cuboid is also called a rectangular paral- VERTEX 
lelopiped. A* 


The dimensions of a cuboid are length, 
breadth and height. 


A cuboid has six faces, each one being a EDGE 
rectangle. Opposite faces are parallel and congruent. 
There are three pairs of parallel faces. Two adjacent 
faccs meet along a line segment called an edge. 


A cuboid has twelve edges. Opposite edges A 
are parallel and equal in length. There are six pairs 
of parallel edges. Three mutually perpendicular edges meet at a point called a vertex, 
(66) 


EDGE в 
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A cuboid has eight vertices. 

Thus, a cuboid has six faces, twelve edges and eight vertices. 

ote that three faces and three edges meet at each vertex. 

In the adjoining figure, the faces are rectangles ABCD, A'B'C'D', AA'B'B, BB'C'C, 


CC'D'D and DD' A'A. The sum of the areas of these six faces is the total surface area of the 


cuboid. 


Its edges are 4A’, BB', CC', DD’, AB, A'B', BC, B'C' CD, C'D', AD and AD’. It is 


easily seen that 


have 


AB=A' B'=CD=C' D'=1 (length) 
BC=B'C'=AD=A'D'=6 (breadth) 
and AA'=BB'=CC'=DD'=h (height) 
Its vertices аге А, В, C, D, A’, B', C' and D'. 
Volume of a cuboid 
=length x breadth X height 


Using /, b and h for length, breadth and height of a cuboid and V for its volume, we 


V—IXbXh 
From this formula, we get the following : 
d of а 5, bathed E CAPA 
( l= T (4) b= TR (iii) TT 


The total surface area of a cuboid is the sum of the areas of its six faces. 
Total surface area of a cuboid=2(/b+bh+Ih) 

Diagonal of a cuboid = (18-84-12) 

Note that these formulae are true also when /, b and h are any real numbers. 


Example 1. A rectangular tank measuring internally 37 m in length, 12 m in breadth 


and 8 m in depth, is full of water. Find the weight of water in metric tonnes, given that one 
cubic metre of water weighs 1,000 kg. 


dimensions be | m, 85 cm and 65 cm, how many square metre 


Solution. Length of the tank—37 m 

Breadth of the tank—12 m 

Depth of the tank=8 m 

Volume of the tank—37x 12 х8 cubic metres 

Volume of water in tank=37x 128 cubic m 

—3552 cubic m 

Weight of 1 cubic metre of water = 1000 kg 

Weight of water in the tank=3552x 1000 kg 
--3552000 kg 
—3552 metric tonnes. 


A box fwith a lid is made of planking 2:5 cm thick. If its external 


E 
xample 2. s of planking are used in the 


construction ? 


Solution. External dimensions of the box : 
length=1 m=100 cm; breadth=85 сп; height=65 cm 


External volume of the box— 100 x 85 X 65 cm? 
—5,52,500 cm? 
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13. 


14. 


15. 


Internal dimensions of the box : 


Length=100 cm—2X2°5 cm --(100--5) cm=95 cm 
Breadth=85 ст—2Х2`5 cm =(85—5) cm=80 cm 
Height=65 cm—2x25 cm --(65--5) cm=60 cm 
Internal volume of the box —95x80x60 cm? 

—4,56,000 cm? 
Volume of the wood —5,52,500 cm?—4,56,000 cm? 

— 96,500 cm? —'0965 m? 
Thickness of wood plank —2'5cm—'025 m 

: *0965 965 7% 

Then area of planking = 005 m? =250 ™ 

—3'86 m?. 


EXERCISE 5 (a) 
(Section A) 


. Find the volume and surface of a cuboid whose dimensions are 36 m, 12 m and 1 m. 
. Find in litres of cubic contents of a tank 2'8 metres long, l'4 metres wide, and 


0:75 metre deep. 


. The area of a playground is 4800 sq. m. Find the cost of covering it with gravel 1 cm 


deep, if the gravel costs Rs. 4°80 per cubic metre. 


. The outer measurements of a closed wooden box are 42 cm, 30 cm and 27 cm. If the 


box is made of wood, | cm thick, determine the capacity of the box. 


. The length and breadth of a rectangular solid are respectively 25 cm and 20 cm. If the 


volume is 7000 cm’, find its height. 


. A brick measures 20 cm by 10 cm by 7:5 сп. How many bricks will be required for a 


wall 25 cm long, 2 m high and 75 cm thick ? 


‚ If 72 cubic metres of sand be thrown into а tank 12 metres long and 5 metres wide, find 


how much the water will rise. 
(Section B) 


. A tank 8 metres long, 5 metres wide, contains 800 quintals of water. Find its depth if 


1 cubic metre of water weighs 10 quintals. 


. A closed tea chest is 47 cm long, 47 cm wide and 60 cm deep, by internal measurement. 


Find in square metres the total area of tinfoil needed for lining it. 


. The areas of three adjacent faces of a cuboid are x, y and z. If the volume is V, prove 


that V?—xyz. 1С.В.5.Е., 1982(A.1.)) 


. A rectangular box whose external dimensions including the lid are 32, 27, 12 decimetres 


is made of wood ‘5 dm in thickness. What is the volume of wood in it ? 


. The annual rainfall at a place is 43 cm. Find the weight in metric tonnes of the annual 


rain falling there on a hectare of land, taking the weight of water to be 1 metric tonne 
to the cubic metre. 

A cubic metre of gold is extended by hammering so as to cover an area of 2 hectares. 
Find the thickness of the gold in decimals of a cm, correct to the first two significant 
figures. 

A rectangular tank is 35 m long, 1:8 m broad and 1:5 m deep. Calculate in litres the 
amount of water it will hold. If 700 litres of water are drawn off, find to the nearest 
mm, bow much the water level sinks ? 


А stream which flows at a uniform rate of 2 5 km an hour, is 20 metres wide, the depth 
of a certain ferry being 1:2 metres. How many litres pass the ferry in a minute ? 


16. 


17. 


18. 


20. 
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The length, breadth and height of a rectangular solid are in the ratio of 5: 4: 2. If the 
total surface area is 1216 cm?, find the length, breadth and height of the solid. 


The volume of a rectangular solid is 576 cubic cm and the length of a diagonal is 
4/244 cm. If its thickness be 6 cm, find its length and breadth. 


(Section C) 


A field is 30 m long and 18 m broad. A pit, 6 m long, 4 m wide and 3 m deep, is dug 
out from the middle of the field and the earth removed is evenly spread over the 
remaining area of the field. Find the rise in the level of the remaining part of the field 
in centimetres correct to one decimal place. 

What depth of trench 9 dm wide must be dug round a plot 180 dm wide and 240 dm 
long in order that the earth removed may be sufficient to raise the level of the whole 
plot by 3 cm ? 

A closed cistern, 75 cm long, 28 cm wide (external measurements), is made of metal 
15 mm thick and has a capacity of 27 litres. Find the external height. 


53. CUBES 


When the dimensions of a retangular solid are equal to one another, it is called a cube. 
In case of a cube, /=b=h 


Then V—IxIxI ze 

The volume of a cube with a side of / units is /5. 

In symbols, y-n 

The edge of a cube, ІңуУ 

Total surface area of a cube =2(1x1+/x1+1x 1) 
=:2(14-124-12) 
=6/2 


Example 3. Three cubes of metal whose edges are 3 cm, 4 ст, and 5 cm respectively, 


are melted down and formed into a single cube., Find the edge of the new cube. 


Solution. Edge of the first cube—3 cm 


.. Volume of the first cube —3? cm? —27 cm? 
Edge of the second cube =4 cm 

2. Volume of the second cube —4 cm? =64 cm? 
Edge of the third cube =5 cm 

-. Volume of the third cube =53 cm? --125 сіп? 

Then volume of the new cube =(27+64+125) cm? 

=216 cm? 
Therefore, edge of the new cube =2/216 cm 


="/6X6X6c0m =6 cm. 


EXERCISE 5 (b) 
(Section A) 


. Find the volume and surface of a cube whose edge is 15 cm ? 


The length of the edge of a cube is 4 ст. Find (i) the total surface area of the cube, 


(ii) the volume of the cube. | } 
The perimeter of one face of a cube is 20 cm. Find (i) the total area of six faces, (ii) the 


volume of the cube. 


. What number of 4 cm cubes can be cut from а 12 cm cube ? 


13. 


14. 


. Two cubes each or side 12 cm аге joined end to end. Find the surface area of the 


resulting cuboid. 


. The surface of a cube is 726 dm?. Find its volume. 
. A cubical block of stone contains 5,832 cubic cm. Find the length of its side. 


(Section B) 


. Find the edge of a cube whose surface has the same area as that of a. rectangular solid 


which is 10 dm long, 7 dm broad and 6 dm thick. 


. The three co-terminus edges of a rectangular solid are 36,75 and 80 cm respectively. 


Find the edge of a cube which will be of the same capacity. 


The internal measurements of a box are 20 cm long, 16 cm wide and 24 cm high. How 
many 4 cm cubes could be put into the box ? 


. Three cubes whose edges are 6 cm, 8 cm and 10 cm respectively are melted without any 


loss of metal into a single cube. Find the surface area of the new cube. 


. Two cubes, each with 12 cm edge, are joined end to end, Find the surface area of the 


resulting cuboid. [C.B.S.E., 1978 (Delhi)] 
(Section C) 


А cube whose edge is 20 cm long has a circle 20 cm diameter on each of its faces 
painted black. What is the total area of the unpainted surface of the cube. 


A rectangular container whose base is a square of side 6 cm, stands on a horizontal 
table and holds water upto 1 cm from the top. When a cube is placed in the water and 
is completely submerged, the water rises to the top and 2 cm? of water overflows. 
Calculate the volume of the cube and the length of its edge. 


54. CYLINDER 


roller, a water pipe or a circular pillar. Each of these objects has 
a shape of a cylinder. 


and two equal edges. 
ends is called the axis of the cylinder. 
ends, then the cylinder is called a right circular cylinder. 


the cylinder. The length of the axis is called the height of the 
cylinder. 


Observe a ruler, an ordinary lead pencil, a stone road- 


A cylinder has a curved surface, two equal circular ends 
The line segment joining the centres of the two circular 
If the axis of the cylinder is perpendicular to the circular 


In the figure, AB is the axis and BC or AD isthe radius of 


A right circular cylinder is generally defined as the solid generated by the 


revolution of a rectangle about one of its sides. 


The length of the side AB about which the rectangle ABCD is rotated, is the height of 


the cylinder. The length of the other side BC is the radius of the cylinder. 


We state the following formulae for a cylinder with radius r and height Л: 

Volume of a right circular cylinder=xr°h 

Curved surface of a right circular cylinder—2zrh 

Whole surface of a right circular cylinder—curved surface+2 x (area of the end) 
=2nrh+2nr? —2mr(h4r) 


Observe that the cross-section of а right circular cylinder by a plane parallel to the base 
is a circle. 
Example 4. Find the volume of a right cylinder which has a height of 14 dm and a 
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| base of radius 3 dm. Also find the curved surface of the cylinder. 


Solution. Radius of the base (r)=3 dm 
Height of the cylinder (h)=14 dm 
Volume of a right circular cylinder =nrh 
Ros Volume of the given cylinder == X3x3x14 dm? 


—396 cubic dm 
Curved surface of a right circular cylinder 
=2nrh 


s$ Curved surface of the given cylinder =2x z2 X3X14 sq. dm 


—264 sq. dm. 


Example 5. Find the weight of a lead pipe 3:5 metres long. The external diameter 
of the pipe is 24cm and the thickness of the lead is 2 mm and 1 cm? of lead weighs 


11'4 grams. 
Solution. External radius of the pipe 24 cm=1'2 cm 
Length of the pipe (/) —3:5 m —350 cm 
Volume of a right circular cylinder теле?) 
External volume of the pipe =? ХІ:2Х1:2Х350 cubic cm 
=1584 cm? 
Thickness of the pipe=2 mm —02m 
Internal radius of the pipe =1'2 cm— 0'2 cm=1 em 
Internal volume of the pipe =nRh 


22 
= XIX1x350 cm? 


—1100 cm? 
Volume of lead used in the pipe —(1584—1100) cm? eo 
Weight of 1 cm? of lead —11'4 grams 
Weight of the lead pipe —484X 11:4 grams 

—5:5176 kg. 


Example 6. Water is flowing at the rate of 3 km an hour through a circular pipe of 
20 cm internal diameter into a circular cistern of diameter 10 m and depth 2m. In how much 
time will the cistern be filled ? 


> 10 
Solution. Radius of the cistern= 5- m=5m 


Depth of the cistern=2 m 
Volume of a right cylinder—mr?h 


2955 6 ; 
2. Volume of the circular cistern=—- X5*x2 m? 


. 1100 
"PUR 


m? 
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Internal radius of the circular pipe cm 


= boe 
=10 cm =p ™ 


Water is flowing through a circular pipe in the form of a right circular cylinder. 


Length of this circular cylinder (in one hour)=3 km 
--3000 m 
Volume of water poured into the cistern in one hour—zr?/ 
pos 1 
=7 ХІХ jg 3000 m? 
660 
ER. d 
Time taken to fil] the cistern - 1190 - 99 hours 


1100 yi 
= X66 hours - hours 


m? 


--1 hour 40 minutes. 
EXERCISE 5 (c) 
(Section A) 


. Find the volume of a cylinder of which height—7 metres and radius— 10 metres. 
. Find the curved surface of the cylinder of which height=14 metres and radius 


=10 metres. 


. The diameter of a cylindrical tank is 24:5 metres and depth 32 metres. How many 


metric tonnes of water will it hold ? (One cubic metre of water weighs 1000 kg). 


Find the volume of a cylinder which has a height of 21 cm and a base of radius 5 cm. 
Also find the curved surface of the cylinder. 


. (a) How many cubic metres of earth must be dug out to make a well 20 metres deep 


and 2 metres in diameter ? (таке x to be 


(Б) If the inner curved surface of the well іп part (а) above is to be plastered at the 


rate of Rs. 5 per sq. metre, find the cost of plastering. (Take т to be %) 


. The area of the curved surface of a cylinder is 4400 cm?, and the circumference of its 


base is 110 cm. 
Find (i) the height of the cylinder, 


(ii) the volume of the cylinder. (Take А 2) 


A cylinder has а diameter of 20 cm. The area of the curved surface is 1000 cm?. Find 
(i) the height of the cylinder correct to one decimal place, (її) the volume of the 
cylinder correct to one decimal place. (Take т to be 3:14) 


(Section B) 


Find the volume of a hollow cylinder (open at both ends) whose external diameter is 


44 dm, thickness 2 dm, and height 25 dm. 


. A cylindrical vessel, whose base is 14 dm in diameter holds 2310 litres of water. 


Taking a litre of water to occupy 1000 cubic cm, what is the height of the vessel 
in dm ? 


10. 
11. 
12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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Find in cubic dm the material in а cylindrical tube, the radius of the outer surface 
being 10 dm, the thickness 4 dm and the height 9 dm. 

The volume of a right circular cylinder is 1100 cubic cm and the radius of its base is 
5 cm, find the area of its curved surface. 

Find the whole surface of a hollow cylinder open at the ends, if its length is 8 cm the 
external diameter is 10 cm and the thickness is 2 cm. (Take 1—3'1416) 


A cylindrical tube open at both ends is made of metal. The internal diameter of 
the tube is 11:22 cm, and its length is 21 cm. Тһе metal everywhere is 0'4 cm. 


Calculate the volume of the metal correct to one place of decimal. ( Take x to be 2), 
Find how many pieces of money 2 cm in diameter and $ cm thick must be melted down 
to form a cube whose edge is 3 cm long. 
The radius of the inner surface of а lead pipe is 5 dm and the radius of the outer 
surface is 1:9 dm. If the pipe be melted and formed into а solid cylinder of the same 
length as before, find its radius. 
(Section C) 

A cubic metre of iron is to be down into a cylindrical wire 50 cm in diameter, What is 
the length of the wire to the nearest centimetre ? 
A well with 10 metres inside diameter is dug 14 metres deep. Earth taken out of it has 
been spread all-round it to a width of 5 metres to form an embankment. Find the 
height of the embankment. 
How many litres of water flow through a pipe in one minute if the bore (diameter) of 
the pipe is 12 cm and water flows at the rate of 3:5 kilometres an hour, and 1 cubic 
decimetre of water measures 1 litre ? 
Water flows along a pipe of radius 0'6 cm at 8 cm per second. This pipe is draining 
the water from a tank which holds 1000 litres of water when full. How long would it 
take to completely empty the tank ? 
ше, flows through a cylindrical pipe of internal diameter 7 cm at 5 metres per second 
(057). 
Calculate.(a) the volume, in litres, of water discharged by the pipe in one minute ; 

(b) the time, in minutes, the pipe would take to fill an empty rectangular 


tank 4mx3mxX23'l m. (таке s to be 2) 


55. CONE 


You have seen а joker's cap or а ice cream cone. Each of these objects has the shape 


of a cone. 


A cone is a solid pointed figure with a circular base. It has one vertex, one edge, one 


plane surface and one curved surface. In the figure, V is the 


vertex, 


O is the centre of the circular base and OA is its N 


radius. We will deal with a right circular cone in which line 
segment VO is perpendicular to the base. 


The length of the segment VO is called the height of 


the cone and is denoted by h. 


circumference of the base is calle 


cone. 


i he vertex from апу point on the 1 l 
Tie бінесе o е d the slant height of the 


It is denoted by 7. 
By Pythagoras theorem, we have г24-/2=/2 


i id generated A 
A cone is generally defined as the solid g B Et 4175 
by the revolution of a right-angled triangle about one 


of its sides, containing right angle. 
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The side of the triangle about which the triangle is revolved is calied the axis of the 
cone. The hypotenuse side is called the generator of the cone. The third side forms the 
circular base and is the radius of the base. 


We state without proof the following formulae : 

Volume of a right circular cone —inrh 

Curved surface of a right circular cone— xr? 

Whole surface of a right circular. cone (curved surface) (area of the base) 
—mnri-- nr? =nr(I--r) 


We know that the volume of a cylinder of radius r and height h is rh. If a cone of 
height л and radius r is constructed, its volume is }nr?h. 


What do you observe ? 


The volume of a cone is one-third of the volume of a cylinder having the same base and 
the same radius. 


A cross-section of a cone by a plane through its axis is an isosceles triangle 


cross-section of a cone by a plane parallel to the base is a circle. But, a 


Example 7. The diameter of a right circular cone is 14 dm and its slant hei i 
dm. Find the cost of painting its whole surface at the rate of 15 P per square aa r ler, 
its volume. 


Solution. Here radius of the base در‎ dm=7 dm 
Slant height (/)=12 dm 

Curved surface of a right circular cone= rr] 

Curved surface of the given cone -2 X7X12 sq. dm 

—264 sq. dm 


Area of the base of the cone nr 


22 
=a Х7Х7 sq. dm 


=154 sq. dm 
Whole surface area of the cone =(264+ 154) sq. dm 
=418 sq. dm 
Cost of painting 1 sq. dm =15P 
Total cost of painting whole surface of the cone 
=15х418 P=6270 р =Rs. 62:70 
We know that гЗ--А%—=[? 
ог PERT =144—49 
h?=95 Ж 
2 .. Йн-4/95 =9'75 dm 
Volume of a right circular cone — uh 
Volume of the given cone ez 


37$ Х7Х7Х9275 cubic dm 
75005 cubic dm. 
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Example 8. Find the volume of the largést right circular cone that can be cut out of 
a cube whose edge is 9 cm. 
Solution. The base of the cone will be the circle inscribed 


in a face of the cube and its height will be equal to an edge of the г | 
cube. 
| /\ 


Edge of the cube=9 cm 
For the cone, 


Radius of the base => cm | 
Height (Л) =9cm 
Volume of a right circular cone E 


шш qu 


Volume of the cone to be cut out 


1... 122 9) 9 2 
= 1х7 х9 х5 Х9 cubic cm 


cm? —190:93 cm? nearly.‏ 2ے 


Example 9. А right circular cylinder and a right circular cone have equal bases and 
equal heights. If their curved surfaces are in the ratio 8 : 5, show that the radius of their base 
is to their height as 3 : 4. 


Solution. Let rand л be the base-radius and height of the cylinder and cone. 
Curved surface of the cylinder=2nrh 


Curved surface of the cone — —nrl where I= 7? Fh? 
By the question, 2nrh : nrl=8: 5 
or 5x2nrh—8xnrl 
Or 5h=4l 
or 5h=44 PTE 
Squaring both sides, 25Л2--16 (r?-- 1?) 
or 9h? =16r? 
Taking square root, 3h=4r 
r 3 
or Ж 


i.e., radius of the base : height=3 : 4. 


EXERCISE 5 (d) 
(Section A) 


1. Find the curved surface of a right cone whose slant height is 25 cm and radius 


is 7 cm. 

2. Calculate the curved surface area of a cone whose perpendicular height is 48 cm and 
the radius of whose base is 36 cm. Leave your answer in terms of m. 

3. Find the volume of a right circular cone whose base-radius is 8 cm and vertical height 
is 14 cm. 

4. Find the volume of a right circular conical tent whose vertical height is 8m and the 


area of whose base is 156 m*. 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


. How many square metres of canvas are required for а conical circus tent wh 


. The height of a circular cone is 36 cm and diameter of its base is 21 cm. Find the 


whole surface of the cone. 


. Find to the nearest cubic centimetre the volume of a cone whose slant height and 


vertical height are 5 cm and 4 cm respectively. 


(Section B) 


Find the slant height of a cone whose volume is equal to 12,936 cubic metres and the 
diameter of whose base is 42 metres. 


. The diameter of a cone is 21 cm. Its volume is 1848 cubic с 


m. Find the perpendicular 
height of the cone. 


The volume of a cone is 616 cubic metres. Its perpendicular height is 27 metres. Find 
the radius of the base. 


. The area of the curved surface of a right circular cone of d 


Find its volume iameter 14 cm is 550 sq. cm. 
ind its volume. 


| ose height 
is 35 metres and the radius of the base 84 metres? Also find the volume of air 
contained in it. 


A conical e i ER оссо REA 7 persons. Each person requires 22 sq. dm 
of space on the floor an cubic dm of air to breathe. Find the verti i 
slant height and width of the tent. Gunes the 


The volume of a cone is the same as that of a cylinder wh se hei i 
diameter 40 cm. Find the radius of the base of t А fite ТОКЕ ош апа 


he cone, if its height is 108 cm. 


Take x to be %) 
A cylindrical vessel of internal diameter 2 cm has 


vessel of internal radius 1:5 ст and internal depth 4 


twice the capacity of a conical 
cylinder. 


cm. Find the height of the 


The radius and the height of a right circular co 


Е 1 ne are in the rati : 
is 314 cubic metres, find the slant height and t ratio 5 : 12, 


: Ifits volume 
he radius, (Use 1—3:14) 


(Section C) 


A. conical vessel whose internal radius is 10 centimetres а i ; 

; ; x nd 1 
of water. lf this water is poured into a cylindrical Пеја 48 centimetres is full 
20 centimetres, find the height to which the water rises in it еда танца 
From a solid right circular cylinder with height 10 cm 
right circular cone of the same height and base is rem 


and radius of the base 6 cm, a 
remaining solid. 


Oved. Find the volume of the 


A girl fills a cylindrical bucket 32 cm in height and қ / 
a REAL Le vn and makes a ey heap ere with sand. She 
of the conical heap is 24 cm, find (i) the radius, and (1) ep Of Ше sand. If the height 
Give your answers correct to one place of decimals € slant height of the heap. 
From a solid cylinder whose height is 8 ¢ қ 
8 ст and of base radius 6 cm is hollowed out.” КШ. 6 cm, a conical cavity of height 


nd the vo] F : 
correct to one place of decimal, ume of the remaining solid 


Take zx to be 7) 
56. SPHERE y 


Glass marbles used for play, small 


shot-put are some examples of a sphere, TA tal balls used in 


2 сус1 1 : 
A tennis ball is a hollow mane Iron shot used for 
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А sphere is a set of points in space whose distance 
from a fixed point is equal to a given distance. 


The fixed point is called the centre and the given distance 
is called the radius of the sphere. 


A line segment passing through the centre of the sphere 
having its end points on the sphere is called a diameter of the 


sphere. 
All diametres of a sphere are of constant length, each being 
equal to twice the radius of the sphere. 
A plane containing the diameter of a sphere divides the sphere i 
Each part is called a hemi-sphere, A lemon cut into two halves gives bad 


А sphere is also defined as the solid generated by the rotati sci 

5 a 3 ion of a semi-circle 
about its diameter, The centre and radius of the semi-circle are respecti 

radius of the sphere. pectively the centre and 


The following formulae are stated without proof : 
Volume of a sphere of radius r= ar 
Surface area ofa sphere of radius r=4zr* 


Volume of a hemisphere of radius = 25м, 


Example 10. Find the surface and volume of a sphere whose radius is 21 dm. 
Solution. Radius of the sphere—21 dm 
Surface area of a sphere=4nr* 


Surface area of the ѕрһеге= 4х 2 х21х21 sq. dm 


—5,544 sq. dm 
Volume of a sphere - Sar 
A y 22 
Volume of the sphere MS x 21X21 X21 sq. dm? 


= 38,808 cubic dm 


Example 11. A hemisphere of lead of radius 6 cm is cast into a right circular cone of 
height 75 cm. Find the radius of the base of the cone. 
Solution. Radius of the hemisphere (r)=6 cm 


s 2 
Volume of the hemisphere =з" 
2. 202 Ж 
=a Xa X 65 cubic cm 
Let the radius of the base of the cone be x cm. 
Height of the cone =75 cm 
1 
Volume of the cone = 3477 
ПИЕ К 
=з X7 хэ? х 75 cubic cm 


Now the volume of the cone=the volume of the hemisphere 
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of diameter 02 cm. Find the length of the wire. 


3. The total surface area of a sphere is 3850 sq. cm. 


4. The volume of a sphere is 38,808 cubic cm, 


22156 225902 
7 XX?x']5— 3 Х7 
от Хх2Х75--2Х6Х6Х6 
_2х6х6х6 
ESS 


1 
х 3 
3:75 6 


ог x 


Example 12. Тһе diameter of a sphere is 6 cm. 


Solution. Diameter of the sphere=6 cm 


Radius of the sphere—3 cm 


Volume of a sphere 7 


E Volume of the given sphere 2-хах3 X3 x3 cm? 


=36n cm? 
Volume of wire to be drawn— Volume of given sphere 
—36z cm? 
Radius of wire-0'1 cm 
Let the length of drawn wire be / cm. 
Volume of а cylinder=xy2/ 
Volume of drawn wire=n x0'1x0:1x lcm? 
—0'01nz/ cm? 

But the volume of drawn wire=36n cm? 

0:011/—36z 


етте 
100 


ie, 1—3600 cm 
—36 metres. 
EXERCISE 5 (e) 
(Section A) 


or 1—36 


1. Find the surface and volume of a sphere whose radius is 10:5 dm. 
2. The diameter of a spherical shot-put, made of brass, 


and the volume. 


It is melted and drawn into a wire 
[C.B.S.E., 1983 (Delhi)] 


is14 cm. Find its Surface area 


Find the diameter of the sphere 
What is the Tadius of the Sphere 9 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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‚ How many litres of water will a hemispherical bowl contain whose radius is 077 metre ? 


(1 litre=1000 cubic cm). 
(Section B) 


. A solid metal sphere is cut through its centre into two equal parts. Ifthe diameter of 


the sphere is 35 cm, find the total surface of each part, correct to two decimal places. 


Take n= 7 


. The volume of one sphere is 64 times that of another sphere. Calculate the ratio of 


their (i) radii, (ii) surface area. 


. How many bullets can be made out of a cube of lead whose edge measures 22 cm, each 


bullet being 2 cm in diameter ? 


. How many (spherical) lead shots each 0:3 cm in diameter can be made from a rect- 


angular solid 9 cm by 11 cm by 12cm? 


. The radius of the base of a cone is 4 cm ; find the heightso that the volume may be 


equal to that of a sphere with diameter 4 cm. 


. A metallic disc, in the shape of a right circular cylinder, is of height 2:5 mm, and base 


radius 243 ст. 12 metallic discs are melted and made into a sphere. Calculate the 
radius of the sphere. 


The radius of the base of a cone and the radius of a Sphere are the same, each being 
8cm. Given that the volumes of these two solids are also the same. Calculate the slant 
height of the cone, correct to one place of decimal. 


A spherical cannon ball, 6 cm in diameter, is melted and cast into a conical mould, the 
base of which is 12 cm in diameter. Find the height of the cone. 


A sphere of diameter 6 cm is dropped into a cylindrical vessel partly filled with water. 
The diameter of the vessel is 12 cm. 1f the Sphere is completely submerged, by how 
much will the surface of the water be raised ? 


(Section' C) 


Find the volume of a solid in the form of a right circular cylinder with hemispherical 
ends whose extreme length is 24 dm and diameter 2:5 dm. 


Marbles of diameter 174 cm, are dropped into a beaker containing some water and are 
fully submerged. Тһе diameter of the beaker is 7 cm. Find how many marbles have 
been dropped in it, if the water rises by 5*6 cm. 


What is the least number of solid metallic spheres of 6 cm in diameter that should 
be melted and recast to form a solid metal cylinder whose height is 45 cm and diameter 
4cm? 


A spherical ball of lead, 6 cm in diameter is melted and recast into three spherical balls. 
The diameters of two of these three balls are 3 cm and 4 cm respectively. Find the 
diameter of the third one. 


A solid sphere of radius 6 cm is melted into a hollow cylinder of uniform thickness. If 
the external radius of the base of the cylinder is 4 cm and if its height is 72 cm, find 
the uniform thickness of the cylinder. 


А is in the form of an inverted cone. Its height is 8 cm, and the radius of 
шы which is open is 5 cm. It is filled with water up to the rim. When lead 
shots, each of which is a sphere of radius 05 cm, are dropped into the vessel, one- 
fourth of the water flows out. Find the number of lead shots dropped into vessel. 


22 
" (Taken to be F) 
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1. 


ә 


ans 


10. 


11. 


REVIEW EXERCISES—IV 
(Section A) 
State for each of the following statements whether it is True or False : 
(а) The area of a triangle with sides measuring a, 8, c is given by 
s(s—a)(s—b)(s—c), where s is the perimeter of the triangle. 
(b) The area of a triangle with base 4 cm and perpendicular height 6 cm is 24 cm. 


(c) The volume. of a rectangular solid measuringl m by 50 cm by 0'5 m is 


2,50,000 cm?. 
(d) The volume of a sphere of radius r is given by the formula 4xr3, 


(e) The volume of a cone is one-half of the volume of the cylinder of the same radius 
and height. 


. ЕШ іп the blanks to make the following statements true : 


(a) que slant height (/) of a right circular cone with height 12 с 


m and radius of the 
ase 5 CM 15....-... 


[С.В.5.Е., 1981 (4.1.1 
(b) The surface (area) A of a sphere is......... [C.B.S.E., 1978 (Delhi) 


(c) The volume of a sphere is given Ъу......... [C.B.S.E., 1977 (Delhi)] 
(d) If the radius of the base of a cylinder is doubled, its volume becomes 
(е) In a cuboid, any three co-terminal edges are mutually......... 
(f) The total surface of a right circular cone is given by the formula S— 
(g) The volume of a cylinder of radius R and height Н is given by......... 
ІС.В.8.Е., 1987 (А.1.)] 


1 bases of equal radii, then 
eee times that of the cone. 


[C.B.S.E., 1987 (Delhi)] 
(i) The volume of a cone of height / and radius of the base r is 


(А) If a cylinder and a cone are of the same height and have 
the volume of the cylinder is 


: [C.B.S.E., 1986 (А.121 
(j) Length of the longest rod that can be placed ina room of dimensions 6 metres, 


6 metres and 3 metres iS... [C.B.S.E., 1986 (Delhi)] 


The perimeter of a rectangle is 640 cm and the length is to the breadth as 5:3. Find 
its area. 


. What is the area of a square whose diagonal is 15 metres ? 
. The surface of a cube is 384 sq. ст. Find its volume. 


. How many times will the wheel of a car rotate in a journey of 38 km, if it is known 


that the diameter of the wheel is 56 cm ? 


2 
(Take т to be z) 


. A sphere of radius r has the same volume as that of a cone with a circular base of 


radius r. Find the height of the cone. [C.B.S.E., 1984 (Delhi)] 


. The radii of two cylinders are in the ratio 2 : 3 and their heights are in the ratio 5:3. 


Calculate the ratio of their volumes. [C.B.S.E., 1981 (A.1.)] 


. A piece of metal in the form of a cone of radius 3 cm and height 7 cm is melted and 


cast into a cube. Find a side of the cube. Assume 2م‎ 


C.B.S.E., 
(Section B) [ 1981 (Delhi)] 


A floor which measures 15 mx 8 m is to be laid with tiles measurin 50 
Я È : x 
Find е es of iles x Further, if a carpet is laid on the Am e dt 
space of 1 m exists between its edges and the edges of t А 
floor is uncovered ? 5 8 he floor, what fraction of the 


One side of a right-angled trian 


gle is 126 metres, the di 
and the other side is 42 metres. ne difference between the hypotenuse 


Find the remaining sides, 


| 


12. 
13. 


14. 
15. 


16. 


17. 


18. 


19. 
20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 
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The side of а rhombus is 26 cm and one of its diagonals is 18 cm, find the other 
diagonal and the area of the rhombus. 


Find the area of a trapezium whose parallel sides are 11 metres and 25 metres long and 
the non-parallel sides are 15 metres and 13 metres long respectively. 
The area of a circle is 154 sq. сш. Find the length of the side of the inscribed Square. 
A square and a rectangle, each have a perimeter of 48 metres. If the difference between 
the areas of the two figures is 4 sq. metres, what are the dimensions of the rectangle ? 
[C.B.S.E., 1983 (Delhi)] 
Three metal cubes with edges 6 cm, 8 cm and 10 cm Tespectively are melted together 
and formed into a single cube. Find the diagonal of this cube. ІС В.8.Е., 1981 (А.121 
Find what length of canvas 2 metres іп width is required to 
12 metres in diameter and 63 metres in slant height. 


at the rate of Rs. 12:50 per metre. 


make a conical tent 
Also find the cost of the convas 


( Assume r=% ) 


[C.B.S.E., 1983 (А.Т)] 


thick. If the external 
number of cubic cm 


A hollow cylindrical tube open at both ends is made of iron 2 cm 
diameter be 50 cm and the length of the tube be 140 cm, find the 
of iron in it. 

A right-angled triangle, of which the sides are 3 dm and 4 
round on the longer side ; find the volume of the cone thu 
А cone is 8'4 cm high and the radius of its base is 2:1 cm. 
а sphere. Determine the radius of the Sphere. 

А right circular cone is 4:1 cm high and the radius of its base is 2:1 cm. Another right 
circular cone is 4:3 cm high and the radius of the base is 21 ст. Both the cones are 
melted together and recast into a sphere. Determine the diameter of the sphere. 
ІС.В.8.Е., 1982 (Delhi)] 
How many metres of wire 0'4 mm in diameter may be drawn from the amount of 
copper required to mould a solid sphere of diameter 18 cm ? 


(Section C) 


dm in length is made to turn 
5 formed. 


It is melted and recast into 


If h, c, V are respectively the height, the curved surface and the volume of a cone, 
prove that 

3n VIP —c*g*--9y2—0 
A solid cuboid with areas of adjacent faces 72 Sq. cm, 


д : 36 sq. cm and 18 sq. ст 
respectively is melted and cast into a cube. Find the Surface 4 E 


area of the cube, 
ІС.В.8.Е., 1986 (Delhi)] 

A rectangular reservoir with a base 46 metres Бу 33 metres contains water 2 metres 

deep. In how much time will the reservoir be emptied by a pipe whose cross- 

section is a circle with radius 10 dm, if water is flowing at the rate of 7. kilometres per 

hour ? 

A solid metal sphere 6 cm in diameter, is formed into а cylindrical tube 10 cm in 

external diameter and 4 cm in length ; find the thickness of the tube. 

A spherical shell of lead whose external diameter is 18 cm is melted into a right 

circular cylinder, 8 cm high and 12 cm in diameter, Find the inner diameter of 

the shell. 

The circular ends of a bucket are of radii 35 cm and 14 cm and the height of the bucket 

is 40 cm. Find the volume of the bucket. ІС.В.8.Е., 1986 (Delhi)] 
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SIMILAR TRIANGLES 


61. SIMILARITY 


You have already learnt about congruent figures i.e., figures which have same shape 
and same size. Some figures, however, have same shape but not necessarily the same size. 
Such figures are called similar figures. A map ofa flat region, for example, is similar to 


the territory which it represents. A photograph can be e ; 
similar to the original. grap nlarged and the enlargement is 


Study the following figures : 


АОБ 


You сап see that any two equilateral triangles are simi 
d m 5 
Mathematically, however, we must Бе more precise in шаран апу two squares аге similar. 
figures. Similarity of the closed plane 
Two rectilinear figures are said to be e 
of the first, taken in order, are respectivel 
in order. 
Two rectilinear figures are said to be Similar, if the 
another, and also their corresponding sides are Proportional are equiangular to one 
In these polygons ZA and /P, } 
ZBand ZQ, / Сапа ZR, ZD and ZS, 


quiangular to one a 


у equal to the angle nother, if the angles 


5 of the second, taken 


ZE and ZT are pairs of equal angles. 5 
Sides АВ and PQ, ВС and QR, CD and 
RS, DE and ST, EA and TP are corres- D 
ponding sides. 
Polygons ABCDE and PQRST are T 
similar, if (e E 
(i) ZA=ZP, ZB—Z0Q, с 
2С-/ В, ZD—Z8 ала /Е-/Т 
ОТАР... ВС HED DES HA 
and (0 pQ QR RS ST TP А В 5 
Tt should be noted carefully that tw AM Q 
ing two conditions : : алымы only if they Satisfy the follow 


(4) their angles are equal, each to each, and 
(ii) their corresponding sides are proportional. 


(82) 
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If two polygons have only their angles equal, each to each, they need not to be similar. 
See figures given below : 


SQUARE RECTANGLE en 


If two polygons have their corresponding sides Proportional, the 
For example, a rhombus and a Square have their corresponding side 
are not similar because their corresponding angles are not equal. 


In case of triangles, the two conditions for Similarity are лог independent. Two 
triangles are similar if one condition is satisfied. 


62. SIMILAR TRIANGLES 


‚ Before we discuss various characteristic Properties of similar triangles, 
following basic results on proportionality. 


THEOREM 45 
(Basic Proportionality Т) heorem) 


EQUIANGULAR 
HEXAGON 


y need not be similar. 
5 proportional, but they 


we prove the 


A line drawn parallel to one side of a triangle divides the о 


e ther two sides in 
the same ratio. [C.B.S.E., 1982 (Delhi) ; 1983 (A.I) ; 1986 (А.1.)] 
A Е D 
A 
B с 
D E B C 
Given : AABC. 


A line DE is drawn parallel to BC meeting AB and AC (or these sides produced) 
at D and E respectively. 


AD АЕ 
To Prove : DB ЕС” 
Const. : Join BE and CD. 
Proof : AADE and ADBE have a common vertex E and collinear bases. 
ar (ЛАРЕ) AD 
` ar (ADBE) DB 00 


AADE and AECD have a common vertex D and collinear bases. 
. ar (AADE) = АВ 
"ar(AECD) EC mE e 


%4 
ADBE and AECD stand оп the same base DE and lie between the same 
parallels. 
e ar (ADBE)=ar (AECD) 
Now ar (AADE)=ar (AADE) 
Then 27 SET ar ABD) ІҢ (ADBE)=ar (AECD) 
ar ar 
From (1) and (2), we get Proved above. 
AD А 


DB ЕС Proved. 
AD _ АЕ 
Corollary: DB ЕС [Proved above. 
DB ЕС 
Өң АР АБ » 
DB E 
AD 7N AE 
AD+DB _ AE+EC 
i AD AE 
AB _ АС 
or AD AE 
AD. AE 
Then "AB AG 
А AD _ AE 
gain DB EC 
AD E 
ЖБИ ТИЗ елд; 
AD+DB _ АЕ+ЕС 
DB EC 
AB AC 
oF DB ЕС 
DB. EC 
АВ АС 
THEOREM 46 


(Converse of Basic Proportionality Theorem) 


If a line divides any two sides of a triangle in the sam 


parallel to the third side. е ratio, the lire must be 


Given : AABC in wae TUS 1 intersects AB in D and AC in E such that 
AE 


DB ЕС 
To Prove : / || BC 
Proof ў Suppose line / kis not parallel to BC. 
et us draw through D a li 
Now iv A ABC, un ! маше DF paral lel to BC. 
By Basic Proportionality Theorem, we get 
AD AF 


ЮВ FC 
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But -AD = АЕ. [Given. 
AF АЕ 
ЕС ЕС 
AF AE , 
Then TC +1= EC Tl 
ёғ АЕ+ЕС _, АЕ+ЕС 
ЕС ЕС 
АС AC 
Р ЕС ЕС 
Ds ЕС--ЕС 
Pot fhis is impossible unless the points E and F coincide i.e., DF is the line/ 
itself. 
Hence I| BC. Proved, 


EXERCISE 6 (a) 
(Section A) 


. Ina AABC, DE is drawn parallel to BC cutting the other sides at D and E. 


(a) If AD—12 cm, DB=8 cm and АЕ--9 cm, find EC. 
(0) If AB=10 cm, АС--75 cm, and AD=6 cm, calculate the length of AE and EC. 


. Ina AABC, DE is drawn parallel to BC cutting the other sides produced at M 


and N. 
(а) If AB=27 mm, AC—21 mm and AM=36 mm, find the length of АМ. 
(b) If AM—6'6 cm, MB:-24 cm and АС--49 cm, calculate the length of NC. 


. Prove that the line drawn through the mid-point of one side of a triangle parallel to 


another side bisects the third side, 


P 
. In the given figure PQR isa right-angled triangle, 
right-angled at Q, XY is parallel to QR, PQ—6 cm, Y 
PY=4cm and PX : XQ=1:2, Calculate the x 
lenghts of PR and QR, 
Q 


R 
(Section B) 


. Prove that the line joining the middle points of two sides of a triangle is parallel to the 


third side. 


. If there are three or more parallel lines, and the intercepts on anyline that cuts them 


are equal, then prove that the corresponding intercepts on any other line that cuts them 
are also equal. 


- PQ is drawn parallel to BC cutting the other two sides of a AABC at P and Q respec- 


tively such that AB=24 mm, BC=35 mm and CA—28 mm. 
(а) If P divides AB internally in the ratio 5 : 3, calculate the length of the 
AP, PB, AQ and QC. CD AC a 
(b) ТЕР divides AB externally in the ratio 5 ; 3 find the length of the segments AP PB 
AQ and QC, к 
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аге equiangular, then the two triangl 


10. 


11. 


12. 
13. 


14. 


. Prove that any line drawn from the vertex of a triangle to the base is bisected by the 


line which joins the middle points of the other two sides of the triangle. 


. X, Y, Z are the mid-points of the sides QR, RP, PQ of APQR. Show that PZXY isa 


parallelogram. 
If the middle points of the adjacent sides of any quadrilateral are joined, show that the 
figure thus formed is a parallelogram. 

(Section C) 


Prove that a line drawn parallel to the parallel sides of a trapezium cuts the non-parallel 
sides proportionally. 


Prove that the diagonals ОҒ a trapezium cut each other proportionally. 
Prove that the bisector of an angle of a triangle divides the о 


bis Pposite side in the ratio of 
the sides containing the angle. 
Solution : 
Given : AABC in which AD, the bisector of 
ZA meets BC at D. Р 
, BD AB 2 
То prove : DC "AC 
Const. : From C, draw ray CF || DA meeting BA 
produced in E. 
Proof : DA || CE and AC cuts them, ^ 
ZDAC=alternate / ACE 60) 


Again, DA || CE and BE cuts them, 
/ BAD —corresponding / AEC (2) 
But Z BAD—/ DAC [Given ...(3) 
From (1), (2) and (3), we have B D 
Z ACE— / AEC 
In ACAE, AE=AC 


[Opposite sides, 
Now in ACBE, DA || CE 


BD BA 
DC AE 
BD AB 
Dr DOCET [AE=AC proved, 


If a line drawn from the vertex of a triangle divides the o 


4 on osite internally in the i 
of the sides containing the angle, prove that the line bise " dida 


cts the angle. 


AXIOM 
(Similarity—AAA) 


If in two triangles, the corresponding angles are equal i.e. if the two triangles 
es are similar, 


Here we have AABC and ADEF in which 
£A-ZD, 2B=/E and £C=/F 
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D 
A 

ha х м 

B 6 E E F 


Hence AABC ~ ADEF 


Corollary : If two angles of one triangle are equal to two angles of anot E 
the two triangles are similar, 8 her, each to each, 


х “ 
В с Е Е 
Неге we һауе А АВС and ADEF in which ZB=ZE and / C=/F, 
Then ZA+ZB+ZC=ZD+ZE+ 2 Е=180° 
ZA=ZD 
So, by AAA similarity, the two БӘД RAPE and ADEF are similar. 


(Similarity—SSS) 


If the three sides of one triangle are proportional to the three sides of another, 
the triangles are similar. 


B с Е Е 


Неге we һауе Л АВС and ADEF such that 


Непсе ААВС апа ADEE аге similar, 
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AXIOM 
(Similarity—SAS) 


If one angle of a triangle is equal to one angle of another triangle and the sides 
including these argles are proportional, the two triangles are similar. 


Here we have AABC and ADEF in which 
ZA=ZD 


and SE De 


Hence AABC and ADEF are similar. 


EXERCISE 6 (b) 
(Section A) 


1. Prove that two right-angled triangles are similar, if one acute angle of the one is equal 
to an acute angle of the other. 


. Prove that two isosceles triangles are similar, if their vertical angles are equal. 


Е 
3. In the figure alongside ABCD is а trapezium with AB 
parallel to DC. Given that AB—4 cm, BC=3 cm and 
CD=6 cm. 
(а) Name two triangles in the figure which are similar. 
(b) Calculate the length of EB. 


4. D is а point on the side BC оға AABC such that A B 
ZADC=/ BAC. 


3 cm 
BC CA 


САП Єр. 


Prove that 


о 


о 
> 


5. In the given figure ВА is parallel to CD, 
4 DAC—Z ABC, AB=10 cm, 
BC=9 cm, and АС--15 cm. 


Calculate the length of AD, 


Ke] 
D 


11. 
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Е 
. In the adjoining figure, AB, CD 
and EF are parallel lines. Given A 
that AB—6 cm, 4cm 
CD=y cm, ЕЕ--10 cm, AC=4 cm с 10 ст 
and СЕ= х cm, calculate the value 
of x and y. 6cm he 
B 0 F 


(Section B) 


. The base AB of an isosceles AABC is produced both ways to D and E such that 


AD . ВЕ= АС? ; show that AACD and ABCE are similar. 


. In two equiangular triangles, show that the medians are proportional to the corres- 


ponding sides. 
Prove that a line drawn parallel to one side of a triangle cuts off a triangle similar to 
the given triangle. 

(Section C) 


. Prove that any line drawn parallel to the base of a triangle and meeting the two sides, 


is bisected by the median to the base. 
If the diagonals of a quadrilateral intersect each other proportionately, prove that it is 


a trapezium. 
THEOREM 47 
A perpendicular drawn from the vertex of the right angle of a right-angled 


triangle divides the triangle into two triangles similar to each other and also to the 
original triangle. 


Given 


A 


8 б © 


: AABC in which / A=90° 
AD is drawn perpendicular to the hypotenuse BC. 


To Prove : (i) ДРВА ~ AABC 


Proof 


(ii) ADAC~ AABC 
(iii) ADBA ~ ADAC 


: (i) In ADBA and AABC 
/ ADB=Z CAB [Each is a right-angle. 
Z DBA-— / ABC [Common angle. 
So, by AA—Similarity corollary, we have 
ADBA~ AABC 

(ii) In ADAC and AABC 
Z ADC= Z ВАС [Each being a right angle. 
Г DCA- / АСВ [Соттоп angle. 
So, by AA—Similarity corollary, we have 
ADAC~ AABC 

(iii) ADBA~ AABC (Proved above) 
ADAC~ ААВС (Proved above) 


Hence ADBA~ ADAC Proved. 
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ТНЕОКЕМ 48 
The ratio of areas of similar triangles is equal to the ratio of the squares on 
the corresponding sides. [C.B.S E., 1980 (A.I.) ; 1986 (Delhi)] 
0 
А 
в М с Е N F 
Given : Two similar triangles АВС and DEF. 
Р ar(AABC) _ AB BC? АС. 
То Prove : “ar (ADEF) ~ DE? ~ EF = DF? 
Const. : Draw AM L BC and DN 1 EF. 
Proof : AABC and ADEF are similar. [Given. 
ZA=ZD, ZB=ZE and LC= ZF 
ша AB BC AC 
DE EF DF 41) 
Іп AABM and ADEN 
ZB=ZE [Proved above, 


ZAMB= / DNE 


[Fach being a right angle. 
So, by AA—Similarity corollary, we get 


AABM~ ADEN 
AB_AM 
DE DN 
АМ ВС АВ ВС 
DN EF БЕЗЕР proved above, 
ar(AABC) 3ВС.АМ ; 
О рр, [Агеа оҒа triangle—3 base x alt, 
_BC AM 
EF DN 
ar(AABC) BC BC ВС? AM BC 
ar(ADEF) EF EF “EF DN- pr Proved above. 
BC AC AB 
But EF DEDE [Proved above. 


ar(AABC) АВ: BC? АС? 
ar (ADEF) DE’ EF’ DF: Proved. 
EXERCISE 6 (e) 
(Section A) 


1. The areas of two similar triangles are equal. Prove that they аге congru 
2. Two isosceles triangles have equal vertical angles and their areas’ h gruent, 1 
Compare their heights. 278688” have the ratio 9; 


16, 


10. 


11. 
12. 
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. The areas of two similar triangles АВС апа РОК аге 64 sq. cm and 121 sq. cm respecti- 


vely. If QR—154 cm, find BC. 


. ABC is a triangle, right-angled at A, and AD is drawn perpendicular to BC. Show 


that АВАР: AACD=BA?: АС?. 
(Section B) 


. ОАВ and OCD are two lines through О such that OA=2 ст, AB=4 cm, OC—3 cm 


and CD=6 cm. 
Prove that AOAC=} of the quad. ABCD. 


. ABC isa triangle and РО is a line meeting AB in P and AC іп О. If AP—1 cm, 


РВ--3 cm, АО--1:5 cm and QC=4'5 cm, prove that ЛАРО= ү; of the A ABC. 


8 
. The given diagram shows two isosceles triangles which are А 

similar. If РО and BC are not parallel апі РС--4, АО--3, 

QB=12 and ВС= 15. 

Calculate (а) the length of АР. 
Q 

(b) the ratio of the areas of AAPQand AABC, 
assuming that AP—PQ. 

A pe 


- (а) AD and BE are the medians of A ABC which meet in G. If DE is joined, compare 


the areas of the triangles ABG and DGE. 
(Б) Also prove that ЛрЕС=2 Л АВС=з AABC. 


. Show that the areas of similar triangles are proportional to the squares on the corres- 


ponding (i) altitudes, (ij) medians. 


dne is a right-angled triangle and AD is perpendicular to the hypotenuse BC. Prove 
that 


(a) AB?=BD.BC (b) AC?=BC.CD (с) AD*—BD.DC. 
(Section C) 
In AABC, Ар 1 BC and is such that AD*— BD.DC ; prove that ZA is a right angle. 


D, E, F are the middle points of the sides BC, CA and AB respectively of a AABC. 
Prove that ADEF=} AABC. 


THEOREM 49 
(Pythagoras Theorem) 
In a right-angled triangle, the square described on the hypotenuse is equal to 


the sum of the squares described on the sides containing the right-angle. 


g 
[C.B.S.E., 1983 (A.I.) ; 1986 (Delhi)] 
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Сіуеп : А right-angled triangle ABC in which 7 B=90°. 
То Prove : AC?=AB?+BC? 
Const. : Draw BDLAC. 
Proof : In AADB and AABC 
ZADB= / ABC [Each angle is 90°. 
Z ВАр=/ САВ [Common angle. 
So, by AA—Similarity corollary, 
AADB~AABC 
AD АВ 
AB АС 
ог AB?=AD.AC (1) 
In ABDC and AABC 
ZBDC=/ ABC {Each angle is 90°. 
ZDCB=/ BCA [Common angle. 
So, by AA—Similarity corollary, 
ABDC~AABC 


or BC?=DC.AC Ө) 

Adding (1) and (2), we get 

AB?+BC?=AD.AC+DC.AC 
=(AD+DC).AC 
=AC.AC 

Hence AB?+-BC?=AC? 

ie, AC?=AB?+BC2 Proved. 

THEOREM 50 

(Converse of Pythagoras Theorem) 


In a triangle, if the square of one side is equal to the sum i 
then the angle opposite to the first side is a right angle. bP an ыс. 


[C.B.S.E., 1981 (Delhi) ; 1985 (А.Г); 1987 (elhi)] 


A 
B с 
о > 
R 

Given : AABC such that AC?=AB*+ BC? 
To Prove : AABC=90° 
Const. : Construct APQR such that РО--АВ, QR=BC and ZPQR=90° 
Proof : In APQR, ZPOR=90° 


[By Construction. 


PR?=PQ?+QR? [By Pythagoras Theorem, 


12. 


13. 


14. 
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or PR?=AB?+BC* [PQ=AB, QR=BC, by Construction. 
But AC?=AB?+BC* [Given. 
2. PR?=AC 
or PR=AC 
Now in AABC and APQR 

AB=PQ [By Construction. 

BC=QR [By Construction. 

AC=PR [Proved above. 

AABC2APQR [SSS— Congruency Theorem. 

Then ZB=ZQ [Corresponding parts of congruent triangles. 
But Z.Q=90° [Ву Construction. 
Hence ZB=90° Proved. 


EXERCISE 6 (d) 
(Section A) 


. A ladder | metres long reaches the base of a window ofa house h metres above the 


ground. How far is the foot of the ladder from the house ? 


. A ladder 13 m long rests against a vertical wall. If the foot of the ladder is 5 m from 


the foot of the wall, find the distance of the other end of the ladder from ground. 


. Prove that the square on the diagonal of a given square is twice the given square. 
. Ina right-angled triangle ABC, it is given that the hypotenuse AC=2'5 cm, and the 


side AB=1'5 cm. Calculate the side BC. 


. Prove that the three times the square on апу side of an equilateral triangle is equal to 


four times the square on its altitude. 


. In AABC, ZBCA is a right-angle and Q is mid-point of BC. 


Prove that BC?—4(AQ?—AC?) 
(Section B) 


. The diagonals of a rhombus are 8 cm and 6 cm. Find the perimeter of the rhombus. 
. A ladder 50 dm long is placed so as to reach, а window 48 dm high; and on turning 


the ladder over to the other side of the street, it reaches a point 14 dm high. Calculate 
the breadth of the street. 

Prove that the sum of the squares on the diagonals of a rhombus is equal to the sum of 
the squares on the sides. . 


‚ A point O is taken inside a AABC ; OP, OQ, OR are drawn perpendicular to BC, CA 


and AB respectively. Show that 
BP2-+CQ?--AR?=CP?+AQ?+BR® 


. In AABC, ZC is acute and AD 1 BC. 


Prove that AB?=BC?+AC*—2 BC.CD 
In AABC, ZC is obtuse and ADLBC. 
Prove that AB!=BC?+AC?+2 BC.CD 
(Section C) 
In AABC, Z C=! right angle, M is the mid-point of BC and N of CA. 
Prove that 4 (AM?2+BN?)=5 АВ? 


If ABCD bea rectangle and O any point within it, show that 
OA?4+0C?=OB?+0D* 
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. Fill in the blanks to make the following statements true: 


REVIEW EXERCISE V 
(Section A) 


1. In answer to each of the following statements write True or False as appropriate : 


(a) If two triangles are congruent, then they are also similar, 


(b) The altitude on the hypotenuse of a righi 
between the segments of the hypotenuse. 


(c) If the sides of a triangle measures 3 cm, 4 ст, 5 cm, 


t-angled triangle is the mean proportional 


then it is a right triangle. 


(a) The ratio of any two corresponding sides of two similar triangles is 3 : 2, The rati 


n n 0 
of the areas of the two triangles 15..................... [C.B.S.E., 1984 (4.11 
(b) If in two triangles corresponding angles are equal, their corresponding sides 
ATO: 201 [C.B.S.E., 1983 (4.1.)] 


(с) The ratio of areas of similar triangles is equal to the тайо of 
corresponding sides. 

(d) Ifa line divides two sides of a t he line is 

to the third side. C.B.S.E., 1980 (4.1); 1986 (17 

(е) ТЕРО is drawn parallel to side BC of a triangle ABC, where AP : PB—1:3 

and AQ—4 cm, then АС=............ [C.B S.E., 1986 (Delhi) 

Proportional, then the triangles 

[C.B.S.E., 1986 (Delhiy| 


Theses tus on the 
[C.B.S.E., 1982 (Delhi); 1986 (4.1. 


А 
D E 
8 С 
AD 3 
(в) In the figure, DE | BC, ОБЛЫ: 
If АС--48 cm, then АБ=............... 


ІС.В.8.Е., 1984 (Delhi)] 


(h) If two polygons have their corresponding sides proportional they b 
similar. > еее... DG 


. In the given figure ACE and BCD are two р 


lines, Z A=40° and / В=85°. Using the 
measurements given in the figure, complete 
the following true statements : 


(i) Triangles ABC and CDE are similar 
because......... 


(ii) The size of / D is......... 


(ій) If AB=x cm, then ED= 


10. 


11. 


12. 
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(Section В) 


In the given figure, AB=BC=25 m. If 2 

AE=7 m, and CD=24 m, find the length o 

of DE and also show that AABE and 24m Bislig A 
ABDC are congruent. 


. The given figure ABCD represents a quadri- 


lateral in which AD—13 cm, DC=12 cm, 
BC=3 cm and ZABD=ZBCD=90". 


Calculate the length of AB. 


E с 


. ABC is a triangle in which ZBAC=90° and AD LBC. Prove that AD?=BD x DC. 


[C.B.S.E., 1982 (Delhi); 1985 (4.1. 


. In AABC, AD LBC and AD*=BD x DC. Prove that ABC is a right triangle. 


ІС.В.8.Е., 1983 (Delhi)] 


. In AABC, right-angled at C, О is the mid-point of the side BC, show that 


AB*=4AQ?—3AC*. [C.B.S.E., 1981 (Delhi)] 


. Pand Q are points on the sides CA and CB respectively of a triangle ABC, right 


angled at C. 
Prove that AQ*+BP?=AB?+PQ? 
[C.B.S.E., 1982 (А.1); 1984 (Delhi) ; 1984 (А.12) 


A 
In the figure given alongside AABC~ 
AADE. If AD: DB=2: 3, and DE= 
5 cm, (i) find BC. (ii) if xbethelength О 
of the perpendicular from A to DE, find 


the length of the perpendicular from A 
to BC in terms of x. 


К с 


In ДАВС, points D, E, Ғ are the mid-points of ВС, CA and АВ respecti 
that AD bisects EF. pectively. Prove 


ABC is a triangle, D is a point on AB such that AD=4AB and E i ; 
such that AE=} AC. Prove that DE=} ВС. i is a point on AC 
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13. ABCD is а rhombus with P, О, К as а mid-points of AB, BC and CD. Prove that PQ 
is perpendicular to QR. 


14. If three concurrent lines through P are cut by two parallel transversals in A, B,C and 
L, M, N respectively, prove that 


AB: BC=LM : MN 
(Section C) 


15. PQRS is a parallelogram. A line through R meets PQ produced at X and PS produced 
at Y. Prove that 


G) XQ: QR=XP: PY, 
Gi) QR :SY=QX : RS. 


16. In the figure, DEFG is a square and / BAC=90°, 
Prove that DE?=BD x EC. Е F 


[C.B.S.E , 1987 (A.I.)] 


OO 
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CIRCLES 


71. CIRCLE 
We come across many objects in our daily life which are round i.e., circular i 
LI = ^ à : е. п $һаре. 
The word ‘circular’ means ‘like а circle’ or ‘of the shape of a circle’. We shall п i i 
and some of their properties. ow discuss circles 
A circle is a set of those points in a plane which are at a give А 
tance from a given fixed point in the plane. Sven constant idis- 
The fixed point is called the centre of the circle and the const: i i 
the radius of the circle, ant distance is called 
Circle can also be defined as a locus. 


If a point moves ina plane such that its distance from a gi А. РУ 
i 2 : given po; 
plane remains constant, then the locus of the;point is called а circle, Бозан Ене 


A circle with centre О and radius ғ is denoted by C(O, r). In 
set notation we write as 


C={X : OX=r} 


A point P is said to lie inside the circle when OP. 


A point О is said to lie outside the circle when OQr. œ 


Acircle of radius r divides the plane into three mutually disjoint Sets— interior. 


exterior and the circle itself. 
The perimeter of a circle is called its circumference. 


Circles having the same centre are said to be concentric 
circles. Note that these circles have different radii. 


(97) 
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Note that we have used the notation AB to denote the line segment AB and as also 
its length. Similarly the word ‘radius’ will be used for a line segment joining the centre to 
any point on the circle and also for its length. 


A line segment joining two points on a circle is called 
a chord, 
AB and CD are the two chords of the circle with centre o: 


A line segment PQ passing through the centre О of the circle 
and having its end points P and Q on the circle is called a diameter 
of the circle. 


Observe that a chord passing through the centre of the circle is 
a diameter of the circle. 


Here PQ is a diameter and OP, OQ are two radii. 
Then РО--ОР--ОО —2xradius. 


How many diameters can be had for a given circle ? 


A circle has many diameters. All diameters of a circle are equal. 


A chord of a circle divides the region enclosed by the circle 
into two parts. Each of the parts is called a segment of the circle. 


The segment containing the diameter is called the 
major segment and the segment not containing the diameter 15 
called the minor segment. Each of them is called the alternate 
segment of the other. 


Achord of a circle divides the circle into two parts, 
each of which is called an are of the circle. о ARC 
We denote the arc from P to Q by PQ. 


An arc of a circle has a length. Note that / (РО) denotes 
the length of PQ. 4 
The larger of the two arcs is called the major arc and 
the smaller one is called the minor arc. PQ 
GT 
and arc PRQ is the major arc. 


Here PQ is the minor 
a ў 
The diameter of a circle divides the circle into two equal ммо 
parts, each of which is called a semi-circle. 
72. CONGRUENCE OF CIRCLES AND ARCS 


We have learnt about congruence of line segments, angles and triangles in earlier 
classes. We shall now discuss congruence of circles and arcs. 


Generally two circles are said to be congruent if and only if one of them can be 
superposed on the other so as to cover it exactly. 


Let C (O, r) and C (O', s) be two circles. 
Let us superpose circle C (O', s) on the circle C (O, r) so that O' coincides with O. 
It can be easily seen that C (O', s) will cover C (O, ғ) completely, if and only if s=r. 


Hence we can say that two circles are congruent, if and only if, they have equal radii. 
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Let C (O, r) be any circle. 

Then any angle whose vertex is centre О is called a central 
angle. 

Here / АОВ is the central angle. It intercepts the minor 


arc AB of the circle. 

Thelength ofan arc is closely associated with the central 
angle determining the arc. So, the degree measure of an arc is 
defined in terms the central angle. 

The degree measure ofa circle is taken to be 360°. Then 
the degree measure ofa semi-circle is 180% The degree measure of 


an arc AB is denoted by m (АВ). 


The degree measure of а minor arc is the measure of the central angle con- 
taining the arc. 


_ The degree measure of a major arc is 360° minus the degree measure of the correspond- 
ing minor arc, 


Two arcs of a circle (or of congruent circles) are congruent, if one of them can be 
superposed on the other so as to cover it completely. This is Possible only when degree 
measures of the two arcs are equal. 


Hence we can say that two arcs of a circle (or of congruent circles) are said to be 
congruent, if and only if they have the same degree measure. 


Thus, if m (РО-т (RS), then POERS. 


If AB is congruent to CD, we write ABeCD. 


With every arc—minor or major is associated a unique chord obtained by joining the 
two ends of the arc. 


EXERCISE 7 (a) 


1. What is the distance of a diameter from the centre of circle ? 


2. А cycle-wheel is lying flat on the ground. А long rod is placed over it, In how many 
places do they make contact ? 


Do concentric circles have any common point ? 
‚ PQ is a chord of a circle whose centre is О. Is PO=QO? 


. Is a major arc of a given circle greater than its semi-circle ? 


3 
4. 
5 
6. What is the relation between a diameter and a radius of the circle ? 
7. When is a chord, a diameter of the circle ? 

8. What сап be the maximum length of a chord of a circle 7 

9. What is the difference between a circle and its circumference ? 


10. If X is any point on the chord PQ of a circle with centre A, show that AX« AP. 


100 


ТНЕОВЕМ 51 


If two arcs of congruent circles are congruent, then their corresponding chords 
are equal. 3 


D 
<> [7 
А B 
Қа Ч 
с 
M 

Given : Two congruent circles with centres P and О. 

Ав = CD 
To Prove : AB = CD 
Const. : Join AP, BP, CQ and DQ. 
Proof ў АВ = Ср (Given) 

m ÁB = m CD 


i.e., LAPB = / СОО 
In AAPB and ACQD 
PA — QC 
РВ = QD 
Incl. ZAPB=Incl. ZCQD 
7. AAPBEACQD 


[Radii of congruent circles] 
[Radii of Congruent circles] 
[Proved above] 

[SAS Congruency Axiom] 


AB=CD (Corresponding parts of congruent triangles] 
Proved. 
This theorem is also true if the congruent arcs are taken in the same circle. Then it 
can be stated as under : 


If two arcs of a circle are congruent, their corresponding chords are equal. 
Its proof is similar to the above. 


THEOREM 52 
(Converse of Theorem 51) 


If two chords of congruent circles are equal, then their corresponding arcs are 
congruent, 


B 


с D Кый фе 
Se 


N 
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Сіуеп : Two congruent circles with centres O and P in which 
AB=CD 
To Prove : АВ = Ф 
Const. : Let ÁBand CD be minor arcs. Join AO, BO, CP and DP. 
Proof : In AAOM and ACPD 
OA=PC [Radii of the congruent circles] 
AB=CD [Given] 
OB=PD [Radii of the congruent circles] 
°". AAOM = ACPD [585 Congruency Theorem] 
ZAOB=/CPD [Corresponding parts of congruent triangles 
Then mAB=mCD 
KB = CD Proved 


This theorem is also true when equal chords are taken in the same circle. Then] 
it can be stated as under : 


If two chords of a circle are equal, their correspondin: 
Its proof is similar. Write the complete proof yourself. 
EXERCISE 7 (b) 
(Section A) 
1. Ap and AC are equal chords of a circle ; show that A is the mid-point of the arc 
BAC. 


В arcs are congruent, 


2. If two equal chords AB and CD of a circle intersect in j that 
chord BC=chord AD. ое 


3. Ifa pair of opposite sides of a quadrilateral inscribed іп a circle are equal, prove that 
its diagonals are equal. 
(Section B) 


4. If two triangles are inscribed in congruent circles (or in the same circle) such that two 


sides of the one are equal to two sides of the other, each to each, prove that the 
triangles are congruent. 


5. If in two circles two equal chords subtend equal angles at the centres, prove that the 
two circles are congruent. 


THEOREM 53 


The perpendicular drawn from the centre of a circle to а chord, bisects the 
chord. [C.B.S.E., 1977 (Delhi)] 


> 
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Given : A circle with centre О. 
chord AB, and OM LAB. 
To Prove : AM=MB. 


Const. : Join OA and OR. 
Proof : In AOMA and AOMB 
1 ОМА= / OMB [ОМ 1 АВ, given] 
=90° 
hyp. OA=hyp. OB [Radii of the same circle] 


and OM—OM 
ЛОМА е AOMB 
Then AM=MB 


[Common to both] 

[RHS Congruency Theorem] 

[Corresponding parts of congruent triangles] 
Proved. 


THEOREM 54 
(Converse of Theorem 53) 


A line drawn from the centre, of a circle to bisect a chord, which is not a dia- 
meter, is at right-angles to the chord. 


SU 
: A circle with centre O. 


Chord AB and its mid-point M. 
OM is joined. 


To Prove : OM LAB. 


Given 


Const. : Join OA and OB. 
Proof : In AsOMA and OMB 
AM=MB [Given] 
OA=OB [Radii of the same circle] 
OM=0M [Common to both] 
AOMAz AOMB [SSS Congruency Theorem] 
Then / ОМА--/ ОМВ [Corresponding parts of congruent triangles.] 
ZOMA+ 4OMB=2rt /s [MO stands on AB] 
4 ОМА= / OMB -—lrt/. 
ie., OM LAB 
Proved. 
Е Note. ven a - passes through the centre it becomes a diameter. Its mid-point 
coincides with the centre, Hence any line, not necessarily per i i 
the centre, bisects it. у but pasing Шош 


10. 
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EXERCISE 7 (с) 


(Section А) 


. Prove that the right-bisector of a chord of a circle passes through the centre of the 


circle. 


. In a circle of 5 cm radius, a chord 6 cm in length is placed. Find the distance of the 


chord from the centre. 


. А chord 4 cm in length is placed in a circle at a distance of 1:5 cm from the centre. 


Calculate the radius of the circle. 


. In a circle of a radius 5 cm, AB and CD are two parallel “chords of length 8 cm and 


6 cm respectively. Calculate the distance between the chords, if they are on 
(i) the same side of the centre. 


(ii) opposite sides of the centre. 


‚ (а) Two parallel chords 3 cm and 4 cm in length respectively are placed on either 


side of the centre of a circle of radius 2:5 cm. Find the distance between them. 


(b) If they are placed on the same side of the centre, what will the distance be ? 


(Section B) 


D 
. In the figure given alongside, CD is а diameter which 
meets the chord AB in E, such that АЕ--ВЕ--4 cm. 
If CE is 3 cm, find the radius of the circle. 5 А 
с 


. Prove that the line joining the mid-points of two parallel chords of a circle (a) passes 


through the centre, (b) is perpendicular to both the chords. 


ABCD is а rectangle whose vertices lie on the circumference of a circle. Prove that 


` АС and BD are the diameters of the circle. 


. O is a centre of a circle of radius 5 cm. P is any point in the circle such that OP—3 cm. 


A is the point travelling along the circumference. x is the distance from A to P. 
What are the least and greatest values of x in cm ? What is the position of the points 
O, P and A at these values ? 

(Section C) 


If two circles intersect each other, then prove that the line joining their centres bisects 
the common chord at right-angles. 
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ТНЕОКЕМ 55 
There is one circle, and only one, which passes through three given points, not 
in a line. 
Given : Three non-collinear points A, B and C. 


To Prove : There is one and only one circle passing through the points A, B and С. 
Const. : Draw line segments AB and BC. 
Draw DE and FG, the right-bisectors of AB and BC respectively. 


Since A, B, C are not collinear, the right-bisectors of AB and BC are not parallel. 
They will intersect at some point О, 


Join OA, OB and OC. 
Proof : О lies on DE, the right-bisector of AB. 
Я OA=OB 


5t „(1 
О lies оп ЕС, the right-bisector of BC. ІҢ 
En ОВ-ОС (2) 
From (1) апа (2), we get OA=OB=OC=r (say) 

Wat Әріге O and ras radius one circle can be drawn to pass through A, B 
апа С. 


Since two lines DE and FG can intersect only at one point, 
O is the only point equidistant from A, B and C. 
Hence only one circle can be drawn through A, В and С. 


Le. there is a unique circle passing through three non-collinear pojnts. 


Proved. 
EXERCISE 7 (d) 


(Section A) 
. Given an arc of a circle. Complete it. 


2. If from a certain point within a circle three or more equal line Segments be drawn to 
the circumference, show that the point is the centre of the circle. 


. Prove that the right-bisectors of the sides of a triangle meet at a point, 


кі 


(Section В) 


. Show that a circle сап be drawn to pass through the angular points of a rectangle. 
5. If the right-bisectors of the sides of a polygon are concurrent, sh і 
drawn through its vertices. отме е 


ТТТ 
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ТНЕОКЕМ 56 


Equal chords of a circle are equidistant from the centre. [С.В.5.Е., 1978 (A.D) 


Given : А circle with centre О in which 
chord AB=chord CD. 

| OM LAB and ON 1 CD. 

To Prove : OM=ON. 


Const: : Join OA and OC. 
Proof : OM is prep. to the chord AB from centre O. 
ee AM=3AB 
ON is prep. to the chord CD from centre O. 
зе CN=}3CD 
or 3AB=}CD [AB=CD, given] 
Then AM=CN [}AB=AM and 3CD=CN proved above] 


In the rt. ZdAs AMO and СМО 
hyp. OA=hyp. OC [Radii of the same circle] 


АМ-СМ [Proved above] 
B AAMO= ACNO [RHS Congruency Theorem] 
Then OM=ON [Corresponding parts of congruent 
triangles] 
Proved 


i.e., chord AB and CD are equidistant from the centre О. 
The above theorem is also true for congruent circles. It can be stated as : 
In congruent circles, equal chords are equidistant from the centres. 


THEOREM 57 
(Converse of Theorem 56) 


Chords which аге equidistant from the centre of a circle are equal. 
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i : Chords AB and CD of the circle with centre O. 
E OM LAB; ON LCD 


and OM=ON. 

To Prove : AB=CD 

Const. : Join OB and OD. 

Proof : OM is drawn perp. to the chord AB from centre О. 
Es ВМ--<АВ 
ON is drawn perp. to the chord CD from centre O. 
E: DN=}CD 
In rt. / d As ВМО and DNO 


hyp. ОВ--һур. OD [Radii of the same circle] 


OM=ON [Given] 
as ABMO= ADNO [RHS Congruency Theorem] 
Then BM=DN [Corresponding parts of congruent 
t triangles.] 
ie, ЗАВ-іСр [BM—1 AB and DN=4 CD, proved 
above] 
as AB=CD Proved. 


This theorem is also true for congruent circles. It can be stated as: 
In congruent circles, chords which are equidistant from the centre are 


EXERCISE 7 (e) 
(Section A) 


equal, 


1. In a circle with centre О, 
ZBAO=Z CAO, 
2. AB and CD are two chords of a circle with M and Nas their mid-points. P: 
MN makes equal angles with AB and CD. B Tove that 
3. Two equal chords of a circle intersect at a point in it. Prove that the an 
inclined to the diameter through the point of intersection. ува, 


4. АВ апа СР are equal chords of a circle whose centre js O. Whe 
chords meet at E. Prove that EB=ED and EA=EC, gy cubed. fhese 


two equal chords AB and AC are-drawn, Prove that 


(Section B) 
5. Draw a circle with diameter of 5 cm. Place in it two e 


it di qual chords, each 3 
Calculate their distances from the centre and verify y cm long. 


our result by measurement, 


S 


6. C is the centre of the circle, CB bisects the / DBE, 
CD 1 PQ and CE. RS. 


Prove that PQ=RS, 1 


7. If two chords of a circle cut each oth 


\ : ; З er and make equal angles with a line er ea 
their point of intersection to the centre, prove that they are equal. пе which joins 
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73 ANGLES ІМ CIRCLES 


The angle subtended by the line segment АВ i.e., chord 
AB at О is / АОВ, and the angle subtended by the arc ACB at 


О is also / АОВ. 


27 
B 
Also, arc ADB subtends the reflex angle AOB at the 55-4 


centre O. 
А с 
Р 
Chord АВ subtends / АРВ at Р and / АОВ at О. Also, а P 

m ACB subtends Z APB at P and arc ADB subtends Z АОВ 

at Q. 

а 
d с 


е In the figures given below, arc ACB subtends / АОВ at the centre О and / APB at the 
point P on the circumference, 


A 
с 
ІХ Р " 
Be 
A с в 
(9 (ii) (iii) 


/ AOB is an acute angle in Fig. (i), a straight angle in Fig. (ii) and a reflex angle in 
qux 7 
THEOREM 58 


le which an arc of a circle subtends at the centre is double that which 
the remaining part of ihe circumference. 


[C.B.S E., 1977 (4.1), 1980 (Delhi) 


и The ang 
it subtends at any point on 


Given 


To Prove 
Const, 
Proof 


() (ii) 
: A circle with centre O. 


An arc AB subtends ZAOB at the centre O and 
remaining part of the circumference, 


2 APB at a point P on the 


: ZAOB=2/ APB. 
: Join PO and produce it to any point X, 


In AAOP, OP—OA (Radii of the same circle.) 

4% ZOAP=/ APO (Opposite angles to equal sides.) 

ext. Z AOX=/ OAP+/ APO (ext. angle of a triangle=sum of int. OPP. Z s) 
ext. / AOX=2/ APO (i) (2 ОАР-/ APO Proved above) 

Similarly in ABOP, : 

ext. / BOX=2/ BPO (ii) 

In figure (i), [Adding (i) and (ii)] 


ZAOX+ 7 BOX—2/. APO 4-27 BPO 


or ZAOB=2 (ZAPO+ 7 BPO) 
ог /АОВ--2/АРВ 


In figure (ii), 

Z BOX— ZAOX=2/ BPO—2/ APO 
or ZAOB=2 (Z ВРО / APO) 

or / AOB—2/ АРВ. Proved 
Corollary. Congruent arcs of the s; 


[Subtracting (i) from (i)] 


Dir t ame circle or congruent circles Subtend equa] 
angles at the remaining part of the circumference, 


EXERCISE 7 (ғ) 
(Section A) 


1. In a circle with centre O, there аге two chords РО and ОР. eeti 
Find the magnitude of / POR. Qand QR meeting at an angle of 68°, 


2. Two radii ОА апа OB of a circle make 
on the minor arc so that Z OAP-— 


ап angle of 136? at the centre, 


54°, find the angle OBP 1а point P lies 


4. 


5. 


6. 


10. 


. In the given figure, О is the centre of the circle. Z ОАВ 
and / OCB аге 30° and 40° respectively. Find ZAOC. 40° 
Show your steps of working. [ss 
су 
А 
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Prove that parallel chords of a circle intercept equal arcs. 


In the figure given alongside, O is the centre of 
the circle, ABD is a line and Z CBD=65°. 


Find (а) ZAEC 
(b) ZAOC (angle marked) 


(Section B) 


© 
О is the centre of the circle. Given / AOB=80°. Calculate 
the value of ZOBA and ZOAC. 
A 


о 


B 
B 
oe. 
S 


LN, 


p, C, D are four points on the circumference of a circle in that order and AD—BC ; 


„ A, 
show that AB is parallel to pc. 


A 


In the adjoining figure, О is the circumcentre of triangle 
ABC in which AC- BC. Given that / ACB=56°. Calculate 
(a) /САВ 
(b ZOAC. 


es intersect іп А and B and through A a line is drawn to meet 


Two equal circl : 
and Q respectively. Prove that PB=BQ. 


the circles in P 
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(Section С) 


11. If O is the orthocentre of the triangle ABC and if the perpendicular AD is produced to 
' meet the circumference in E, prove that OD=DE, 


7:4. ANGLES IN THE SEGMENTS 


The angle subtended by the base of a Segment at any point on the arc of the 
Segment is called an angle in the segment. 


In the figure chord AB of the segment ABDC subtends с D 
ZACB at the point C on the arc. Then Z ACB is an angle in the 
segment ABDC. Similarly / ADB is an angle in the segment ABDC. 
Thus angles ACB and ADB are in the same segment. 


Note : / ACB and / ADB are subtended by the same chord 
AB at different points C and D on the same arc ACDB. 


^ B 
THEOREM 59 
Angles in the same segment of a circle are equal. [C.B.S.E., 1981 (A 1.)) 
(> о Р о 
ы! 
KS 
A В 
с с 
Given : A segment APQB of a circle with centre О. 
Any two Zs APB and AQB in it. 

To Prove : ZAPB= ZAQB 
Const. : Join AO and BO. 
Proof : Arc ACB subtends / АОВ at the centre О and Z APB at a point P on the 


remaining part of the circumference. 
Z APB—4 / АОВ 

i.e., ZAPB=}/x 

Arc ACB subtends / АОВ at the centre O and Z AQB on the circumference, 
Z AQB—1 / АОВ 

i.e., ZAQB=} /х 

From (i) and (ii), we have 
Z АРВ= / АОВ Proved. 


Corollary. Angles subtended by the Same ar ; ; қ 
the cireumference are equal. У © of a circle at different Points on 


(ii) 
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EXERCISE 7 (в) 
(Section А) 


. AB and CD are two chords of a circle intersecting at О. Prove that AAOD and 


ABOC are equiangular. 


‚ In a circle with centre О, two chords AB and CD intersect each other at P. If 


Г ABC=47° and Z АРС=113°, find the angle BAD. 


. Through Р, a point outside a circle with centre O, lines PAB and PCD are drawn to 


cut the circle in A, B and C, D respectively. Prove that AAPD and A CPB are 
equiangular. 


. Two chords AB and CD of a circle intersect at Р within it. If AP=AC, show that 


DP=DB. 
(Section B) 


In the figure, M, A, B and N are points on a circle having 
centre О. AN and MB cut at Y. ZNYB—50* and 
ZLYXNB-—20*. Find the angle MAN and the reflex angle 
MON. 


. In the diagram I is the incentre of triangle XYZ, XI 


(с) ZYIW ДД 


produced meets the circumcircle of triangle XYZ at W, /| 
ZYXZ=50° and LXZY=10°: 
Calculate (а) ZWYZ Р 

(b) Z1YZ S 


. Prove that the bisectors of the angles in the segment of a circle are congruent. 


THEOREM 60 


The angle in a semi-circle is a right angle. 
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Сіуеп 


: А semi-circle AOBC with centre О, and any angle ACB in the semi-circle. 


То Prove : ZACB=I rt. Z 


Const. 


Proof 


1 


= 


. Two circles intersect at P and Q. Through P two diam 


- In the figure, AB is the common chord of the two 


. If the diagonals of a 


: Complete the circle. 


: Arc ADB subtends / АОВ at the centre О and ZACB at a point C on the 
remaining part of the circumference, 9 


254 Г ACB—1 ZAOB 

or ZACB=}/x j 

But Zx-2rt 75s (AOB is a line, being à diameter.) 
B LACB=}x2 rt Zs 

or ZACB=1 rt Z. Proved 


EXERCISE 7 (h) 
(Section A) 


Prove that the circles described о 


п any two sides of a triangle as diameters intersect on 
the third side. 


eters PA and PB are drawn onee 


in each circle. Prove that points A, Q, B are in thesame line. 


AB is a chord of a circle who 


se centre is С. Prove that the circle described on АС as 
diameter bisects AB. 


(Section B) 


- Prove that angle in a major segment is acute and that in a minor Segment is obtuse. 


circles. If AC and AD are diameters, prove that 


D, B and C are in a line. О, and О» are the centres 
of the circles, 


quadrilateral inscribed in a circle pass through the centre of th 
circle, prove that the quadrilateral is a rectangle. 


In the figure, AB is a diameter of the circle whose 


centre is O. AD and BC are perpendiculars to the 
line XY. CB meets the circle at E. 


Prove that CE=AD, 
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THEOREM 61 


If a line segment joining two points subtends equal angles at two other 
points lying on the same side of the line containing the segment, the four points lie 


on the same circle, [C.B.S.E., 1983 (Delhi)] 
с р UA 
E E 
A B A в 
Сіуеп : Four points A, В, C and D. 


To Prove 
Const. 
Proof 


Line segment AB subtends / ACB at C and ZADB at D t i 
line containing AB such that ZADB=Z АСВ. On, оваа ае 


: Points А, В, C and D аге concyclic i.e., lie on the same circle, 
: Draw a circle to pass through three non-collinear points A, B and D. 
: If the circle does not pass through the point C, it will intersect the line containing 


AC at a point E. 
Now / ADB and / AEB are in the same segment ADEB of the circle. 


ot Z ADB— / AEB 
But ZADB= / АСВ (Given) 
5 Z АЕВ= / АСВ 


This means that i i 3 ; Я 
angle, an exterior angle of ABCE is equal to an interior opposite 


which is impossible unless E coincides with C. 
Thus, our assumption that the circle does not pass through C is false. 
the circle passing through A, B, D must pass through C. 
i.e., the four points A, B, C, D are concyclic. Proved. 
EXERCISE 7 (i) 


1. Prove that four vertices of a regular pentagon are concyclic. 
Hint : Let ABCDE be a regular pentagon. 


Join AC and BE. 
A ABEe& AABC 
Then / АЕВ--/ ACB, 


2. Prove that the middle points of the sides of a triangle and the foot of the perpendicular 
from the vertex to the opposite side are concyclic. 


Hint : D, E, F are the mid-points of the sides. A 
AM 1 BC. 


Join DE, DF, ME, МЕ and FE. 
In the rt. / d AAMC, E is the mid-point of 


the hyp. AC. F E 
`. ME=AE=EC 

2. £MAE=/ АМЕ ) ““(1) 

In the rt. /4 AAMB, Fis the mid-point of 

the hyp. AB. B DUM t 
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5 ZMAF=/ АМЕ „(б 
Adding (1) and (2), we һауе 
ZMAE+ / MAF—/ АМЕ--/ АМЕ 


ie., <А-/ ЕМЕ 
AFDE is a parallelogram, 
So ZA=ZEDF 
«iy Z ЕрЕ=/ ЕМЕ 
So, F, D, M, E are concyclic. 
THEOREM 62 
Equal chords of a circle subtend equal angles at the centre. 
P R 
Q 5 
Given : Chords PQ and RS of a circle with centre O such that 
PQ=RS 
PQ subtends / РОО and RS subtends / ROS at the centre О. 
То Prove : ZPOQ= ZROS 
Proof : In APOQ and AROS 
OP=OR [Radii of the same circle] 
00=05 [Radii of the same circle] 
PQ=RS [Given] 
APOQ=AROS [SSS Congruency Theorem] 
Then” Z POQ= Z ROS [Corresponding parts of congruent triangles] 
Proved. 


This theorem is also true for congruent circles, It can be Stated as: 
Equal chords of congruent circles subtend equal angle'at the corresponding 


centres. 
THEOREM 63 
(Converse of Theorem 62) 


If th 1 btended by t ; 
уын x FON es subtended Бу two chords of а circle at the centre are equal, the 
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Сіуеп : Two chords РО and RS of a circle with centre O. 


Chord PQ subtends РОО and chord RS subtends / ROS at the centre О such 
that Z POQ— / ROS 


ToProve : PQ=RS 
Proof : In APOQ and AROS 
| ОР=ОК [Radii of the same circle] 
00=05 [Radii of the same circle] 
| Incl. / POQ- Incl. Z ROS [Given] 
^. APOQ=AROS [SAS Congruence Axiom] 
Then PQ=RS [Corresponding parts of congruent triangles] 


Proved. 
This theorem is also true for congruent circles. It сап be stated as : 


If the angles subtended by two chords of congruent circl i 
centres are equal, the chords are equal. 5 “барды торош 


Its proof is similar as above. Write down the proof. 
THEOREM 64 


In congruent circles two arcs that subtend equal angl д 
gles at the с 3 
centres are congruent, orresponding 


E 
Given : Two congruent circles with centres А and B and / CAD— / ЕВЕ. 
То Prove : arc CMD=arc ENF. 
Proof : Place the circle with centre A over the circle with centre B so that A falls on B 


and AC falls along BE. 
Since AC—BE, radii of congruent circles, the point C falls on the point E. 


But / CAD= ZEBF [Given] 

Then AD falls along BP. 

Because AD=BF, radii of congruent circles, the point D falls on the point F. 

The circles are congruent and their centres coincide. 

These circles coincide with each other. 

Thus, C falls on E, D falls on F and circles also coincide. 

So, arc CMD coincides with arc ENF, 

Hence arc CMDzzarc ENF. Proved. 

Тһе above theorem is also true when congruent arcs are taken in the same circle. Then 

it is stated thus : 


Two arcs of a circle are cor gruent, if the angle subtended by them at the centre 
аге equal, 
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ТНЕОКЕМ 65 
(Converse of Theorem 64) 


In congruent circles, if two arcs are congruent, they subtend equal angles at 
the corresponding centres. 


D 
A В N 
M Е 

Сіуеп * Two congruent circles with centres P and О. 

Arc AMB=Arc END. 
То Prove : /APB—/EQD. 
Proof : Place the circle with centre P over the circle with centre Q so that P falls on Q 

and PA falls along QE. 

Because PA=QE. [Radii of congruent circles] 


the point A falls on the point E. 
Since the circles are congruent and their centres coincide, they also coincides. 


But arc AMB&arc END [Given] 
The point B falls on the point D. 


Now P falls on О and B falls on D. 
PB coincides with QD. 
ZAPB coincides with Z ЕОР. 
i.e." ZAPB= / EQD Proved. 


EXERCISE 7 (1) 


1. Prove that the bisector of an angle subtended by an arc at the centre of a circle bisects 
the arc. 
2. Prove that the line joining the mid-point 


of an arc to the centre of a circle bisects the 
angle subtended by that arc at the centre 


3. Р is a point on the circumference of а circle equidistant from radii OA and OB. 
Prove that arc AP=arc BP. 


4. Through O, the centre of a circle a radius. OC is drawn parallel to the chord AB. If AO 
produced meets the circle in D, prove that arc BCezarc CD 


75. CYCLIC QUADRILATERAL 


Points are said to be concyclic if they lie on the circumference of a circle. 


` A quadrilateral is said to be cyclic when all its vertices lie on the circumfer- 
ence of a circle, 


k Similarly a rectilinear figure is said to be cyclic when all its vertices lie on the circum- 
ference of a circle. 
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Р 
@) (ii) 
In Fig. (i), points P, Q, R, S are concyclic and in Fig. (ii) points A, B, C, D, E, F, are 


concyclic. 
Also in Fig. (i), quadrilateral PORS is cyclic and in Fig. (ii), ABCDEF: is a cyclic 


hexagon. 
The polygon is inscribed in the circle and the circle is circumscribed about the 
polygon. 
THEOREM 66 
The opposite angles of any quadrilaterallinscribed іп a circle ie, а c yc.lic 
quadrilateral are, supplementary. [C.B.S.E., 1980 14. 1)] 


Given : A quadrilateral ABCD inscribed in a circle whose centre is O. 


То Prove : / A+ Z C—2 rt. Zs. 
ZB ZD-2 rt. Zs. 


Const. : Join AO and OC. 
Proof * Arc ABC subtends / AOC at the centre О and / АРС at a point D on the 
remaining part of the circumference. 
Z ADC—17AO0C EO 
n ADC subtends reflex / AOC at the centre and / ABC on the circumference, 
ZABC=$ reflex. / AOC "77 03) 


Adding (i) and (ii), we have 
Z ADC-- Z АВС-М/ AOC+ reflex / АОС] 
=4 x4 rt. Zs [Angles around the point OJ 
zl 208 
ie, /р--/В-2гі. Zs 
Similarly 
ZA+ZC=2 rt. Zs 


Proved. 
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Corollary : If one side of a cyclic quadrilateral is produced, the exterior angle so 


formed is equal to the interior opposite angle of the quadrilateral. 


D 


> 
Сіуеп : А cyclic quadrilateral ABCD whose side AB is produced to E. 
То Prove : Ext. / CBE—Int. opp. L ADC. 
Proof : ZABC+ / СВЕ=180° (1) [Adjacent angles оп a line ABE.] 
Z ABC+ ZADC=180° (2) [Opposite angles of a cyclic quadrilateral 


ABCD] 
From (1) and (2), we һауе 
Z ABC+ / СВЕ= / ABC+ Z ADC 
LZ СВЕ= / Арс 

Proved. 


The converse of the above theorem is also true which can be stated without proof as 
under : 


as d кде shy pair of opposite angles of a quadrilateral is 180°, then the 
Or 
FOE dg opposite angles of a quadrilateral are supplementary, its vertices are 
EXERCISE 7 (k) 
(Section A) 
1. Prove that a parallelogram inscribed іп a circle is a rectangle. [C.B.S.E., 1979 (Delhi)] 


. If the oprosite sides of a cyclic quadrilateral are equal, prove that it is a rectangle. 


3. If үр sides of a cyclic quadrilateral are parallel, show that the other two sides are 
equal. 


4. Two right-angled As ACB and ADB are on opposite sides of a com 
AB. If CD is joined, prove that 7 BAD— / BCD. mon Bypotenusg 


5. PQRS is a cyclic quadrilateral in which Z SPQ—85*, Z SOP—58', calculate / PRQ 


N 


A= D 


Roy, 


6. Given а cyclic trapezium ABCD in which AD is parallel 
to BC and / B=70° as shown in the adjoining figure. 


Find / BAD and / BCD. B 


10. 


11. 


12. 


13. 


14. 


15. 


. In the given figure, ABCD is а parallelogram. 
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(Section B) 


A circle passes through A and D cuts AB at E 
and DC at Е. Given that / BEF—80^, find 
Z ABC. 


B 


. In the adjoining figure ABCD, if ZBCD=125° and Ар 
is the diameter of the circle, calculate 
АРА 


(i) ZDAB 
(ii) Z АРВ. 


. In the figure given alongside, if ZABC=50° and 


ZBDC=40", calculate 

(a) ZCDA, 

(b ZBAC, Pk 
(c) ZBCA. 


In the given figure, ABCD is a cyclic quadrilateral in which 
ZDAC=27°, / DBA—50? and /АрВ--33, calculate 


(а) ZDBC, 
(b ZDCB, 
(с) / САВ. 


A triangle is inscribed іп а circle. Prove that the sum of the angles іп the three seg- 
ments exterior to the triangle is equal to four right angles. 
In a cyclic hexagon ABCDEF, AB | ED and CD || AF ; prove that BC || FE. 
Hint: Join AD and CF. 

(Section C) 
ABCD is a parallelogram. А circle is drawn through A and В intersects AD and ВС 
(produced if necessary) in E and F respectively. Prove that the points C, D, Е, Е are 
concyclic. 
Two cele intersect at Pand Q. Through P a line AB is drawn to meet the circles in 
А апа В. Through Qa line CD is drawn to meet the circles in C and D. Prove that 
AC is parallel to BD. И 
Prove that the altitudes of a triangle are concurrent. 


REVIEW EXERCISE Vi 
(Section A) 
1. In answer to each of the following statements write True or False : 
(a) Three circles can pass through three given points not in a line. 
(b) The angle in a minor segment of a circle is an obtuse angle. 
(c) The locus of the mid-points of all equal chords of a circle is a circle. 
(d) The locus of mid-points of the radii of a circle is a circle. 
2. Fill in the blanks to make each of the following statements true : 
(a) Chords which are equidistant from the centre of a circle are......... 
(b) An angle inscribed in a semi-circle is а......... [C.B.S.E., 1984 (А.Г. 
(с) The opposite angles of a cyclic quadrilateral аге............ 
(d) The line drawn through the centre to bisect a chord is............ 
(e) Equal chords of a circle аге-........... from the centre. 


[C.B.S.E., 1985 (А.1.)] 
(7) Equal chords of a circle subtend 


кезеген at the centre. [C.B.S.E., 1982 (A.1.)] 
(g) If A, B and C are three non-collinear points, then 'exactly.... 
drawn through all of these points. 


(л) Angles in the same segment of a circle are............ 


3. Fill in the blanks making each of the following a true statement : 


-circle(s) can be 
-S.E., 1980 (4.1.)| 


[C.B.S.E., 1979 (A.I.)] 


(a) In the figure, O is the centre of the c 
If Z APB=S0°, then / ОАВ=......... К 


[C.B.S.E., 1982 (Delhi)] аба 
Iu o 


ircle. 


(b) In the figure, if O is the centre of the circl 
Z АСВ=35° then / ВЮС=............ ence 


[C.B.S.E., 1984 (A.I.)] 
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(c) In the figure, if / BAC=60° and 
ZBCA=20% then ZADC=------- 


[C.B.S.E., 1983 (A.1.)] 


(d) In the figure, if OC is perpendicular іо AB, 
OA=5 cm and OC=3 cm, then АВ=......... 


[C.B.S.E., 1981 (Delhi)] 


4. Two chords AB and CD of a circle intersect each other at the 
point O inside the circle. 


Prove that AAOD~ ACOB. 
[С.В.5.Е., 1986 (A.1.)] 


5. AB and CD аге parallel chords of a circle whose diameter is AC. Prove that AB=CD. 
[C.B.S.E., 1980 (Delhi); 1983 (A.1.)] 
(Section B) 


6. In the given figure, RS is a diameter of a circle. NM is 
parallel to RS and Z MRS—29*. 


Calculate / RNM and / МКМ. 
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10. 


11. 


12. 


13. 


14. 


. Inthe given figure, AB is a diameter of the circle. If 


. PQ and RS are two equal chords of a ci 


ZBCD=140°, find 7 DBA. 


. ABC is an isosceles triangle and a line DE is drawn parallel to the base intersecting the 


sides іп D and E. Prove that В, C, E and D lie on a circle. [C.B.S.E., 1984 (Delhi)] 


rcle with centre С. They are produced to meet 
at O. Show that OQ=OS. [C.B.S.E., 1982 (А.Г.); 1984 (A.I.)] 
Hint : Draw CM L PQ, CN LRS and join CO. 


ae is a diameter of the circle APBR as shown in the figure. APQ and RBQ are two 
ines. 


Find / РКВ, / PBR and / ВРК. 


РОК is an isosceles triangle with PQ equal to PR. A circle passes through Q and R 


and intersects the sides PQ and PR at points 5 and Т respectively. Prove that QR is 
parallel to ST. 

Chords AB and CD intersect at right angles at a oint inside the ci 

RE LAU p € the circle, and 


(i) Sketch the chords AB and CD, and mark the angle BAC, in the circle. 
(ii) From the figure, calculate the value of Z ABD. 


(Section C) 


Points P, Q, R are taken on the circumference of a circle such 
angles to PQ meets the circle at S; and RT drawn at rig 
circle at T. Prove that PQ=ST. 


Prove that of any two chords of a circle, the one which is greater is nearer the 
centre. 


that PS drawn at right- 
ht-angles to PR meets the 


OO 


8 


TANGENT TO A CIRCLE 


81. SECANT AND TANGENT 


If a circle and a line are drawn on a plane, th z i 7 
bam P » there are three different situations as shown 


Fig. 1 Fig.2 Fig. 3 


In Fig. 1, line / does not intersect the circle. 


In Fig. 2, line Z intersects the circle in two distinct points Р and 
that line / is a secant. Q. Then we say 


In Fig. 3, line / intersects the circle in only one point S. 


Then we say that line / is a tangent. 


A line which intersects a. circle in two distinct 
points is called a secant of the circle. 


Here lines AB and РО are two secants of the circle. 
Secant AB intersects the circle at Cand D. Secant PQ 
intersects the circle at R and S. 


(123) 
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x 
SAG 

A tangent toa circleisa line that intersects i 
the circle in exactly one point. 

Here line [and line AB are two tangents to the 
circle with centre O. 

A Р B 
T Since a tangent meets the circle at one and only one point, the tangent is said to touch 

the circle. 


The point where a tangent touches the circle is called the point of contact. 


Thus, in the figure, AB isa tangent to the circle, touching it at P. P isthe point of 
contact. Also line / is a tangent to the circle at Q on it. 


Q is the point of contact. 


A tangent may also be defined in another way. Examinethe figures given below in 
which a secant РАВО cuts the circle at A and В. 


The secant is moved away from the centre in three ways : 


(а) 


А (В) 
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(с) 


(i) parallel to itself as shown in figures (а); 


(ii) about the point А as shown іп figure (0); 
and 


(iii) about the point P as shown in figure (с). 


A(B) Q 


In all the cases, the points of intersection, A and Bcome nearer to each other and at 
one stage they coincide. Then the secant becomes a tangent to the circle. 


Hence a tangent to a circle is the limiting position of a secant when the points 
of intersection with the circle coincide. 


THEOREM 67 
The tangent at any point of a circle and the radius through the point of contact 
are perpendicular to one another. [C.B.S.E., 1985 (А.Т.)] 
^ c PB 


Given : Acircle with centre O. 
Line ACB is a tangent at C. 
Line segment OC is the radius through the point of contact C. 


То Prove: ОС L ACB. 


Const. : Take any point P in AB. 
Join OP. 
Proof : Line AB is a tangent to the circle at C. 


Every point in line AB except the point of contact C lies outside the circle. 
Then point P lies outside the circle. 


Since the distance of an outside point from the centre is greater than the radius 
of the circle, 
radius OC < OP. 
Similarly it can be proved that ОС is less than any other line segment drawn 
from O to AB. 
. OC is the shortest of all the line segments that can be drawn from the centre 
O to the tangent AB. 


Hence OC 1 ACB. Proved. 
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A line drawn throu: 


to the circle, 


Given E 


To Prove : 
Const. 


Proof 


THEOREM 68 
(Converse of Theorem 67) 


A radius OA of a circle (O, r). 

Line MN through A and perpendicular to OA. 
Line MN is a tangent to the circle. 

Take a point P, different from A, on the line MN. 


Join OP. 
In AAOP, ZOAP=1 rt. 7. [MN 1 OA, given] 
ZOAP > /ОРА 
;OP > OA 
i.e., OP >> radius of the circle. 


Point P lies outside the circle. 
Thus, every point on the line MN except A lies outside the circle. 
the line MN meets the circle at only one point. 


Hence the line MN is a tangent to the circle. Proved. 


82. TANGENT-SEGMENTS 


Tangents drawn at two points of a circle may be either parallel or intersecting. 


In the 
to the circle a. 
R intersect in 


adjoining figure, tangents at the points P and Q 
re parallel, while the tangents at the points Q and 
a point S. We can also say that both the tangents 


at Q and R pass through the point S. R 


We can observe from the figure 
tangent to the circle can be drawn to pa 


The li 


segments and their lengths 


circle. 


that no other 
55 through the point S. 

ne segments SQ and SR are called the tangent- 
as length of tangents from S to the 


gh the end of a radius and perpendicular to it is a tangent 
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ТНЕОКЕМ 69 


The length of two tangents from an external point to a circle are equal, 


Given 


To Prove : 


Const. 
Proof 


A circle C (O, r) and an external point T. 

TP and ТО are two tangent segments from T to the circle C (О, г). 
TP=TQ 

Draw line segments OP, OQ and OT. 


ТР is a tangent segment to the circle С (О, г) and ОР is the radius through the 
pomt of contact P. 


Z OPT=90° 
Similarly Z OQT=90° 
In the right AOPT and AOQT 
OP=0Q =r (Radii) 
hyp. OT=hyp. OT (Common) 
ДОРТ=ЛООТ (RHS-Congruency Theorem) 
TP=TQ (Corresponding parts of congruent triangles) 
Proved. 


' In the proof of the above theorem we observe that 


ZTOP=/TOQ and Z PTO=/ ОТО. 
We can state these results as under : 
If two tangents are drawn to a circle from a point outside the circle, then 
(i) they subtend equal angles at the centre, and 
(ii) they are equally inclined to the line segment joining the centre and the 
given point. 
EXERCISE 8 (a) 


(Section A) 


1. Prove that the tangents at the extremities of a diameter of a circle are parallel. 


[C.B.S.E., 1986 (A.1.)] 


2. Prove that the line segment joining the points of contact of two parallel tangents to a 
circle passes through the centre. 


3. Provetbata perpendicular to the tangentatthe point of contact passes through the 
centre of the circle. 


Prove that the tangents at the extremities of a chord of a circle make equal angles with 


the chord. [С.В S.E., 1984 (Dethi)] 


5. Ifa quadrilateral is described about a circle, show that the sum of one pair of opposite 
Sides is equal to the sum of the other pair. 
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(Section В) 


6. Find the length of the tangent drawn toa circle of radius 3 cm froma point distant 
5 cm from the centre. 
7. There are two concentric circles of radii 3 cm and 5 


cm respectively. Find the length 
of the chord of the outer circle 


which touches the inner circle. 


8. If allthe sides ofa parallelogram touch a circle, 


show that the parallelogram is a 
thombus. 


9. Tangents PT and PS аге drawn toa 


т 
circle of radius 5 ст froma point P f N 
outside the circle as shown in the 
adjoining figure. 
If O is the centre of the circle and P 
Z ТРО= 30°, calculate 
(a) PO, 
(b) PT, correct to one decimal place, 
(c) the area of PTOS in cm?, correct ` 
to one decimal place. 


5 
10. Prove that only two tangents can be drawn to a circle from an external point. 
Hint: Let P be the external point. 
Join OP and draw a circle on OP as a diameter, 
(Section C) 
11. 


If a chord AB of a circle is parallel to the tangent at 
Hint. Join OP, OA and OB. 
AAOC= ABOC 


point Р on it, prove that АР=ВР. 


12. A tangent CD to a circle at the point E on it meets "two parallel tangents in point C 
and D. Prove that line segment CD subtends a right an 


gle at the centre O. 
Hint. Join OA, OB and OE. 
AAOC= AEOC 
Also ABOD=AEOD 
83. SEGMENTS OF A CHORD 


Let PQ be a chord of a circle C(O, r), and R be a 
point on line segment РО. 


Observe that the point R lies inside the circle. 


Then R is said to divide ¢ 


hord PQ internally into 
two segments PR and ЕО. 


Let AB be a chord of a circle C(O, r) and S be 
a point on line PQ outside the circle. 


Then S is said to divide chord AB externally 
into two segments SA and SB. 


ERE Te i 
5 A 
THEOREM 70 


If two chords of a circle intersect inside or outside of the ci 

e 1 duced, 
the rectangle formed by the two segments of one chord is ed pages ie тке ert 
angle formed by the two segments cf the other. 


WE 
<2 
mec Р 


(i) (ii) 
Given : Two chords AB and CD of a circle C(O, r) intersecting insi i 
produced, of the circle at P. inside or. овоне, bra 
To Prove : PA. PB=PC . PD. 


Const. : Join AD and ВС. 
Proof - ZBAD=ZBCD [Angles in the same segment] 
i.e., Z PAD= / РСВ 
In AAPD and ACPB 
ZPAD= Z PCB [Proved above] 
ZAPD=ZCPB [Vertically opposite angles in figure (i) 


and common angle in figure (ii)] 
the remaining angles are equal. 
So, AAPD and ACPB are equiangular and hence they are similar. 


РА РО 
po ES 
һе. PA. PB=PC. PD Proved, 
EXERCISE 8 (b) 
(Section A) 


1. Mis the mid-point of a chord AB; CD is another chord through M ; prove that 
CM . Мр=АМ?. 


130 


2. If two chords of a circle bisect each other inside the circle, prove that they are dia- 
meters of the circle. 


3. Two chords AB and CD intersect at P inside a circle such that AP=3 cm, 
CP=1'5cm and PD=8 cm. Find the length of PB. 


In a circle with centre О, chords AB and CD intersect at P outside it such that 
AB=2 cm, BP=4 сп апа DP=3 cm. Find the length of the chord CD. 
5. If AB and CD are two chords intersecti 


ng at a point P inside the circle such that 
AP=CP, show that AB=CD. 

6. If AB and CD are two chords which when produced meet at a point P and if АР--СР, 
show that AB—CD. 


(Section B) 


7. Through P, the point of intersection of tw 
are drawn, each passing throu 
Prove that АР. PB-- CP . P 


Hint. Join AC, and BD. 
Points A, C, B and D are concyclic. 
8. Inan isosceles A ABC, AB=AC. DE is drawn parallel to BC intersecting AB and 
AC in D and E respectively. Prove that AD.AB=AE.AC. 


9. MNis a diameter of a circle and MP is any chord through М.А line segment is drawn 
perpendicular to MN meeting it in R and intersecting MP in S. 


Prove that MP.MS=MN.MR 
84. ANGLES IN THE ALTERNATE SEGMENT 


. Let SAT be the tangentline toa circle C(O, r) 
at point A on it, 


о circles, two line segments АРВ and CPD 
gh a centre of a circle and meeting the other circle. 


Dec Sem 
Let AB bea 


chord of the circle through the point 
of contact A. 


) Chord AB makes two angles— / BAT and Z BAS 
with the tangent line SAT. 


А” 
Let P and Q be any two Oints on the circle on 
either side of AB, 4 А ° Я F 


Then ZAPB i 
ZAQB is an angle in 


T 


S said to be an angle in the alternate segment of / BAT. Similarly, 
the alternate segment of / BAS. 
THEOREM 71 


If a chord is drawn through the 
the angles which this chord 


point of contact of a tangent to a circle, then 
the angles formed in the co 


makes with the given tangent are equal respectively to 
rresponding alternate segments. 


[C.B.S.E,, 1982 (А.Г; 1984 (4.1.); 1980 (Delhi)] 
E 


> 
D 
t 


(ж 
XL 
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Given ST is a tangent line to a circle C(O, r) with point of contact A. 
AB is a chord through the point of contact A. 
C and D are points on the circle on the opposite sides of AB. 
To Prove : / ВАТ= / АСВ 
апа ZBAS=ZADB 
Const. Draw the diameter AOE and join BE. 
Proof. AOE is a diameter of the circle. [Construction] 
ZABE=90° [Angle іп a semi-circle] 
Now in the right AABE, 
Z АЕВ+ ZEAB=90° (1) 


ST is a tangent line to the circle at А and AOE is а diameter through the point 
of contact A. 
2% ZEAT=90° 
i.e., ZEAB+ ZBAT=90° --(2) 
From (2) and (1), we get 

ZEAB+ ZBAT= ZAEB+ / EAB 


Z BAT—Z/ AEB 
ZAEB= / АСВ [Angles in the same segment] 
è ZBAT=ZACB 
Now ADBC is a cyclic quadrilateral. 
°. ZACB+ ZBDA=180° [Opposite angles] 
i.e., Z BAT+ / ВРА —180* 23) [Z ACB=/ BAT proved.] 
Line segment AE stands on the line ST at A. 
ZBAS+ / BAT=180° (4) 


from (4) and (3), we get 
ВА5--/ BAT—/ ВАТ--/ BDA 
Еа” Z BAS—/ BDA 
i.e., ZBAS=Z ADB Proved. 


THEOREM 72 
(Converse of Theorem 71) 


If a line is drawn through an end point of a chord of a circle such that the 


angle which it makes with the chord is equal to the angle in the alternate segment, 
then the line is a tangent to the circle, 
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Сіуеп AB is a chord of a circle С (O, r). 
A line PAQ is drawn through A such that 4 BAQ=/ ACB in the alternate 
segment. 
To Prove PAQ is a tangent line to the circle at the point A. 
Const. If PAQ is not a tangent, draw tangent P'AQ' to the circle at A. 
Proof Now P'AQ' is tangent line to the circle at A and AB is a chord through the 
point of contact A. 
ZBAQ’=/ ACB [Angle in the alternate segment] 
But ZBAQ=/ACB [Given] 
4 BAQ—/ ВАО’ 
This is impossible unless ray AQ' coincides with ray AQ. 
Therefore P'AQ' coincides with PAQ or PAQ is the tangent to the circle at A, 
Proved. 
EXERCISE 8 (с) 
(Section A) 
1. А AABC in which АВ--ВС, is inscribed in a circle, Prove that the tangent at B is 
parallel to the chord AC. 


3 A line segment PAB intersects a circlein A a 
circle. 


4. The chord AB of a circle is 
BC=BT and ZCBT=114°, 


5. А tangent to a circle j 


РЕ e tangent line to a circumcircle of AABC at A such that DE || BC. Prove that 
=AC. 


[C.B.S.E., 1981 (А.І) ; 1982 (Delhi)] 


nd B, and PC isa tangent segment to the 
If Z РСВ= 115°, find the Z ВАС. 


produced to C and CT is a tangent. segment to the circle. If 
find the angles of the AATB. 


(Section B) 


5 drawn parallel to a chord of the circle. Prove that the point of 


contact bisects the arc cut off by the chord. 


6. Two circles intersect at A and В. Froma point P on one of these circles two line 
segments РАС and PBD are d 


rawn intersecting the other circle at C and D respectively, 


Prove that CD is parallel to tangent at P. 


Hint : 


Join AB. 

Let XPY be a tangent line to the circle at P. 
Z APX— / ABP 

ext. / ABP—int. opp. ZACD 


7. Two circles intersect at А and В, a line 
segment PAQ intersects the circles at P 


апа О. 


intersect at T, prove that the points 
P, B, О, T are concyclic. 


Hint : 


Then 
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(Section С) 


If the tangents at P and Q 


Join AB, BP and BQ. 

ZAPT =/ ABP 

Z AQT—/ ABQ 

Z APT + ZAQT=/ PBQ 

ZPBQ +ZT=ZAPT+ ZAQT 
+ZT=2 rt. Zs. 


THEOREM 73 


If PAB isa secant to a circle intersecting the circle at A and B and PT i 
tangent segment, then РА . PB—PT? ІС.В.5. E. 1983 ( AI) 


Given 


To Prove 
Const. 
Proof 


A secant АВР to a circle C (O, r) intersecting it in A and B. 
PT is a tangent segment to the circle from P. 

РА. РВ=РТ?. 

Join AT and BT. 


PT is a tangent segment to the circle at T and TB is a chord through the point 
of contact T. 


4, PTB— / BAT [Angle in the alternate segment] 
ie, ZPTB=/PAT 
Now in APBT and A PTA 
Z PTB—/ РАТ [Proved above] 
Z BPT— / ТРА [Common angle| 


the remaining angles are equal. 
So, APBT and APTA are equiangular and hence they are similar. 
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PB PT 
РІ PA 
i.e., PA . PB=PT? Proved. 


EXERCISE 8 (d) 


1. PQ is a tangent segment to a circle at point Q and PBA isa secant intersecting the 
circle at B and А. If BP—4 cm, AB— 12 cm, find the length of PQ. 


2. (а) If from any point оп the common chord produced, of two intersecting circles, 
tangents be drawn to the circles, prove that they are equal. 


(b) Two circles intersect each other in points A and В. If PS and PT аге tangents to 
the two circles from a point P on the line containing A and B, show that PS—PT. 


[C.B.S.E., 1985 (4.12) 
8:5. COMMON TANGENTS TO TWO CIRCLES 


Given two circles C(O, г) and (O', s). There are three possibilities. 
(1) The circles do not intersect, as shown below : 


. Ме observe that the distance between their centres is greater than the sum of the radii 
of the circles. So, OO'»r-Fs. 


(2) The circles intersect in two points, as shown below : 


А 
V 


We observe that the distance between their centres is Jess than the sum of the radii of 
the circles. So, ОО” < r+s. 


(3) The circles intersect in only one point, as shown below : 


(i) 


(ii) 
When two circles intersect in only one point, they are said to touch each other 
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Two circles can touch each other in two ways. See Figs. (i) and (ii) above. 


When each of the touching circles lies outside the other, they are said to touch one 
another externally. [See Fig. (i)] 


When one of the touching circles is within the other, they are said to touch one another 
internally. [See Fig. (ii)] 


The point at which the circles meet is called the point of contact. 
The line joining their centres is called the line of centres. 


If a line touches each of two given circles, it is called a common tangent to the 
circles. 


If two circles do not intersect, two pairs of common tangents can be drawn to the two 
circles. 


If the circles lie on the same side 
of the common tangent, the tangent is 
called a direct common tangent. 


In the figure, PQ and RS are two direct 
common tangent lines, 


If the circles lie on opposite sides of the 
common tangent, the tangent is called a trans- 
verse common tangent or indirect common tan- 
gent. 


In the figure, AB and CD are two transverse 
common tangent lines, 


When oae circle is inside the other circle completely, по 
commoa tangent can be drawn to the two circles. 


: Note that common tangents to two circles will exist if one 
Circle does not lie inside the other. 


Let us now discuss some other cases. 
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(2 If two circles touch externally, 
there will a pair of direct common tangents 
and also a common tangent at the point of 
contact of the circles which will be the trans- 
verse common tangent. 


Here lines AB and CD are direct 
common tangents and line RS is a transverse 
common tangent. 


Are points О, О' and Р collinear ? 


A 
| А 
(ii) 1f two circles touch internally, there will be no transverse 
common tangents, but only one common tangent at the point of 
contact which will be direct common tangent to the two circles. P 
Here AB is the only common tangent line to the two circles. 
Are points O, O' and P collinear ? 


(iii) If two circles intersect in two points, 
there will be only one pair of direct common tan- 


gents. They will not have any transverse common 
tangent. 


Here PQ and RS are two direct common 
tangents. 


We have observed that the two centres and 
circles are collinear and there will be a common tan 
We shall now prove these facts. 


the point of contact of the two touching 
gent to these circles at the point of contact. 


THEOREM 74 


If two circles touch each other, the point of contact lies on the line through 
the centres. [C.B.S.E., 1980 (4.1.); 1985 (4.1); 1984 (Delhi); 1985 (Delhi)] 


hai 


wee 


Given 


To Prove 
Const. 


Proof 
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(ii) 


T 
= | 
(i) 
Y. 


centri М і 
ре ея vitan еди А abl and O' touching each other at P externally 
Points O, P and O' lie on the same line. 
Join OP and PO’. 
Draw a common tangent PT to the circles at P. 


For the circle with centre O, PT is a tangent line and PO is th i 
the point of contact. Н шыма ыдыс 


ZOPT=90° i.e., РО1РТ. 


For the circle with centre O', PT is a tangent and PO’ i i 
point of tontact 8 О' is the radius through the 


Ж ДО'РТ=90° i.e., PO’ ШОРТ. 
Thus, PO and PO' are both perpendicular to line PT at the point P. 


But through a given point one and only one perpendicul 
Sende. регр ar сап be drawn to the 


Hence PO and PO’ must be the same line. 
So, O, P and O’ lie on the same line. Proved. 


Corollary; The two circles С (О, r) and С (Oʻ, s) will touch 
(i) externally, if and only if, OO’ = r + s, and 
(ii) internally, if and only if, ОО” = r — s, when r > s 


- 


ОО' = s— r; whens > r. 
EXERCISE 8 (e) 
(Section А) 


Two circles of radii 1:8 cm and 24 mm are drawn touching each other (a) externally, or 


(b) internally. Find the distance between their centres in each case. 


2. Three circles of radii 10 mm, 15 mm and 20 mm respectively are drawn so that each 
touches the other two externally. Find the lengths of the sides of the triangle whose 
vertices are the centres of the circles. 


3. Three circles with equal radii touch each other externally. Show that the triangle 
formed by joining their centres is equilateral. 


4. Prove that the tangents at the point of contact of two circles touching each other 
externally bisects their direct common tangents. 


5. Two circles touch at P. Through P a line segment is drawn cutting the circle at M 
and N. Prove that the radii through M and N are parallel. 


6. Two circles touch each other externally at P and through P a line segment APB is 
drawn cutting the circles at A and B. Prove that the tangents at A and B are parallel, 
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10. 


11. 


12. 


13. 


14. 


(Section В) 
The circles with centres A, В апа С touch one another externally. If AB=17 mm, 
ВС--22 mm апа CA=19 mm, find the radii of the circles, 


Two circles touch externally at C and a line segment AB touches them at A and B. 
Prove that AB subtends a right-angle at C. 
Hint: At C, draw a common tangent to the circles. 


Two circles touch each other internally at P and a line AD intersects the outer circle at 
A and D and the inner circle at B and С. Prove that / APB— / CPD. 


Hint: Draw a common tangent to the circle at the point of contact P. 


с D 


Two circles intersect each other at the NLT 


points A and B. CD is a direct common 
tangent as shown in the adjoining figure. 
Prove that the angles subtended by the 
segment CD at A and B are supplementary. 


[C.B.S.E., 1984 (А.Т.)] B 


(Section C) 


Two circles touch each other at P. APC and BPD are lines thr 
two circles in A, B and C, D respectively. ough P that meet the 


Show that (i) APAB~APCD 
(i) AB || CD. 
Hint: Draw a tangent line to the circles at P. 


[C.B.S.E., 1984 (4.1.)] 


In a ДАВС, a line segment PQ is drawn parallel to base ВС intersecting АВ and AC 


in P and Q respectively. Prove that the circumcircles of the AABC and AAPQ touch 
each other at А. 


Hint: At A, draw a tangent line to the circle ABC. 


PP’ and QQ’ are two direct common tangents to two circles intersec ing in poi 
5 її in points А 
and B. The common chord AB produced intersects PP’ “in QQ’ іп S ۷ 
р, t R and п 5. Prove 


AB is a line segment and М is its mid-point. Semi-circles a j 
and AB as diameters on the same side of th areis aM, MB 


: € line AB. i i 
that it touches all the three semi-circles. Prove that oe C (О, ғ) is drawn so 
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REVIEW EXERCISE ҮП 
(Section A) 


1. Fillin the blanks to make each of the following statements true : 
(a) The line through a point on a circle-.-..-... to the radius through the point, is the 
tangent line to the circle at that point. [C.B.S.E., 1987 (А.І.)] 
(b) The lengths of the two tangents from an external point to a circle аге... 
[C.B.S.E., 1986 (А.Г); 1984 (A.I.) ; 1986 (Delhi)] 
(c) Aline which touches two given circles is called a.........to the circles. 
[C.B.S.E., 1986 (A.J.)] 


(d) If two circles touch each other, the point of contact lies оп the line joining 


theire. 
(e) Two circles C (O, r) and C (O', s) will touch each other externally, if and only if, 
OO’ is equal to---.-.--- j 
(f) If two circles intersect in two points, they will h i 
ER IU p y will have only one pair of......-.. common 
D 
A 
(g) In the figure, if AP—4 cm, BP—3 cm, and CP—2 cm, 
then РО=......... cm. 
[C.B.S.E., 1987 (Delhi)] 
B 


(h) In the figure, SPT is a tangent 
to the circle апа ZSPR=120°, 
then Z RQP-......... 


[C.B.S.E., 1986 (4.1.)] 


(i) PA and PB are tangents toa circle / Жуз 
with centre O. If Z OPA=30°, then " 


Z АОВ is... 
ІС B.S.E., 1986 (Delhi)] 
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j) In the figure, if РТ is a tangent to а 
S circle whose centre is O, then length 5 
of РТ is.........cm. 


13 ст 
ICES E 1983 (Delhi)] 


(Section B) 


Prove that there is one and only one tangent at any point on the circle. 


[C.B.S.E., 1986 (А.Т.)] 
PQ and PR are equal chords of a circle. Prove that tangent at P to the circle is 


parallel to chord QR. [C.B.S.E., 1986 (А.Л 


The incircle of a triangle ABC touches the sides BC, СА and AB at’ P, QandR 
respectively. 


Show that AR-FBP--CQ— AQ--CP-- BR —3 (perimeter of A ABC) 


[C.B.S.E., 1986 (Delhi); 1978 (Delhi)] 
A circle is touching side BC оға ^ ABC at P and is touching АВ and AC produced at 
Q and R respectively. Prove that AR is half the perimeter of AABC. 


[C.B.S.E., 1987 (Delhi); 1986 (A.I.)] 


A 


In the figure, DA is a tangent and DCB 
isa secant toa circle. If the bisector 


of / CAB intersects BC at E, show that 
DA=DE. 


[C.B.S.E., 1978 (Delhi) ; 1986 (4.12) с b 


(Section C) 
In a right triangle ABC, a circle with a side AB as diameter is draw: 
hypotenuse AC in P. Prove that the tangent to the circle at P bisec 
Hint: Join BP. 
The points of contact of a common tangent to two circles w. 


А and B. If AC, BD meet in M and AD, BC meet in L, 
are concyclic. 


n to intersect the 
ts the side BC, 


hich intersect at C and D are 
Prove that C, L, D and М 
[C.B.S.E., 1986 (Delhi) 


OO 
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GEOMETRICAL CONSTRUCTIONS 


We have already studied about some geometrical constructions in Class ІХ. We shall 
now learn some more geometrical constructions involving circles. 


9:1. CONSTRUCTION OF CIRCUMSCRIBED AND INSCRIBED CIRCLES OF 
TRIANGLES 


CONSTRUCTION 24 


To circumscribe a circle about a given triangle. 
Construct a triangle with sides 35 mm, 32 mm and 40 mm. Draw the circumcircle 


of the triangle. 


Given 
Required 


Const. 


Proof 


: Sides of a triangle are 35 mm, 32 mm and 40 mm. 


(i) To construct the triangle. 
(ii) To draw the circumcircle of the triangle. 


: (i) (1) Construct AABC with the given sides. 


(ii) (1) Draw DE, the right-bisector of CA. 
(2) Draw FG, the right-bisector of BC. 
(3) Let these right-bisectors intersect each other at Ө. 
(4) With О as centre and OA as radius draw a circle, 
The circle passes through A, B and C and is the required circle. 


: Since О is on DE, the right-bisector of AC, 


ОА-ОС 5 
Since O is on FG, the right-bisector of BC, 
ОВ-ОС EEA) 


From (1) and (2), we have OA=OB=OC 

i.e., О is equidistant from A, B and C. 

Hence а circle with centre O and radius equal to OA will pass through А,В 
апа С. 


(141) 
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The circle which passes through all the vertices ofa triangle is called its 
circum-circle. 


The radius of the circum-circle is called circum-radius and its centre is called 
circum-centre. 


Note: Тһе circum-centre of a triangle lies inside the triangle, on the mid-point of a 
hypotenuse, or outside the triangle, according as the triangle is an acute-angled, a right-angled 
or an obtuse-angled triangle. 


CONSTRUCTION 25 


То inscribe a circle іп a given triangle. 


Construct a AABC such that BC—5 cm, CA—4'6 cm, and АВ—3:8 cm. 


Inscribe a 
circle in the triangle. 


Given : A ABC in which BC—5 ст, CA—4'6 cm, and АВ--38 ст. 
Required : (i) To construct the AABC. 
(ii) To draw its in-circle. 
Const. : (i) (1) Construct the AABC with given sides. 
(ii) (1) Draw BM, the bisector of / B. 
(2) Draw CN, the bisector of / C. 
(3) Let these bisectors intersect each other at O. 
(4) From O, draw OD LBC. 
(5) With centre O and radius OD, draw a circle. 
The circle touches the sides of the AABC and is the required circle. 


The circle which is dra 


7 wn inside the triangle so as to touch each of the sides 
is called its In-circle. 


The radius of the in-circle is called the In-radius and its centre is called the In-centre, 


EXERCISE 9 (a) 
(Section A) 
1. Perpendicular bisectors of the sides AB and AC of a triangle ABC meet in О. 
(7) What do you call the point О? 
(ii) What is the relation between the distances OA, OB and ОС? 
(iii) Does the perpendicular bisector of BC Гаѕѕ through О? 


(іу) What do you call the point where the perpendi 


cul 
B and C of the triangle ABC to their obser d ars drawn from the verticcs A, 


des meet ? 


10. 


11. 


12. 
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The bisectors of angles A and В of a scalene triangle АВС meet at O. 
(i) What is the point O called ? 
(ii) OR and OQ are drawn perpendicular to AB and CA respectively. 
What is the relation between OR and OQ? 
(iii) What is the relation between 7 ACO and Z BCO ? 


Using ruler and compasses only inscribe a circle in the given triangle and measure its 
radius, 
(Section B) 


Construct a triangle with sides 26 mm, 28 mm and 30 mm. Circumscribe a circle about 
it and measure its radius. 


CU cols passing through the vertices of an equilateral triangle whose side is 
72 ст. 


Construct а triangle АВС with BC—3 cm, ZA=75°, / B—60*. Draw its circum- 
circle and measure its radius. 


Draw a square with side 3:2 cm. Inscribe a circle in it. 


Draw a triangle whose sides аге 28 mm, 26 mm, and 30mm. Inscribe a circle in it 
and measure its radius. 


Construct a right-angled triangle having hypotenuse—2'6 cm, and a side=2°4 cm. 
Draw its in-circle and measure the in-radius. 


Draw an equilateral triangle on a side of 4 cm and draw the inscribed and circumscribed 
circles, Find by measurement the radii of the two circles. 


(Section C) 


Drawatriangle whose sides are 31 mm, 42 mm and 53 mm. Draw its in-circle and 
circum-circle and measure the distance between the centres. 


Using ruler and compasses only : 
(a) Construct a triangle ABC with the following data : 
Base AB=7 cm, ВС=6'5 cm and / CAB=60°. 


(b) In thesame figure, draw a circle which passes through the points A, B and C and 
mark its centre О, 


(c) Draw a perpendicular from O to AB which meets AB in D. 
(d) Prove that AD=BD. 


92. CONSTRUCTIONS OF TANGENTS 


For the construction of tangents, the following properties which have been proved 


earlier, must be remembered. 


1. Only one tangent can be drawn at a point on a circle. 
2. A tangent is perpendicular to the radius through the point of contact. 


3. Only two tangents can be drawn to a circle from а point outside the circle. They 
will be equal. 
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CONSTRUCTION 26 


То draw a tangent to a given circle at a point on it. 


T 


Given : A circle with centre O. 
A point P on it. 
Required : To draw a tangent to the circle at Р. 
Const. : (1) Join OP and produce it to Q. 
(2) At P, draw TPT’ LOQ. 
Then TPT’ is the required tangent line. 


CONSTRUCTION 27 


To draw tangents to a given circle from a point outside the circle. 


Given : A circle with centre О. 

A point P outside the circle. 
Required : To draw tangents to the circle from P. 
Const. : (1) Join OP. 


(2) Bisect OP at M. 


(3) With M as centre and MO as radius draw a circle cutting the given circle 
at A and B. 


(4) Join PA and PB. 
Then PA and PB are the two required tangents. 
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CONSTRUCTION 28 


To draw targents to a circle inclined at а given angle 


ест Draw a circle of radius 15 it i 
mM. mm. Draw two tangents to it inclined at an angle of 60° to 


Steps of Construction : 


(1) 
(2) 
(3) 
(4) 
(5) 


radii making an angle equa 


Draw any diameter BOC. 

Draw a radius OA making / AOC=60° (=the given Z). 
At B, draw BM 1 radius OB. 

At A, draw AN 1 radius OA. 

Let these perpendiculars intersect each other at P. 

Then PA and PB are the required tangents. 


draw tangents to а given circle inclined at a given angle draw two 


Note : In order to 
lto the supplement of the given angle at the centre, Then draw 


tangents ( Ls) at the ends of these radii. 


EXERCISE 9 (b) 
Draw a circle with the radius 1:9 cm and also draw а tangentto itata point P on its 


circumference. 

Draw a tangent to a circle of 4 cm a 
Using ruler and compasses only construc 
р. Measure the length of any one of them. 

Draw a circle of radius 18 mm. Take а point P, 27 mm away from the centre. Draw 
tangents to the circle from this point. Calculate the length of the tangents. 

Draw a circle of radius 2:4 ст. Draw two tangents to the circle such that the angle 
between them is equal to (а) 30°, (b) 45°. 5 
From a point P on the circumference of a circle of radius 3 cm, draw a chord whose 
distance is 2 cm from the centre. 
Draw a circle of radius 4 cm. 
CD=7cm. Using ruler and compasses only, construc 


circle. Measure the length of one of them. 

Draw a circle of radius 3cm. Take a point P, 5cm away from its centre. From P 

draw tangents to the circle and measure the length of the tangent. 
[C.B.S.E., 1986 (Delhi)] 


s diameter from a point P outside the circle. 
t the tangents to the given circle from the point 


Mark its centre as C and mark a point D such that 
t the two tangents from D to the 


93. CONSTRUCTION OF COMMON TANGENTS 


direct common tangents to the two С 


CONSTRUCTION 29 


To draw direct common tangents to two given circles. 
Given two circles of radii 21 cm and 1 cm with their centres 5 ст apart. Draw 
ircles and measure the length of the tangents. 
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Given : Two circles I and II with centres A and B, and wi 
Distance between the centres (AB)=5 ст. 


Required : To draw the direct common tangents to the circles. 
Const, : (1) Bisect AB at С. 


th radii 2:1 cm and 1 cm, 


(2) With C as centre and radius AC, draw a circle (III). 


(3) With centre A and radius—-(21—1) cm or I'l cm (=the difference of 
" edi 3 pua circles), draw another circle (IV) cutting the circle (Ш) at 
and E. 


(4) Join AD and produce it to meet the circle (I) at M. 
(5) Join AE and produce it to meet the circle (1) at P. 


(6) With centres M and P and radius BD or BE, draw arcs cutting the 
circle (II) at N and Q respectively. 


(7) Join MN and PQ. 


Then MN and PQ are the required tangents. 
Measurement : MN—4'9 cm nearly and PQ—4:9 ст nearly. 
Note: Instep (6)the usual practice isto draw BN || AM and ВО | AP in the same 


sense. But in drawing parallels, accuracy is reduced. Hence, it is preferred to draw arcs as 
above. 


CONSTRUCTION 30 
To draw transverse common tangents to two given circles. 


Given two circles of radii 1:6 ст and 1 cm with their centres 4:9 


cm apart, Draw 
transverse common tangents to the circles and measure the length of the t. 


angents, 
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Сіуеп : Two circles with the centres А and B and radii 1:6 cm and 1 cm respectively. 
Distance between the centres (AB) —4'9 cm. 

Required : To draw the transverse common tangents to the circles. 

Const. : (1) Bisect AB at C. 


Q) With C as centre and radius AC, draw a circle (Їп). 

(3) WithA as centre and radius—(1'64-1) cm ог 276 cm (=the sum of the 
radii of given circles) draw another circle (IV) cutting the circle (III) at D 

(4) Join AD cutting the circle (I) at M. 4 

(5) Join AE cutting the circle (I) at P. 4 

(6) With centres М апа Р and radius BD or BE, draw arcs cutting the circle 
(П) on the other side at О and N respectively. 

(7) Join MQ and PN. 
Then MQ and PN are the required tangents. 


Measurements : MQ—4'1 cm nearly, PN=4 1 cm nearly. 


EXERCISE 9 (c) 


Draw two circles with radii 2 cm and 3 cm with their centres 7 cm apart. 

(а) Draw a direct common tangent and a transverse common tangent. 

(b) Calculate the length of the direct common tangent. 

Find the length of the direct common tangent to two circles of radii 3 cm and 5 cm 
with their centres 10 cm apart. 3 
Draw two circles of radii 1:6 cm and 3 cm respectively, and with centres 576 cm apart. 
Draw the direct common tangents. Measure their lengths. Ж” 
Draw two circles of radii 3:6 cm апа 174 cm, their centres being 5:4 ст -apart, Draw 


no common tangents to these circles, Measure the length of these 
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5. Construct two equal circles with radius 1:8 cm each and centres 4:4 cm apart. Draw 
direct common tangents to them and write down their length. 


6. Draw two circles of radii 47 cm and 31 cm with their centres T8 cm apart. Draw 
` all the common tangents to the two Circles and measure the length of a direct common 
tangent. 


7. Draw two circles with radii 2:5 cm and 3 cm having their centres 6 cm apart. Drawa 
` direct common tangent and a transverse common tangent to the circles. Measure the 
length of the direct common tangent. 


94. CONSTRUCTION OF TRIANGLES HAVING GIVEN VERTICAL ANGLE 
CONSTRUCTION 31 


To construct a triangle whose base, vertical angle and altitude through the 
vertex are given, : 

Construct a A ABC, having given base BC—4'8 cm, the vertical angle A—60? and the 
altitude through the vertex —3 em. 


Steps of Construction : 


(1) Draw a line segment BC equal to 4'8 cm. 
(2) Make /РВС=60°. 
(3) Draw line HK, the right bisector of BC, intersecting BC in М. 
(4) Draw BD 1 BP. 
(5) Let BD and HK intersect at а point О. 
(6) With O as centre and OB а5 radius, draw a circle. 
[Observe that the segment BAA'C contains an angle of 60°] 
(7) On the line HK mark Segment ME—3 cm (length of the altitude). : 
(8) Through E, draw line RS 1 line HK so that RS || BC, 
(9) Let line RS intersect the circle at A and A’, 
(10) Join AB, AC and АЗ, АС. 
Then A ABC or A A'BC is the required triangle. 
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CONSTRUCTION 32 


To construct a triangle whose base, vertical angle and median through the 
vertex are given. 


Construct a triangle, having given the base=4°5 cm, verti =120° 
median through the vertex—1'5 cm. А ical angle=120° and the 


Steps of Construction : 


(1) 
(2 
(3) 
(4) 
(5) 
(6) 
(7) 


= 


(8) 


Draw a line segment ВС equal to 4:5 cm. 

Make 7 PBC=120°. 

Draw line HK, the right-bisector of BC, intersecting BC in M. 
Draw BDL BP. 

Let BD and HK intersect at a point O. 

With O as centre and OB as radius draw a circle. 


With M, the mid-point of ВС, as centre and radius equal to 1:5 cm draw arcs 
intersecting the circle at A and A’. 


Join AB, AC and A'B, A'C. 
Then AABC or AA'BC is the required triangle. 


CONSTRUCTION 33 


To construct a cyclic quadrilateral with one vertex angle as a right angle. 


Z $8290 


Construct a cyclic quadrilateral PORS in which РЕ--5 cm, PQ—233 cm, PS=3 cm and 


15) 


5 


x 


Steps of Construction : 


cal figures similar to given figures, 


(1) Draw a line segment PR equal to 5 cñ. 
(2) On PR as diameter draw a circle. 


(3) With P as centre and radius equal to 2'3 cm, draw an arc intersecting the circle 
at Q. 


(4) Join PQ and QR. 


(5) With P as centre and radius equal to 3 cm, draw an arc opposite to О inte- 
rsecting the circle?at S. 


(6) Join PS and SR. 
Then PQRS is the required quadrilateral. 


EXERCISE 9 (d) 


Construct a AABC, having given base BC—4'5 cm, the vertical angle A=60° and one 
of the sides 3:3 ст. 


y à cyclic quadrilateral ABCD in which AC—5 cm, AB=2 cm, CD—3 cm and 
Z В--90%, 


Construct a triangle ABC in which BC=5 em, ZA=50° and altitude through 
=4 cm. 


доно а triangle АВС in which BC=6 cm, / А=70°, and median through 
=4 cm. 


Construct a AABC, having given base BC—4 cm, / A=60°, and altitude through the 
vertex —2'8 cm. 


Construct a triangle having base—3'5 ст, vertical angle 40° and median through the 
vertex 2°5 cm. 


Construct a cyclic quadrilateral ABCD in which AC=6 ст, ZABC=55°, АВ--23 em 
and AD=3 cm. 


Construct a cyclic quadrilateral ABCD with the following data : 
diagonal AC=4 cm, ZABC=135°, AB=CD=3 cm, 
9:5. CONSTRUCTION OF SIMILAR FIGURE 


We have learnt about similarity of two figures. We shall now construct some geometri- 
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CONSTRUCTION 34 
В То construct а triangle similar to а given triangle as per the given scale 
factor. 


Construct a triangle similar to a given triangle ABC with its sid 4 
corresponding sides of AABC. шасы; 


Steps of Construction : 
(1) Divide the base BC of the AABC into five equal parts. 
(2) Let C' be a point on BC such that ВС'=% BC. 
(3) Through C’, draw a ray parallel to CA intersecting BA at A’. 
Then A A'BC' is the required triangle. 


Proof. Line segments A'C' and АС are parallel to each other. 
ЛА'ВС' and ДАВС are equiangular. 
AB BC CASES 
AB ^ BG СА we 
ie, AA'BC is similar to AABC. 
CONSTRUCTION 35 


То construct a quadrilateral similar to a given quadrilateralas per the given 
scale factor. 

Construct a quadrilateral similar to а given quadrilateral ABCD with its sides &th of 
the corresponding sides of ABCD. 


192 


Steps of Construction : 
(1) Join AC. 
(2) Divide line Segment AC into six equal parts. 


(3) Let C' be the point on AC such that AC= AC. 


(4) Through C', draw a ray parallel to CD intersecting AD in р’. 
(5) Through C', draw a Tay parallel to CB intersecting AB іп В’. Then, AB'C'D'. is 
the required quadrilateral. 
CONSTRUCTION 36 


To draw a polygon similar to a given polygon on a side of given length. 
Construct a pentagon similar to gi 


ven pentagon ABCDE with side corresponding to AB 
and equal to PQ. 


153 
Steps of Construction : 
(1) Join AC and AD. 
(2) Mark a point B’ on AB such that AB’=PQ. 
(3) Through B’, draw a ray parallel to BC intersecting AC in C’. 
(4) Through С”, draw a ray parallel to CD intersecting AD in Р”. 
(5) Through D', draw a ray parallel to DE intersecting AE in Е’. 
Then AB'C'D'E'is the required pentagon. 
EXERCISE 9 (e) 


1. Construct a triangle similar to a given A ABC with its sides equal to #th of the cor- 
responding sides of AABC. 


2. A triangle ABC is such that AB—4 cm, BC—5 cm and AC—6 cm. Construct a triangle 
similar to the given A ABC such that each of its side is ard of the corresponding side 
of the given triangle. 


3. Construct a quadrilateral similar to a given quadrilateral ABCD with its sides fth of 
the corresponding sides of quad. ABCD. 


4. Draw a quadrilateral ABCD such that AB—4'5 cm, BC—4'8cm, CD=4 cm, 
DA=4'3 cm and / А--75%, Draw another quadrilateral similar to the given quadri- 
lateral on a line segment of 3 cm, corresponding to side AB. 


5. Construct any pentagon ABCDE. On a line segment РО, 3" cm long, construct another 
pentagon PQRST similar to the pentagon ABCDE. 


10. 


REVIEW EXERCISE УШ 
(Section A) 


For each of the following statements write ‘True’ or ‘False’ as appropriate i 
(а) А direct common tangent can always be drawn to any two given circles. 


(b) The centre of the circumcircle of a right-angled triangle is the mid-point of its 
hypotenuse. 


(c) Тһе centre of incircle of a given triangle is always in the interior of the circle. 


(d) A figure similar to any rectilinear figure can be drawn by dividing the latter into 
triangles and then constructing similar triangles to these. 


(Section B) 


Construct a circle with centre O and radius as 2:5 cm. Drawa tangent atany point 
on the circle. 


Use ruler and compasses to draw two 


tangents toa circle of radius 2:5 cm from a 
point P at a distance of б cm from its centre. Write also the steps of construction. 


(С.В:8.Е., 1987 (A.1.)] 


Construct a circle of radius 3 cm. Draw two tangents to this circle such that the angle 


between the tangents is 60°. 


Using ruler and com 


passes, draw a tangent ata point P ofa circle of radius 4 cm 
without using the cent 


re. Also write the steps of construction. [C.B.S.E., 1988 (Delhi)] 


Using ruler and compasses, draw a  AABC in which BC—7 cm, СА=5 ст апа 
АВ= 6 ст and construct its circumcircle. Also write the steps of construction. 


[C.B.S.E., 1987 (Delhi)] 
(Section C) 


The centres of two circles of radii 2 and 3 cm respectively are 7 cm apart. Draw the 
pair of direct tangent linesto the two circlcs. 


Use ruler and compass only and write 
also the steps of construction. [C.B S.E., 1988 (А.Г. 
Construct a AABC with the vertical angle C=60°, base AB—54 cm and altitude 
through С--38 cm. 


Construct a AABC having given that BC—5 cm, Z A—60? and the median bisecting 
the base equal to 3'7 ст. Use the ruler and compass only. 


Onstruct a quadrilateral ABCD in which АВ--45 сп, BC=5'7 cm, CD=6 cm, 


С 
DA-—T2 cm and BD==8 ст. Ona line Segment 5 cm long, construct another quadri- 
lateral similar to the given quadrilateral. 
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ІО 
STATISTICS 


101. MEAN 

A graph of data helps us to draw some conclusions about the data. The study of 
diagrams and graphs however depends much upon judgement and skill of drawing inferences. 
Sometimes it is helpful to inspect the data more closely for other worthwhile information 
e.g., representative number. One valuable bit of information is provided by the central 
tendency of the data. 

All of us are well aware of ‘average’ which gives us the characteristic of a group and 
helps us in locating the central value. We speak of average rainfall, average temperature, batt- 
ing average, etc., in daily life. 

102. MEAN OF UNGROUPED DATA 

Mean of ungrouped data is obtained by adding all the observations and dividing the sum 

by the total number of observations. 


Xi 
хурхо ха хп ісі, 
п TA 
where X (sigma) is used to denote the sum, 
xi is a single score, and n is the number of scores. 


Mean is usually represented by M or х. 


Mean= 


Thus x= 


Example 1. Find the mean weight of 8 men, having their weights in kilograms as 
under : 
65, 75, 70, 63, 62, 73, 64, 68. 


Solution. Here n—8 
n 


Ex 
Mean= ih 
n 
Ж 65+75+70+63+62+73+64+68 
х = 8 
32. =67'5 kg 


This single representative number 67:5 kg. is called the ‘Average’ or “Arithmetic 


Mean’ or simply ‘Mean’. 
This single number is capable of giving us the idea as to the weight of students in that 
class. So this is also called the central tendency of the group. 


(155) 
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it should be noted that the unit of measurement in which the variable has been measured 
should be mentioned along with the value of the mean. 


EXERCISE 10 (a) 
(Section A) 
1. Тһе monthly income of six persons іп а family is given below in rupees : 
460, 1200, 1420, 240, 1060, 300. 
Find the average monthly income in rupees. 


2. The maximum temperature during seven days of the fourth week of May in New Delhi, 
were ав: 


30°C, 29°C, 31°C, 36°C, 37°C, 39°C, 41°С. 
Calculate the mean maximum temperature for that week. 
з. Find the mean weight of 8 men, having their weights in kilograms as under : 
70, 64, 67, 75, 72, 66, 65, 77. 
4. Heights of ten persons in centimetres are given below : 
163, 156, 168, 158, 160, 164, 178, 167, 161, 170. 
Find their mean height. 


5. The arithmetic mean of 3, 7, 5, x, 8, —3 is 4. 
Find x. 


6. Тһе mean of the numbers 6, у, 7, x, 14 is 8. Express у in terms of x. 
(Section B) 


7. Тһе mean of 5 numbers is 27. If one number is excluded, their mean is 25. Find the 
excluded number. [C.B.S.E., 1984 (Delhi)] 


8. Тһе mean height of 20 students is 155 cm. It is discovered later on that while calculat- 
ing the mean, the reading 149 cm was wrongly read as 189 cm. Find the correct mean. 


[C.B.S.E., 1987 (А.1.)] 


9. Duration of sun-shine (in hours) in Delhi for first ten days of August, 1984 as reported 
by Meteorological Department are given below : 


53947, 631,077, 5:4/:5*0; 11775116, 1055372; 
(a) Calculate x. 


10 
(b) Check that 2 (,—2)—0. ІС.В.8.Е., 1987 (A.1)] 


103, MEAN OF DISCRETE SERIES 


Let us now learn how to find the mean of grouped data—discrete series, 


Tf хі, Xo, Xa», Ха ате the values of variables and fi, fo, fs, 


i а ашы ss Ат ыс ЕЗ, i аА а б, T i ‚ fn ате the correspond- 
ing frequencies, then fn pond. 


Лх faxo faxa Јах 
M з 
em fife fat fn 


n 
Z fix, 


"EN 
Thus p= 


Z fi 


i-i 


The following example will illustrate the method of calculation of the mean. 


157 


Example 2. Daily wages of 39 workers in a factory are given below : 


Daily wages (in rupecs) 


Number of workers 


7 4 
8 7 
10 11 
1 8 
14 6 
15 3 
Find their average daily wages. 
Solution : 
Daily wages Number of 
(іп rupees) "s fon 
7 4 28 
8 7 56 
10 11 110 
11 8 88 
14 6 84 
15 3 45 
Total 39 41 
Неге Х/гаі--411, Ун =39 
5 
ix 
HT au 
XC а ЗОЯ 
Zfi 
i=1 
=10'54 


average daily wages=Rs. 10°54. 


Remember the following steps for c 


computation of mean : 


(1) Multiply each value of the item (xi) by its frequency ( fi) and write the product іп the 


third column. 
(2 
(3) Find the sum of the frequencies. 


= 


Find the sum of these products ( fixi). 


(4) Divide the sum of the products (Ef 08) by the sum of the frequencies Efi). 
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5. 


EXERCISE 10 (b) 
(Section A) 
Compute the arithmetic mean of the following frequency table : 


(Section B) 
Compute the mean 
Yearly Examination. 


The distribution of marks is given below : 
Marks 
52 
58 
60 
65 
68 
70 
7$ 


Number of students 


о ی ین دا‎ & tQ м 


Marks Number of students 
1 2 
2 7 
3 17 
4 9 
5 3 
Following are marks (out of five) of 40 students : 
Marks 0 1 2 3 4 
Number of students 6 3 10 10 8 
Daily wages of 39 workers in a factory are given below : 
Daily wages 
(in rupees) (7 8 10 11 14 15 
Number of 
workers 4 7 11 8 6 3 
Find their average daily wages. 
. Find the mean age from the following data : 
Age in years Number of students 
12 15 
13 14 
15 11 
16 9 
17 6 
18 3 


for marks obtained by 30 students in Mathematics in the Half- 


6. 


The heights іп contimetres of 60 students are given below : 


Height 156 | 157 | 158 | 159 | 160 | 161 | 162 | 163 
Number of 
students 4 9 10 14 18 7 5 3 


Find their average height to the nearest cm. 


7. Тһе following table gives the basic salaries of persons employed in a factory : 


10.3. 


Salary in Rupees Number of persons 


110 5 
130 7 
150 10 
170 15 
190 13 
210 16 
230 14 


Calculate the mean basic salary. 


MEAN OF CONTINUOUS SERIES 


For a continuous series, mean is calculated with the formula given below : 


where x; is the mid-value of a class-interval and J; is the frequency of that class, 
Remember the following steps for calculation of mean : 

(1) Find the mid value of each class-interval and write it in the third column. 

(2) Multiply each mid-value by the corresponding frequency. 

(3) Write these products in the fourth column and find their sum. 

(4) Divide this sum by the total of all the frequencies. 


Example3. Find the arithmetic mean for the following distribution : 


Weekly wages (in rupees) Number of workers 
12:50—17:50 2. 
17:50—22 50 22 
22:50--27:50 19 
27:50--32:50 14 


3250—3750 3 
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Solution : 

Weekly wages in rupees Number of workers fi Xi fixi 
12:50--17:50 2 15 30 
17:50--22:50 22 20 440 
22:50--27:50 19 25 475 
27:50--32:50 14 30 420 
32°50—37°50 3 35 105 

Total 60 ай 1470 
—€————— lL 

Неге Zfixi—-1470 ; Zf,—60 

n 

Хх 

Ж-- zi i — 1470 

4 n 60 

= 

at --24:50 


Hence average weekly wages— Rs. 24:50. 


EXERCISE 10 (c) 
(Section A) 
1. Calculate the mean for the following table : 
Age in years 
0—10 
10—20 
20—30 
30—40 
40—50 


Number of persons 


2. Find the arithmetic mean from the frequency distribution given below : 


Weekly wages (in rupees) 
0—10 
10—20 
20—30 
30—40 
40—50 
50--60 


Number of workers 
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3. Тһе frequency-distribution of ages of some persons іп an office is given below : 


Age in years Number of persons 
5—15 4 
15—25 7 
25—35 11 
35—45 9 
45—55 5 
55—65 3 


Find the mean of their ages, 


(Section B) 


4. Calculate the Arithmetic mean, correct to one decimal place, for the following frequency 
distribution of marks obtained in an Arithmetic Test : 


Marks | 0-10 10--20 20--30 | 30-40 | 40—50 
Number 2 5 20 8 | 7 
of student 
5. Find the mean for the following distribution : 
Class-interval 0-8 | 8-16 | 16—24 | 24—32 | 32—40 | 40—48 
Frequency 8 7 16 | 24 | 15 | 7 
6. Тһе ages of workers іп a company are as follows : 
Age (in years) Number of workers 
18—24 6 
24—30 8 
30—36 12 
36—42 8 
42—48 ' 4 
48—54 2 
Calculate the average age of the group. 1 [C.B S.E., 1986 (A.1.)] 
7. Inastudy on certain disease, the following data were obtained : ) 
Age at first detection (in years) Number of patients _ -= 
` 4-8 СЕР 
8—12 12 
12—16 15 
16—20 25 
20—24 18 
24—28 12 
28—32 3 
32—36 1 
Find the average аре at first detection. [C.B.S.E., 1984 (4. 1) 
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104. SHORT-CUT METHOD FOR COMPUTING MEAN 


hen the frequencies and the values of the variable are quite large, a shorter method is 
used to N labour E time. We take an arbitrary mean. Then we find the deviations of the 
x-values from the arbitrary mean. The mean is calculated with the help of formulae Biven 
below : 


For ungrouped data : 
n 
= di 
е? i=1 
=A 
n 
where A=the assumed mean, 


di— xi— A— deviation of the item from А 
and n=number of items. 


For discrete series : 


where A=the assumed mean, 
di—xi— À —deviation of the item from A 


fi frequency of the item 


For continuous series : 


where A —the assumed mean, 


di—x,— A —deviation of the mid-value from A 
and fi—frequency of that class. 


Example 4. Heights of 10 children in cm in a Nursery class 
58, 65, 63,64. Find the mean height. y Class are 56, 67, 61, 68, 65, 60, 


Solution : Let the assumed mean (A) be 60. 


Heights in ст Deviation 
xi di-—xi—A 
а 

56 —4 
67 7 
61 1 
68 8 
65 5 
60 0 
58 =A 
65 5 
63 3 
64 4 | 

То{а1 27 

Неге A=60 Х4;=27 п=10 
п 
а 27 


Mean height—62'7 cm 
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Example 5. Find the Arithmetic Mean for the following distribution, giving the ages 


of 100 students of class IX in a public school in New Delhl. 
Age in years 


11 


12 


Number of students 


8 
27 
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Solution : Let the assumed mean (А) be 13. 


Age in years Nuniber of | Deviations fidi 
students di—xi—A 
Xi f 
11 8 --2 —16 
12 21 =l --27 
13 33 0 0 
14 20 1 20 
15 12 2 24 
Total 100 - 1 
Неге A=13, — Xfid—l, = fi=100 
n 
ОИЕ 
х=А+ n E 100 
Ef 
i=l 
=13+0'1 =13'01 


Mean age—13'01 years 


и Example 6. Calculate the mean for 
incomes of 188 workers in a factory. 


the following distribution, giving the monthly 


Income in rupees Number of workers 


Income inrupces Number of workers 
120—130 5 
130—140 11 
140—150 21 
150—160 26 
160—170 | 34 


170—180 36 
180—190 28 
190—200 16 
200—210 7 


210—220 4 


Solution : Let the assumed mean (А) be 175. 


Income in Number of Mid-value Deviation fidi 
rupees workers xi di—xi—4A 
fi 
120—130 5 125 —50 —250 
130—140 11 135 —40 —440 
140—150 21 145 —30 —630 
150—160 26 155 -20 —520 
160—170 34 165 —10 —340 
170—120 36 175 0 0 
180—190 28 185 10 280 
190—200 16 195 20 320 
200—210 7 205 30 210 
210—220 4 215 40 160 
Total 188 2 | em a 
Here A=175, Xfid,2—1210, 2Zf;—188 
Sfidi 
xA Lars = 
ы 


ї=1 


=175—6`44=168`56 


Average monthly income=Rs 168:56. 
EXERCISE 10 (d) 
(Section A) 


Find the mean of the following set of numbers 73, 71, 69, 67, 65, 63, 61, 59. 
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Following are the weights (in kg) of ten newly born babies in a hospital on a particular 


дау: 
34, 36, 4:2, 45, 3:9, 41, 3:8, 45, 44, 36. 


Heights of 10 children in cm in a Nursery class are 56, 67, 61, 68, 65, 60, 58, 65, 63, 64, 


Find the mean height. 


Calculate the arithmetic mean of the 15 numbers given as 19, 24, 23, 22, 24, 23, 21, 22, 


20, 23; 21, 20, 22/23: 
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(Section В) 
5. Find the arithmetic méan of the following data : 


Milk in litres Number of cows 
2 25 
3 15 
4 10 
5 5 
6 5 


6. Find the arithmetic mean fo 


т the following distribution, giving the ages of 100 students 
of class IX in a school : 


Age in years 11 12 13 14 15 
Number of 8 27 33 20 12 
students 


7. In an Intelligence Test conducted in a school, the marks out of 50 were as under : 


Marks 19 20 30 35 40 
Number of 
students 5 2 18 3 3 
Find the mean score. 
8. Find the mean age from the following data : 
Age in years 12 13 14 15 16 17 18 
Number of 
students 10 15 16 14 8 5 2 
(Section C) 
9. 
Marks 0—20 20--40 40—60 60—80 80—100 
Number of 
students 6 12 22 1 3 


For the distribution given above calculate the mean marks, 
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10. The data below gives the weekly earnings of 100 workers in a Flour Hill : 


Weekly earnings (in rupees) Number of workers 
0-50 8 
50--100 15 
100--150 32 
150—200 26 
200—250 12 
250—300 7i 


[C.B.S.E., 1982 (Delhi) 
11. Calculate the mean for the following distribution : 


0—5 5 20--25 25 
5—10 8 25—30 15 
10—15 15 30—35 8 
15—20 21 35—40 6 
[C.B.S.E., 1984 (Delhi)] 
12, Calculate mean for the following table : 
Income-tax in Number of Income-tax in Number of 
rupees persons paying rupees persons paying 
20—30 7 60--70 21 
30—40 9 70—80 8 
40—50 14 80—90 5 
50--60 17 90--100 3 


13. Тһе heights of 100 school children іп the same age group observed and classified as 


below : 

Height in cm Frequency Height in cm Frequency 
135—140 2 155—160 23 
140—145 4 160—165 14 
145—150 19 165—170 6 
150—155 31 170—175 1 


Find their average height. 


14. Find the arithmetic mean for the following distribution giving wages af 80 workers : 
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Wages іп Number of Wages in Number of 
rupees persons rupees persons 
70—80 3 110—120 20 
80—90 5 120—130 16 
90—100 10 130—140 7 
100—110 15 140—150 4 


15. Find the arithmetic mean from the following table : 


Weekly wages in Rs 


Below 10 
Below 20 
Below 30 
Below 40 
Below 50 
Below 60 


16. Find the mean of the following : 


Marks 


More than 60 
More than 55 
More than 50 
More than 45 
More than 40 
More than 35 
More than 30 
More than 25 
More than 20 


105 MERITS AND DEMERITS OF MEAN 


Merits : 


(1) It is uniquely defined i.e, 


(2) It is based on all observations. 
(3) It is easy to compute. 
(4) It is easily understood. 


Demerits j 


Number of workers 


1 
9 
19 
24 
28 
30 


Number of Students 


(1) It is very much affected by the extreme values, 
(2) It cannot be computed if one of 


(3) It cannot be computed uniquel 
(4) И does not communicate all the 
Consider a series of observations. 


(i) adding 47 to every item, 


it has one and only one value. 


the observations of the data is missing. 


y if the classes at the end are open. 
information contained in the raw data, 
Then study the effect of 
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Gi) subtracting ‘k’ from every item, 
(ii) multiplying every item by "KS 
(iy) dividing every item by qm 
on the arithmetic mean of the series. 
What do you observe ? 


The arithmetic mean of any number of items is increased or decreased by the quantity К 
if each of the items is increased or decreased by the same quantity k. d 

The arithmetic mean of any number of items is multiplied or divided by the quantity k, if 
each of the items is multiplied or divided by the same quantity k. $ 


106. MEDIAN 
If all the values ofa variable are arranged in ascending or descending order of their 
magnitude, then the value of the middle term is called median. 
А Median of а distribution is the value of the variable which divides it into two equal 
parts. 
For Ungrouped Data : 
The median of ungrouped data should be computed in the following steps : 
(i) Arrange the items in ascending or descending order of magnitude. 
(ii) Then value of the middle item is the required median. 
Let n be the number of items. 
n+l 


If n is odd, the value of (ы Je item is taken as the median. 


; п п ы 
If n is even, we find the values of ( 2n and (+ +1 Уа items. The average of these 


two values gives the median. 
Example 7. The heights in centimetres of nine girls are 
70, 59, 67, 61, 63, 64, 61, 72, 71 


Find the median height. 
Solution. The height (in centimetres) arranged in increasing order are 


59, 61, 61, 63, 64, 67, 70. 71, 72 

Here the middle most value is 64 which is the median. 
median height is 64 cm. 

Example 8. Find the median of the following numbers : 

5, 7, 9, 12, 10, 8, 7, 15, 21, 19, 25, 11, 15, 18. 

Solution. Arranging these numbers in ascending order 

5, 7, 7, 8, 9, 10, 11, 12, 15, 15, 18, 19, 21, 25, 

Here n= 14, which is an even number. 


So there are two central items j.e., (%) 14 
Mss 2 thand $» Jo terms or 7th and 8th 


E median = lue of the 7th term-+value of the 8th term 
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EXERCISE 10 (е) 
(Section A) 


1. Ina school examination it is decided that exactl 
measures of central tendency that is used. 


2. А player makes the following scores in 8 matches : 
41, 41, 50, 39, 45, 48, 42, 48. 
Find this median score. 
3. Find the median for the set of numbers : 
2; 2,3,5,:5,.5, 6; 8, 9! 


4. Find the median of the followin, 
out of 10 marks : 


0, 0, 2, 2,3, 3, 3, 4, 5, 5, 5, 5, 6, 6, 7, 8. 
5. The daily earnings of 10 workers in a factory are 
16, 8, 19, 7, 12, 6, 13, 14, 17, 16. 
Find the median earnings. 


y half the pupils will pass. Name the 


g marks obtained by 16 students in a class-test marked 


(Section B) 
6. Find the median of the following observations : 
46, 64, 87, 41, 58, 77, 35, 90, 55, 92, 33; 
If 92 is replaced by 99 and 41 by 43 in the above data, find the new median. 


[C.B.S E., 1987 (A.1.)] 


4 and median is 3. 
б ) each having the same mean and 
median as this set. 

Like arithmetic mean, median t 

(1) It is easy to compute. 

(2) It is easily understood, 

(3) It is rigidly defined. 

(4) Unlike mean, it is not affected by the extreme values. 
107. MORTALITY TABLES 


Vital statistics deal with all the 
individual’s entrance into 


оо has some good properties : 


events of human life which have to do with an 
1 c от departure from life. So, vital statistics are numerical records of 
births, death, marriages, divorce separation,etc. Ina broader sense vital statistics refer to all 
types of population statistics. For growth of populat i 
important. Mortality rates help 


and improved medical facilities. 


Study the following table showing death rate in India during 1941-1986 : 


Period Death rate per 1000 


1941—1950 274 
1951—1960 22'8 
1961—1970 190 
1971--1980 15:0 
1981—1986 1272 


What inferences can you draw from the above table ? 


During 1941-1950, death rate was 274 which means that out of 1000 persons nearly 
28 died due to various factors. After independence death rate came down due to increase of 
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inedical facilities and improvement іп sanitary conditions. During 1971-1980, death rate came 
down to 15 per 1000. Note that death rate is a fluctuating measure. It can increase in a parti- 
cular year due to natural calamity or epidemics. 


108. INDEX NUMBER 


The wages of factory workers are decided from time to time on the basis of the cost 
of living with the help of Index Numbers. Dearness allowance of Government employees is 


increased when consumer price index goes up. Index numbers are special types of weighted 
averages. 


The index number is a widely used statistical device for comparing one group of related 


variables with another group of the same variables, for different periods of time, or places, 
between like categories. It is nothing but a representative number. 


There are three types of index numbers which are commonly computed. They are 
(J) the price index numbers, 


(2) the quantity index numbers, and 
(3) the cost of living index numbers. 


You know that a barometer is used to measure atmosphere pressure or pressure of 


gases. Similarly, index numbers are used to measure the pressure of economic behaviour. 
Therefore, index numbers are called ‘economic barometers’. 


The price index number is a numerical value that summarizes price levels. 
Let us consider the following data : 


Commodities Prices in 1985 Prices in 1988 
Wheat Rs. 2°75 per kg Rs. 3°50 per kg 
Sugar Rs. 5:25 per kg Rs. 6:50 per kg 
Tea Rs. 25 per kg Rs. 32 per kg 
Butter Rs. 48 per kg Rs. 58 per kg 

Rs, 81 Rs. 90 


We see that the total of the current prices for all commodities is Rs, 90 as against 
Rs. 81 in 1985 (base year). 


E E 90 к Р 
Prices іп 1988 as compared with the prices іп 1985 was Г: 100 i.e. 111:1 % 
ісеі і і here is а пей increase of 11% in 
Thus, the price index of 1988 is 111 which means t А 
the prices of дара ыр лын іп the year 1988 as compared to 1985. 


The whole sale price index numbers provide the information on general price levels in 
а country and the purchasing power of money. 


The quantity index number is a measure of changing production or consumption. 


Let us choose a middle-class working family in Delhi and find out monthly expenditure 
On certain items of consumption in 1985 and 1988. 


Let us assume that there was no change in consumption pattern in that family. 


172 


1985 198% 
Commodities Quantity ND a E 
; Әй 


PE ( вызнае \ Price per kg. | Expenditure 


in rupees | Mrypees / 20 rupees 
е / 


Wheat 137°50 3°50 17500 

Sugar 10 kg 5:50 55:00 650 65:00 

Butter 3 kg 48:00 144-00 58:00 174:00 

Теа 1kg 25:00 25:00 32:00 32:00 

Potatoes 30 kg 200 60:00 3:00 90:00 
MÀ 

Total Tz = 421:50 - 536:00 


We see that the middle-class working fam 


ily had to spend Rs, 53600 in 1 inst 
Rs. 421°50 in 1985 to buy the same quantities of t P in 1988 as aga 


he same commodities, 
Thus, the cost in 1988 as compared with cost in 1985 was 2225, X100 i.e. 127:2%. We 
say that cost of living index was 127 in 1988 with 1985 as base year. 
The cost of living index number is a Price index with special reference to а class or 
category of people in a society at different times or in different regions, 
The cost of living index numbers Provide guidelines to the government for deciding 
policies relating prices, wages, rent control, taxation, etc. 


These numbers are used in wage negotiations, 


t kers, etc D.A. adjustments and grant of bonus 
о workers, etc. 


EXERCISE 10 (f) 
(Section A) 
1. Fillin the blanks correctly’: 
(a) In a broader sense vital statistics refer to all types of............ statistics. 
(b) The population rates are calculated per. 


n" persons, 
(c) Index numbers are............ of economic activity, 


(d) Usually an index number measures changes in a variable Over a period об...“ 
2. What do you understand by Index Numbers ? 


(Section B) 
3. му the index number for 1988 taking 1984 as the base year from the data given 
elow : 
Commodities Prices in 1984 per Prices in 1988 per 
quintal in rupees quintal in rupees. 
A 70 100 
B 50 80 
с 100 150 
D 230 270 
E 190 


200 
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4. Construct the cost of living index number for 1987 taking 1984 as base year, using the 


data about the monthly expenditure of a government employees family : 
Prices per kg in 1984 


Items 
Wheat 

Rice 

Gram 
Pulses 

Ghee 

Sugar 
Huose Rent 


Quantity 
20 kg 


6 kg 
5kg 
8 kg 
2kg 
10 kg 


Rs. 2:50 
Rs. 7 
Rs. 1°60 
Rs. 5 
Rs. 25 
Rs. 3 
Rs. 80 


Prices per kg in 1987 


Rs.3 
Rs.6 
Rs. 2:40 
Rs.6 
Rs.22 
Rs.3 
Rs. 100 
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REVIEW EXERCISE ІХ 
(Section A) 


Fill in the blanks to make each of the following a true statement : 


(a) If the arithmetic mean of 6, 8.5, 7, x and 4 is 7, then the value of x is...... 


[C.B.S.E., 1987 (Delhi)] 

(b) The mean of the numbers 994, 996, 998, 1000, 1002 is............ á 

[C.B S.E , 1986 (A.I)] 

(c) If the mean of the marks of five students is 33 and the mean of the marks of four 

of them is 32:5, the marks of the fifth students are............. ІС.В 8.Е., 1986 (Delhi)] 

(4) The arithmetic mean of first ten natural numbers is.-........... [C.B.S.E., 1985 (4.1)] 

(е) The arithmetic mean of the first five positive odd integers Таа, 1985 (4.1)} 

[C.B.S.E., 1981 (Delhi)] 
(g) The weight (in kg) of 5 men are 65, 62, 69, 66, 61. The median is............ 


[C.B.S.E., 1987 (А.1.)] 


Cf) The mean of the first five natural numbers is 


(Section B) 


The mean of the five positive integers 3, 5, 8, 9 and x is 7. 


Find the mean 
out of 10 marks 


Find the value of x. 
of the following marks obtained by 16 students in a class-test marked 
0,0,2,2,3,3,3, 4, 5,5, 5, 5, 6, 6, 7, 8. 

£ht of 15 students is 154 cm. It is discovered 
the reading 175 cm was wrongly read as 145 


The mean hei 
ing the mean 


later on that while calculat- 
height. 


cm. Find the correct mean 
[C.B.S.E., 1987 (Delhi)] 
Duration of sunshi 


s пе (in hours) in Amritsar for the first ten days of August, 1985 
a 


5178-1, 16, 1:7, 54, 5, 11°7, 1156 and 1155. 


10 
Calculate mean (x) and Show that X (xi—x)—0 
i=] 


[C.B.S.E., 1986 (Delhi)] 
The average weight of a set 9f p articles is q grams and the total weight of another set 
of r articles is s kg. Calculate th 


€ average weight of (p+r) articles in kilograms. 
Compute the mean of the following data : 


Height (in cm) Frequency Height (in cm) 


Frequency 
219 2 204 e 
216 4 201 8 
213 6 198 4 
210 10 195 
207 11 


1 
[C.B.S.E., 1986 (Delhi)] 
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(Section С) 
8. Ina study on diabetic patients, the following data are obtained : 
Age at detection (in years) Number of cases 
10—19 1 
20—29 0 
30—39 1 
40—49 10 
50—59 17 
60—69 38 
70-179 9 
80--89 3 


Find the mean age at detection. 
9. Compute the mean of the following frequency table by 
(i) а direct-method and (ii) a short-cut method. 


Class Frequency 

5--10 10 
10--15 6 
15—20 4 
20—25 12 
25—30 8 
30--35 4 
35--40 2 
40—45 1 
45—50 8 

10. Calculate the cost of living index number Гог 1971 on the basis of 1960 from (һе follow- 
ing data : 

Item Year 1960 Year 1971 
Price[cost | Quantity Price/cost 
per unit (Weight) in units per unit 

Cereals 2°50 428 4:89 
Other food articles 1°87 84 395 
Clothing 368 TS 5:24 

Fuel and light T'51 101 13:08 
Rent 3:57 26 8'29 
Education 529 39 7:96 
Recreation 14201 43 18:53 
Miscellaneous 2°83 58 571 
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11. Calculate the mean of the following frequency distribution : 


Income (in rupees) Number of Workers 
200—300 5 
300—400 36 
400--500 24 
500--600 16 
600--700 9 
700--800 6 
800--900 4 


[C.B.S.E., 1981 (Delhi)] 


12. Тһе data below gives the earning of 350 workers іп a cotton mill. 
Find the average monthly earning of the group. 


Monthly earnings (in rupees) Number of Works 
160—180 40 
180—200 54 
200-220 60 
220--240 72 
240--260 45 
260--280 32 
280--300 28 
300--320 15 
320--340 4 


[C.B.S.E., 1985 (4.1.1 


П 


TRIGONOMETRY 


111. REVIEW 
Іп class IX, you learnt about trigonometric ratios defined with the help of a right 
triangle. You will now learn more about concepts and results in trigonometry. 


Let us review them. Y A 
Я perpendicular МР 
um hypotenuse TOP ’ Р 
__ _ base _ ОМ 
ups hypotenuse ОР’ 
perpendicular _ МР 
tan 0= base | OM’ 9 
So 
о Я М x 
|. hypotenuse ОР, ___ hypotenuse ОР 
cosec 0— егрспбїсшаг MP Seo тае =бм. 
otn base 4 _ OM 
= perpendicular МР” 
Angle | 0% 30° 45° 60° 90° 
sin 0 ails To] УЗ 
2 42 2 1 
сов М3. DM 08 
| 2 42 2 0 
1 
д 0 E. 1 43 not defined 
2 42 2 
cosec not defined 2 Wai 1 
2 
деб 1 Уз v2 2 not defined 
І 0 
сої not defined v3 1 7% 


112. TRIGONOMETRIC IDENTITIES . 
ore variables is said to be an identity, if the equation 


An equation іп one or m: 
fo ев involved. 


is satisfied for all values of the variabl 
(177) 


178 


In an identity, left hand side is equal fo right hand side for all replacements of the 
variable(s) for which both sides are defined. 

We shall now establish some basic trigono- 
metric identities and use them to obtain some more YA 
simple identities. r 

Let the revolving line OP, starting from OX 
trace out / XOP=9, in the positive direction. 

From P, draw PM LOX. 

Now we get a right-triangle POM. 

So, by Pythagoras theorem, we have 

MP?-+-OM?=OP2 

(1) Dividing both sides by OP?, we get 

MP? ОМ? ОР? 

ОР? Т OP? “ОР? 
«(ме үү ому, 

ОР ОР 

= (sin 0)?--(соз 0)?:=1 
sin?0+cos?0=1 


We observe that the equation is defined for 0° < 0 < 90°. 
sin 90°=1 and cos 90°=0, this equation is satisfied, 


) Since sin 0°=0, cos 0°=1, 
if we replace 0 by 0° or 90°, 
So, the equation sin? 0+cos? 0=1 is satisfied for 


all values of the variable 0. 
Hence sin? 0--cos? 0—1 is an identity. 
(2) Dividing both sides by OM2, we get 
MP OM? ОР? 


OM? "OM? ^ OM? 
МР y OP V 
к: em) thie ou 
> (tan 0)? +1 --(бес 0)? 
tan? 0 +1 =sec? 0 
(3) Dividing both sides by MPP, we get 
MP? ОМ? Op 
MPF FMP? “MP 
ОМ1 ү? (OP y 
EY i MP ) "(i ) 
1+(cot 0)*—(cosec 0)? 
1--со1? 0--совес? 0, 


i.e., 1--tan? 0— sec? 0 


Thus, we have derived the following three fundamental identities E 
sin? 0--cos? 0—1 
1--tan? 0— sec? 0 
1--со1? 0—cosec? 0 


We can derive some more identities from these identities by simple applications of 
elementary algebraic operations like addition, subtraction, multiplication and factorization, 
Some examples are given below : 


G) 


sin? 0--cos? 0—1 
sin? 0—1—cos? 0 


cos? 0—1— sin? 0 
(ii) 1+tan? 0—sec? 0 
tan? 0— sec? 0-1 


sec? )—tan? 0—1 


Ехатар 
Solution. L.HS.=sect A—sec? А, 


өзе 


ao m 


т 
Seen 


(iii) 1--со1? 0—cosec? 0 
cot? 0—cosec* 0—1 cosec? 0—cot? 0=1 


Example 1. Prove the following identity 
cos 0 ссвзс 0 tan 0—1 


Solution. L.H.S.=cos 0 cosec 0 tan 0, for 0% << 0 < 90% 
=cos 0. mi ind 
sin@ ` cos 
-1 
—R.H.S. 


Example 2. Prove that 
cost 0—sin! 0--1—2 cos? 0, for 0° <0 < 90°. 
Solution. L.H.S.—cos* 0—sin* 0+1, for 0? <0 <<90° 
=(cos? 0)? — (sin? 0)? 1 
—(cos? 8--віп? 0) (cos? 0—sin? 0)+ 1 
=(1) (cos? 0—sin? 0)+1 
=cos? 0—sin? 0+1 
=ccs? 0—(1—cos? 0)--1 
=cos? 0—1--cos? 0+1 
=2 cos? 0 
=R.H.S. 
le 3. Show that sec! A— sec? A=tan? A--tan* A, for 0° <A <90°. 
for 0° <A < 90° 
—sec? A (sec? А—1) 
=(1-+tan® A) (1+tan? A—1) 
=(1-++tan? A) tan? A 
=tan? A--tan* A 
—R.H.S. 
EXERCISE 11 (a) 


Prove the following identities : 
(Section A) 


cot 0 sec 0—cosec 0 
0 cosec 0 cos 0--біп 0 


tan? 
(sin 0--со5 89-142 sin 0 cos 0 
cost 0—sin* g=cos? 0—sin? 0 


tan? 0 cos* 9--віп? 0 cot? 0-1 


1-і 6 _ cot 0—1 
]-tan O0 cot 0--1 
(Section В) 


cot 0+tan 0-cosec 6 sec 0 
А/совесі 0—1 605 0 cosec 0 
tan“ 0---tan? 0= sec“ 0—sec? 0 
cosect 0—cosec? 0=cot* 6-+cot? 0 
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l+tan?6 зіп? 6 
а Есет сор 
1 =f 
12. secA+tanA °° A—tan А 
ДӨ 1 1 sec A—tan А 
Binti sec A+tan А Sec A+tan А © sec A—tan A 
(Section С) 
sec 0+tanð _ : 
13. ессе лате 7 ake tan 0 sec 02-2 tan? 0 
14. сов“ А--віп“ A—2 sin? A cos? А-(1-2 sin? A)? [C.B.S.E., 1982 (4.12 
1 
2 0-- 2 de M ж 5 
15. sec? 0 cosec? 0— cot? 04 cong 4-2 
Example 4. Prove that uus. l-rsin 0 


1-- 
Solution, L.H.S.= 


—sin 
1--біп 0 


i—sing ^*€ 0--tan 0 [C.B.S.E., 1982 (А.Л 


I—sin 0 
д Евг ганот Fano Б ЕГІП 6 Multiply the numerator and de- 
= = nominator by the conjugate of 
isin sino the denominator, 


U +sin 0)% 


l—sin? 0 


_ [Hsin 0% 


cos? 0 
— l+sin6 
ОЕ ЕШ 
1 sin 0 
“cos 0 cos 0 
=sec 0+tan 0 
—R.H.S. 
Example 5. Prove that 
cos 0 


n6 
Fa tang p ee Tsino cos 0 


cos 0 sin Ө 
ios uu c rr ME 
cos 0 sin 0 
Nau sinb _ cos 0 
cos 0 sin 0 
cos 0 sin 0 
= cos 0—sin б sin 0—cos 0 
cos 0 sin 0 
cos? 0 sin? 0 
cos 0—sin 0 sin 0—cos 0 
cos? 0 sin? 0 
С €os8—sinü 7 cos 0—sin 0 


... Cos? 0-кіп? 9 
cos Ü—sin 0 


(cos 6+sin 0) (cos 0—sin 6) 
x cos 0—sin 0 
=cos 0+sin 0 
—sin 0--cos 0 
—R.H.S. 


EXERCISE 11 (b) 
Prove the following identities : 
(Section A) 


l—cos А sin A 


I--cos АГ 1--сов А 
ay HESA cosee A+cot A 


м 


2. 1—cos А 
l—sin А 
3. Fma 868 A—tan А 


1 1 
4. 1+cosec? 0 W% I+sin? ө ” 
5. (sin 0--сов 0) (cot 0 +tan 0)—sec 0--совес 0 
6. (ғап 0 cosec 0)*— (sin 0 sec 0)7--1 


1 


(Section В) 

2 sin 0 cos 0—cos 0 
1—sin 0+sin? 0—cos? 0 
8. (1—sin 0--сов 0)2==2 (1—sin 0) (1--соѕ 0) 

9. (sin 8+cosec 0)2--(со 0--ес 0)*— tan? 0+ cot? 0+7 

(Section C) 
совес 0 cosec 0 ; 
10. ose ӨГ “совес 0-1 2 вес? 0 
1 1 ا‎ 1 


=cot 0 


п. cosec ÀA—cot А ^ sin A sin А cosec A-+cot A 
tan 0 tan 0 

12; sec 0+1 5ес0-! 
tan А (m = 

1. LA ane sec А соѕес A+1 


Example 6: Examine whether the equation 
2 cos 04-1 
sin 0 cos 0 


—2 cosec 0 


cot 0—tan 0= 


is an identity. 


Solution. Тһе variable 0 in this equation can take 


Let us substitute 0—45? in both sides. 
L.H.S.—cot 0—tan 0—cot 45°—tan 45° 
=1-1 
=0 
__ 2 cos 0+1 _ 2 cos? 45°+1 
RHS: Sin 0 cos 0 sin 45° cos 45% 
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[C.B.S.E., 1983 (A 4] 


[C.B.S.E., 1987 (А.Л 


values 0%<0 <90°, 


2 (iw 2x we 


2 
1 га 
v2: 42 2 
— 7 = 
co p 
2 

с. L.H.S.»4R.H.S., when 0—45*. 
This proves that the given equation is not an identity. 
Example 7. Solve the equation cot 0--(ап 0—2 cosec 0 


Solution. The variable 0 in the equation can take such values as 0°<0 <90°, 
cot 0--tan 0—2 cosec 0 


coso ,sin@ 2 
Br біп б соө06 біп 0 
ог cos? 0-+sin? 0—2 cos 0 
or 1—2 cos 0 


Then cos 0=} 
The given equation is satisfied for 0— 60". 


Hence, the solution of the given equation is 0— 60°. 


EXERCISE 11 (c) 
(Section A) 

Determine whether the following equations are identities : 
sin? 0--sin 0—1 
2. cot? 6+cos @=sin? 0 
3 1—tan? 0 

б cot? 04-1 
4, tan $-sin$ _ sec $+] 

° tanó—siné  sec$—1 
5. tan'!4-LFtan* Ф = (ап? ¢ вес? ¢ 


= 


—2 tan? 0 


(Section B) 


Solve the following equations : 


cos 0 cos 0 
6 1—sin 0 Тезе * 
7. tan? 0--cot? 0-2 
8. 2 sin? 0—5 sin 0--2—0 
9 tan? 0—sec 0—1—0 

cos? 0—3 cos 04-2 
EE c алын 
п. cos? 0 3 


een Se 

cot? 0— cos? 0 

cos0 1 соѕ0 
совес 0-F1 совес 0—1 ^^ 
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113. TRIGONOMETRIC RATIOS OF COMPLEMENTARY ANGLES 


Let ABC be a right triangle in which 7 ABC=90°. 

Let / BAC—0. Then / ACB=90°—6 

Here BC is the opposite side and AB is the 
adjacent side with respect to angle 0. 

Then cos 0— А8 ; for 0°<0<90° 

AB is the opposite side and BC is the adjacent side 
with respect to angle 90°— 0. 


Then sin (0%-4)--АВ, for 0°<0<90° 
So, sin (90°—0)=cos 0, for 0°<6<90°. A 
Observe that sin 0°=0=cos 90° and sin 90°=1=cos 0° 


E BC З : 
Again, sin LEE Cr for 0°<6<90' 


and сов (90°—0)= вс » for 0%<8<290% 


So, cos (90°—0)=sin 0, for 0°<0<90°. 

Observe that cos 0°=1=sin 90° and cos 90°=0=sin 0° 

Thus, cosine of an angle is the sine of the complementary angl. 7 z 
cosine of the complementary angle. y angie and sine of anlangle is the 

In the same way, we can pair tangent with cotangent and secant with cosecant. 

я = o. gy Sin (90°—0) __ cos 0 
For 0*«0«305 t0 QU erc Ort sinh COO 
tan (90^—0)— cot 0 
Te pg) cos (90°—0) _ sin 8 
Similarly, cot (90*—0) е (9080) ESE 


cot (90°—0)=tan 0 


=tan 0 


а о 1 ere! 
For 0%<0 <90°, 5ес (90 = G0 =O gin Û 60500 0 
вес (90°— 0)— cosec 0 


RA 1 СП! 
Similarly, cosec (90 0) m (0020) cosg = 80 0 


al совес (90%--0)--вес 0 

Example 8. Show sin 60°=cos 30°, вес 30°=cosec 60° and tan 45°=cot 45°, 
sin 60°=sin (90°—30°)=cos 30° 

sec 30°=sec (90°—60°)=cosec 60° 

tan 45°=tan (90°—45°)=cot 45° 


Solution. 


Example 9. Find the value of 
sin 20° sin 70°—cos 20° ccs 70° 
sin 20° sin 70°—cos 20° cos 70° 
—sin 20° sin (90°—20°)—cos 20° cos (90°—20°) 
=sin 20° cos 20°—cos 20° sin 20° 
=sin 20% сов 20°—sin 20° cos 20° 


=0 


Solution. 
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EXERCISE 11 (4) 
(Section А) 
1. Express sin 81°-+tan 81° in terms of angles between 0° and 452, 
2. Find the value of sin 40°—cos 50°. 


3. Evaluate сов з=, 


іп 55° 44' 


4. Find the value of ET TE 


(Section B) 

5. Evaluate sin? 25?--sin? 65°. 

6. Prove that sin 0 cos (90°—0)-++cos 0 sin (90° —0)— 1 

7. Prove that cos 12° біп 78°+sin 12? cos 78°=1 

8. Prove that tan 9° tan 27? tan 45? tan 63? tan 81°=1 
(Section C) 

9, Find x from the equation 

x sin (90*— 0) сої (907--0)--сов (90°—6) 


10. Prove that sin (90°—A) sin А cot A—-1— —sin?* А [C.B.S.E ‚ 1978 (А.Л 


y o dE M Ken) 
11. Prove that sin (90°— 0) сов (90%--0)-- Гап 0 [C.B.S.E., 1980 (Delhi)] 
12. Compare the areas of the right triangles ABC and DEF in whi =30° =90° 
АС=4 ст, / 0= 60°, / Е=90° and DE=4 cm. А BESO, 


114. TRIGONOMETRIC TABLES 
You already know the values of trigonometric ratios of certain angl ۹ 90? 

о ; 2 ч es e.g. e 
60° and 90°. But you need trigonometric ratios of different ЫС in іл өлігі 
EO aie of е trigonometric ratios һауе been computed correct ae Сейл, 

aces of decimals. Tables of trigonometri ti Н 
Бере e gonometric ratios of such angles have been printed on 
These tables have been given into two forms. Most of the values i 
А 2 ms. ues in the tabl 
E For all practical purposes, these approximate values are taken as actually sored 
values, 
A degree is subdivided into 60 equal parts. Each part is called a minute. 
So, 1 degree=60 minute or 1°=60' 
Table І gives the values, correct upto three or four pl. i i 
3 2 i : places of decimal 
trigonometric ratios for angles from 0° to 90° at intervals of 10 санын рар Неше 
columns һауе measures of angles. Between them аге six columns hea 1 
see and cosec and containing respective values. 


Example 10. Find the value of sin 38°. 

Solution : We look in the first column for 38° in the Table I. Then we see further j 
the row containing 38° till we find 0°6157 in the vertical column headed by Hh. uml С 

5-4 sin 38*—0'6157 

Example 11. From Table 1, find the value of tan 50° 20’. 

Solution. We look in the first column for 50° 20’. We now move in the row c 


50? 20'. Then we move down in the column headed by tan At the intersection 
we find the number 1'206. 


ded by sin, cos, tan, cot, 


ontaining 
of these, 
i tan 50° 20'—1:206. 

Table II gives the values (of all the trigonometric ratios, at intervals of 0:12 ie., 6 


correct upto three or four places of decimals. The pattern of the table is similar to that of 
Table I in other respects, 
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Example 12. From Table Il, find the value of see (42-6). 


Solution. We look in the first column for 42°6° in the Table ll. Th 
number in the row containing 42°6° and in the column headed by secant. There к; poe we 


number 1°3585. 
sec (42°6)°=1°3585 


Example 13. Find the value of cot (67°4)°. 


Solution. We locate the row which contains (67'4)* in the first 
in this row and in the column headed by cot is_0°4163. rst column. The number 


cot (67°4)°=0'4163. 
EXERCISE 11 (е) 
(Section А) 


Using trigonometric tables, find the values of the following : 


1. sin 35° 2. cos 16° 3. tan 37° 

1. sin 55° 5. cot 40° 6. sec 63° 

7. tan 65° 20” 8. cos 31° 40” 9. cosec 24° 50” 
10. tan (16°4)° 11, sec (5U4)* 12. sin (25°7)° 


(Section B) 
Use trigonometric tables to find ; 
13. sin 64° 42/--сов 42° 20’ 14. tan 36° 40'+cot 63° 20’ 
15. tan 47° 30’+cosec 68° 207. 


Example 14. Find the length of the chord ofa circle with radius 2cm, subtendin 
2 g 


an angle of 100° at the centre of the circle. Give the answer correct to the first pl f 
ace o 


decimal. 
Solution. 
Then OA=OB=2 cm and / AOB=100° 
Recall that a perpendicular from the centre of a circle to a 


given chord bisects the chord. 
Draw OMLAB. Then M is the mid-point of AB. 


AAOMs= A BOM (R.H.S.—Congrvency Theorem) 
s. 2АОМ- /ВОМ--%Х1007 i.e. 50° 
In the right-angle AOM, 


па АО Ge «ш = T КБА 
AM=2xsin 50%-2Х0:7660-- 15320 ст % Nini A B 


So, the length of the chord AB=2AM 
=2 X 15320 cm 


= 30640 cm ie., 3'1 ст 


Let O be the centre of the circle and AB be its given chord 


Example 15. Find the length of a side of a regular polygon of 25 sides inscribed i 
circle of radius 80 cm. Give the answer correct to the second decimal place, жан it 
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Solution. If inscribed regular polygon has п sides, then 
each side subtends an argle 0 at the centre, 


360° 
where ڪا‎ 

360 \° P 
Here (>) --(14:4) 


Let AB be one of the sides of the inscribed regular polygon. 
Join OA and OB. Draw OM 1 AB. 
Now OA=OB=80 cm, 
ZAOB=0=(14'4)° 
Also OM bisects the chord AB. 


Then AM=MB 
And ЛАОМе ДВОМ (R.H.S.—Congruency Theorem) 

ZAOM= / BOM 

9 e 
WE =(72) 

In the righttriangle AOM, 

7 АМ Я aÅ 

sin АОМ--АМ > sin (72) =M 
AM=80 х sin (7°2)°=80 x 0°1253=10°024 cm 

So, AB=2 AM—2x 10:024 cm=20°048 cm 


Thus, the length of the side—20'05 cm, correct to the second decimal place. 
EXERCISE 11 (f) 
(Section A) 


Find the length of the chord of a unit circle, subtending at the centre an angle of 
1. 120% 2. 144° 3. 108° 


4. Find the length of the chord of a circle with radius 2 cm, subtending an angle of 45° 
at the centre of the circle. 


5. Find the length of the chord of a circle with radius 3 cm, subtendi 14°6)° 
at the centre of the circle. PSE di Шо) 
(Section В) 
6. Find the length of a side of a regular polygon inscribed in а circ] i 
if it has 100 sides. Give the answer in cm correct to the first сасар ps m 


7. Find the length of a side of a regular polygon of 24 sides inscribed i i i 
75 cm, giving the answer correct to the first decimal place. po. ТҮЗДЕ OF penna 


8. Find the area of an isoceles triangle with base 10 cm and vertical angle 57°. 
(Section C) 
9. Compare the lengths of chords of circles with radii 3 cm and 4 i 
108° and 72° respectively at the corresponding centres. ені subtendingsangles 
10. Find the area of a right triangle with hypotenuse 6 cm and one of the acute angles 77°. 
115. HEIGHTS AND DISTANCES 


In the previous class you learnt how to solve simple problems on hei i 
қ : b А 5 heigh 
using trigonometric ratios of special angles 30°, 45° and 60°. You will 44 us ов 
problems involving different angles using trigonometric tables and logarithmic tables. 
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Example 16. А ladder is placed against a wall such that it just 
the wall. The foot of the ladder is 1:2 metres away from the wall and the а nee J 
an angle of 65° with the ground. Find the height of the wall correct upto two places f 
decimals. P 9 
Solution. Let AB represent the vertical height of the wall. 
Let A and C be the positions of the top and bottom of the 1 
sent the length of the ladder. e ladder, when AC repre- 
Let the height of the wall be Л metres. A 
Now AB=/ metres, ВС--1:2 metres, 
ZACB=65° and ZABC=90° 
In the right triangle ABC, 


AB Au 
tan АСВ-ӛС => (ап 65°= 12 Р 
s. h=V2x tan 65° Y 


=1'2x2'145 


Ж 
—2:574 metres 4 
This, the height of the wall A 
с 


—2:574 metres і.е., 2°57 metres 


1:2 ст B 
Example 17. An otserver standing 72 met MA udi 4 
the angles of elevation of the top and the bottom of a eur the Ree te notices that 
54° апа 50°. Find the height of the flagstaff. ІС BSE, ОУ АТ 
Solution. Let АВ and BC represent the vertical hei M ELA EN 
building respectively where A is the top and B is the bottom of Сета flagstaff and the 
Let O be the point of observation such Ч 
that Z АОС= 54°, 4 ВОС= 50° апа 
OC-72m 
Let the height of the building be 4 met- 
res, Then BC-/ metres 
In the right triangle BOC, 


BC M. 
tan BOC” оС = tan 507-- 22 p: 
h=72xtan 50°=72 х 1192 IL "i 


Let the height of the flagstaff be x met- 


Tes. 
Then АВ=х metres 2 al 


In the right triangle АОС, a 
AC o htx 72 cm 
tan AOC= 0C = tan 54 = ج‎ 
һ--х--12Х1ап 54° 

=72x 1376 
х--72Х г376-!-72Х 1376—72 x 1192 
--72(1:376-1:192) 
=72x 0'184 Келе 
staff= 13°25 metres 


Then 


the height of the flag 


18. The angles 0 
de of the hill are о 


eA f elevation of the top of a hill at the city certres of t 
P bserved to be 31° and 62°. Ifthe distance uphill көй 


towns on either si 
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the first city centre is 9 km, find in kilomètres, the distance uphill from the other city сепігё, 
correct upto two places of decimals. 


Solution : Let AB represent the vertical height of the hill, 
Let P and Q be the city centres on either side of AB such that 


ZAPB=31°, ZAQB=62° 
and AP=9 km 
Pand Qare to be taken on the same level ground. Leth 
In the right-triangle ABP, 


km be the height of the hill, 


AP 
55 h=9 sin 31%-9х0:5150 
Let the required distance uphill from the centre Q be x km, 
In the right triangle ABQ, 


sin APB= АВ. = hin 3 


4 -.АВ 5 TE. 
sin AQB= AQ ^ sin62 ears 
n h h 
08829 — — oe 
D e Mibi: 
- x... 9X0'5150 
И 0:8829 
a 9x5150 
Then x= 3879 _ 
9х5] 
e log x =log (59:9) 


=log 9+log 5150--Іор 8829 
--079542--3:7118--3:9459 
—4'6660—3:9459 


So, log х--0:7201 

This, gives x=5'249 

Thus the required distance— 5:249 km 
=5`25 km 


Correct upto two places of decimals, 


EXERCISE 11 (g) 


(Section A) 


1. The angle of elevation of the top of a tower аға dist А 
horizontal plane is found to be 57°. Find the height of the se from its chon 
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2. А glider is flying at an altitude of 792 т The angle of depression of the control tower 


10. 


11. 


12. 


of an airport from the glider is 18° 40’. Find the horizontal distance between the glider 
and control tower. 


The string of a kite is 90 metres long and it makes an angle of 48° wi i 
Find the distance of the shadow of the kite from the holder ЖШН 


Find the distance of the observer from the top of a cliff which i i i 
that angle of the elevation is 412187. is 132 metres high, given 


The upper part of a tree, broken by the wind in two parts, makes a ° wi 
the ground. The top of the tree touches the ground at a distance of 9 pou 
foot of the tree. Find the height of the tree in metres correct upto 2 placcs of decimals 


(Section B) 


Two masts ате 15 metres and 10 metres high, and the line joining thei 
angle of 33°41’ with the horizontal. Find their distance apart. ng their tops makes an 


A person walking along a straight road observes that at two consecuti i 

A tT e utive kilometre 
stones the angles of elevation of a hill in front of him are 30? ° Ej A 
of the hill. and 75°. Find the height 
A vertical tower stands оп a horizontal plane and is surmounted by a flagst: і 
7m. Ata point on the plane, the angle of elevation of the poten nO Ret 
36° and that of the top of the flagstaff is 45%. Find the height of the tower соп t 5 
to two places of decimal. rect up 


The angles of depression of two ships on either side of a light- 
the top of the light-house are 52° and 41° 40” respectively. "if ce height T Pae 
is 150 metres, find the distance between the two ships. Bor nonse 


A fire at a building В is reported on telephone to two fire stati 

> tio 
apart from cach other on a straight road. F, observes that the is Балды, 2. Еш 
to the road апа Fs observes that it is at an angle of 45° from it. Which stati gle Ti 
send his team and how much will it have to travel ? ion should 


A person, standing on the bank of a river observes that the angl 
on the opposite bank is 64°, when һе retires 40 metres Aon tho Pide Буа tee 
angle to be 35°. Find the height of the tree and the breadth of the river. $ s the 


(Section C) 


The tallest tower in a city is 100 m high and a multistoreyed hotel at ci i 

high. The angle of elevation of the top of the tower Ae top of the dre 2 d A 
building / metres high, is situated on the road connecting the tower with the city centre 
at a distance of 1 km from the tower. Find the value of Л, if the top of the hotel, the 
top of the building and the top of the tower are in a straight line. Also find the distance 


of the tower from the city centre. 
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11. 


12. 


REVIEW EXERCISE Х 
(Section A) 


Fill in the blanks to make the following statements true : 


(а) Value of sin 55?—cos 35° is... [C.B.S.E., 1983 (4.1) 
e) 58 579 m [C.B.S.E., 1983 (Delhi)] 


(c) The value of sin Ө sin (90?*—9)— cos 0 sin (90*— 0) is......... 
[C.B.S.E., 1982 (Delhi)] 
cos 20° 35' is 
-sin 697 DST Bev 
(е) The value of cos 0 cos (90°—0)—sin 0 sin (90?— 0) іѕ......... d 
[C.B.S E., 1981 (A.I.)] 


(d) The value of 


(f) The value of sin? 20?--sin? 70? is...... [C.B.S.E., 1979 (A.I.)] 
Evaluate (a) او‎ (b) cos? 17— sin? 73°. 


(Section B) 


Prove the following identities : 


1—2 sin 0 cos 0—(sin 0—cos 0)°. [C.B.S E., 1983 (A.1.)] 
та УЧЫП = Ао: 22. А [C.B.S.E , 1984 (A.1)] 
Al EET IARE ІС.В.8.Е., 1980 (Delhi)] 

_sin (90°— A) cos (90* — A) =й СА 

tanA 
cosec PI g cosec 0—со 0 [C.B.S.E., 1978 (A.I.)] 


An electric pole is 10 m high. А steel wire tied to the top of the pole and affined at a 
point on the ground to keep the pole vertical, makes an angle of 49? with the horizontal 
line through the foot of the pole. Find the length of the steel wire. 


Find the length ofa side ofa regular polygon inscribed in a circle of radius one metre, 
if it has 24 sides. Give the answer in cm correct to the first decimal place. 


(Section C) 


cos А sin? A 
Prove that - K F ШАА —sin A+cos A [C.B.S E., 1983 (Delhi) 
2 2 
Piové-that tan? 0 cos? 0 1 


tan? 0—1 " sin? 0—cos? 6 sin? 0—cos? б 


А surveyer noted that the angle of elevation of a marker on top of a hill was 15° 20’. 
He walked 40 metres towards the foot ofthe hillalong level ground and found the 
angle of elevation of the marker as 30° 30’. How far from surveyor's first position was 
the marker ? 


13. 


14. 


15. 
16. 
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A vertical wall and а 40 metres high tower аге іп the same horizontal plane. From the 
top of the tower, the angles of depression of the top and bottom of the wall are 24° 30’ 


and 48° 20’ respectively. Find the height of the wall. 
Prove that sin? 6+cos® 0—1—3 sin? 0 cos? 0 
Hint. (a+b)?=a8+b8+3 ab (a+b) 
> a°+b3=(a+b)*—3 ab (a+b) 
Now sin® 0--со89 0--(віп? 6+cos? 0)3--3 sin? 0 cos? 0 (sin? 0--сов? 0) 
Prove that 2 (sin 0-+cos® 6)—3 (sin 0--cos* 0)+1=0 
Prove tat Wn Atas Aml Ltn 
Hint! Langs кыл ка ыы А) 

(sec A--tan A) (1—sec A--tan А) 

tan A—sec A+1 


OO 
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COMPUTING-II 


FLOWCHARTING 
INTRODUCTION 


You have already become familiar with the words 
you know computer is an electronic machine that can sto 
non-numeric information and its important characteristics 
most obediently : (ii) It does not get tired or bored by monot 
of work and (iii) It works very fast. 


‘computing’ and ‘computer’. As 
re and process both numeric and 
are (i) It carries out instructions 
onous, lengthy and repetitive type 


One thing should be clear that computer cannot do any work on its own. Whenever 
we want the computer to solve a problem, we must provide it, in a suitable form, a method of 


solving that problem. In other words a computer has to be programmed for solving a particular 


problem. Before we proceed any further let us do quick revision of what we did last year. 
Algorithm, A series of ste 


P-by-step instructions that leads to the solution of a 
problem is called an algorithm. Algorithm is thus a design or a plan of obtaining a solution 
toa problem. Computer science, computing science, Informatics, computing etc. are different 
names used to represent more or less the same body of knowledge. Algorithm is so much the 


central concept of this body of knowledge that some experts even use the name ‘algorithmics 
for this subject. 


Flowchart. A flowchart is a pictorial representation of the 


steps involved in the step- 
by-step procedure (algorithm). The standard symbols used in flowch 


arting аге: 


Rectangles used to describe all proces- 
sing operations performed by a computer such as 
calculations or assignment. 


Parallelograms used to indicate com- 
puter input or output, 


, Diamonds used to indicate a decision 
that will elicit a “Yes” or “Мо? answer. 


Ovals used to denote beginning or end 
of a program. 


: Arrows used to indicate the direction of 
flow in the flowchart. 


(192) 
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In your study of mathematics up till now you have solved many problems relating to 
profit and loss, ratio and proportion, simple and compound interest, average calculation etc. 
The methods of problem solving which you used for those problems can be nicely and 
accurately represented by listing the steps or by drawing a flow chart. The following examples 
will illustrate this. 

Example 1. Suppose a boy has got his marks in 3 subjects. The following flowchart 
calculates the average marks and outputs Roll no. and average marks. 

Algorithm. 

Step 1. Read Roll No. and marks in 3 subjects and call them К, A, Band С 

respectively. ы 

Step 2. Add A, B, C and call it SUM. 

Step 3. Divide SUM by 3 and call it AV, 

Step 4. Write R and AV. 

Step 5. Stop. 

The flowchart for the above procedure is as follows : 


READ R, A, B, C 
SUM =A+B+C 


Now suppose we wish to find the average marks of all the students in the class, What 
do we do? Do we write the procedure as many times ? This is hardly an efficient way. 


Since all the steps have to be repeated for many students, we simply modify the above 


flowchart as shown on page 194. 
Here we have introduced an arrow after the WRITE step which goes to the beginning. 


Following this arrow we can repeat the same steps many times, Each time the data in A, B 


and C will be different. 
Suppose this procedure is to be followed for 3 students with following marks : 


50, 62, 75 marks for first student. 
55, 80, 65 marks for second student. 
75, 65, 70 marks for third student. 


Let's do tracing of the flow chart with the above values. 1 
to READ box for the first time 50, 62, 75 will be stored in cells A, B, 
С. Vies Nd will be added and the result 187 will be storedin SUM. Average will be 


^ "m" 
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lated and printed. Now instead of stopping, the new arrow takes us back to the read box. 
ES called Mop. New values are read and stored in locations A, B, C overwriting the 
previous values. New result taking the values 55, 80, 65 will be stored in SUM. With that 


the previous values are lost. The change in values of А, В, С, SUM and АУ can be depicted as 
follows : 


READ R, A, B, C 
SUM=A+B+C 
AV = SUM/3 


WRITE R, AV 
STOP 


TRACING : 
MEMORY CELLS 
ITERATION A | B С SUM AV 
ڪڪ‎ 
1 50 62 75 187 62:33 
2 55 80 65 200 66:66 
3 75 65 70 210 70 


In this way, by using the same memory locations and same step of procedures, we can 
do the processing for a number of students. 


In the above process the control moves back to 
box no. 2 even after Processing is over for all the three students. Control never comes to stop 
box. Therefore flow chart has to be modified such that the control moves back only three times. 
Here comes the counting concept. 


Consider the flow chart on page 195. 


been used. This is used for counting 
ng COUNT is assigned starting value 
ng back to the first step, COUNT is 
Increased by опе і.е., new value is stored in COUNT. Now COUNT=previous value of 
COUNT+1. was equal to 0. So after processing for first student is 
Then the value of COUNT is compared with 3 and as 1 is less 
п 1 control moves back (о step по. 3. Тһе steps 3, 4,5 and 6 аге 
done again and instep 6 COUNT gets increased by 1, j.e., the value of COUNT is now 2. 

d control goes back to step 3. As soon as processing for all the 
COUNT becomes equal to 3. The condition whether COUNT is 


less than 3 or not is checked a 
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ү 


PRINT TOTAL 


COUNT = COUNT + 1 


STOP = 


gain. Since this condition is no longer tru * 
J e, th i i 
The processing comes to an end. "Tus PIE. maple Mi 


to NO option and to STOP box... 
the flowchart is performed and stop it at exactly the right point 


the number of times 
Example3. Drawa flow chart for finding the sum of 5 given numbers 


Let us first work out its step-by-step procedure. Since we һауе (о read numbers 
more 


than once we require to use the counter. 


Step 1. 
Step 2. 
Step 3. 
Step 4. 
Step 5. 
Step 6. 
Step 7. 
Step 8. 


f In above algorithm wi 
i.e., СООМТ= 5. 


Set COUNT equal to zero. (Since we have not started counting.) 
Set SUM equal to zero. (Since we have not started adding numbers.) 


Read the number. 

Add number to SUM and call it SUM. 

Add 1 to COUNT and call it COUNT. 

If COUNT < 5 then go to step 3 otherwise go to step 7. 


Write SUM. 


Stop. 
e will keep on reading the numbers till all the 5 numbers are read 


In step 7 the SUM is printed. 


This can be represented in the flow chart form as given below ; 
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Flow Chart 


START 


READ NUMBER 
SUM = SUM + NUMBER 


| COUNT = COUNT +1 


Now let us do tracin 
sing. In this problem thre 


three memory cells are used. 
value zero. Another variabl 


€ NUMBER is used for holding the values. 
Let's do tracing using 5 numbers : 15, 2, 4, 6,9. 


in the memory cells during proces» 
Pu аро ае od COUNT and "SUM have starting 


Number Sum Count Condition Result 
(Read Number) (Sum=Sum+Count) (Count= Count+1) Соипі<5 Print Sum 
0 0 
15 0--15--15 0+1=1 Yes 
2° 15--2--17 1+1=2 Yes 
4 17--4--21 2+1=3 Yes 
6 21-F6=27 '' 3+1=4 Үез 
9 27--9--36 4--1-5 Мо 36 
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When the loop ends, the SUM cell in the memory has value 36 which gets displayed оп 
the screen. 


We find from tracing, SUM cell holds partial sum of numbers. Numbers are added 
one by one. They are held temporarily as partial sum till all the numbers are added. This can 
be explained as = 


Initial Sum <------- Numbers————— = 
0 15 2 4 6 
Partial 15 
ЖТ 
Partial 2 17 
T 
Partial өл 21 
EN 
Partial Sum 27 
| 


لل 
Final Sum 36‏ 
Let’s take some more examples to clarify the concept of flow charts,‏ 


Example 4. Calculate the Net Salary of an employee if Basic Pa ,H 
Allowance (HRA), Dearness Allowance (DA), Travelling Allowance (ТА) and oer десі 
аге given. : 


In this particular problem we have to calculate the net salary of one emplo 
know the Basic Salary, House Rent Allowance, Travelling Allowance, Dearness Allow cet avg 
Provident Fund. We also know that H.R.A., Т.А. and D.A. have to be added to the Basic Pay 
to get the Gross Salary. Provident Fund has to be deducted from Gross Salary to get the Net 
Salary of the employee. Now let's set the variables ; BP will stand for Basic Рау, HRA for 
House Rent Allowance, TA for Travelling Allowance and PF for Provident Fund. So Net 
Salary (NS) will be calculated using the following formula : 

NS=BP+HRA+DA+TA—PF 
Short Names for Memory Cells 


BP, HRA: Basic Pay, House Rent Allowance 

DA, ТА: Dearness Allowance, Travelling Allowance 
PF: Provident Fund 
NS: Net Salary 


Step-by-step Procedure 
Step 1. Read the values of BP, HRA, DA, TA and PF. 


Step 2. Calculate wage using the formula NS=BP-++-HRA+DA+TA—PF 


Step 3. Print NS. 
Step 4. Stop. 


198 
Flow Chart 


READ BP, HRA, DA, TA, PF 


M 


NS = BP + HRA + DA + ТА — PF 


PRINT NS 


Suppose we want to modify the above flow chart to have the possibilit; i 
the wage of any employee. For this we want other details of Eoi like vd epus 
employee name'etc., which can also be displayed along with the wage of that employee Now 
we would like to introduce the loop and loop check. We want to repeat the same module to 
calculate the pay as many times as required and stop the loop using some check to see if salar 
of all the employees has been calculated. In other words if there are still more employee: A 
should continue with the loop, otherwise we should come to stop. ы 


Short Names for Memory Cells 
EMP NO.: Employee number 
EMP NAME: Employee name 
Other variable names are same as in the previous example. 


Step-by-step Procedure 
Step 1. Input the values of EMP NO., EMP NAME, BP, HRA, DA, TA, PF. 
Step 2. Calculate net salary using formula NS=BP+-HRA+TA+DA—PF. 


Step 3. Print EMP NO., EMP NAME and NS. 
Step 4. Check if there are any more employees. 


Step 5. If Yes go to step 1 else go to step 6. 


Step 6. Stop. 
The flow chart for the above example is given on page 199. 


Example 5. To find out the average of physics marks of students in a given class. In 
this example we will follow the same procedure as we do in Algebra. 


Suppose there are 10 students in the class and we want to calculate the a i 
physics marks. We simply add the ten marks and divide the sum by 10. Here Mem d 
total students in the class are 10. However their number can vary. So we should know how 
many students are there. Let us call the number of students as NS. We can read the physics 
marks of each student one by one until the number of students matches with NS. We can also 
keep on adding the physics marks in the SUM. Once we come out of the loop, we can divide 
the SUM by NS to get the average. 2 


Flow Chart 


INPUT EMPNO, EMPNAME 
BP, HRA, DA, TA, PF 


NS = BP + НАА + TA 
+ DA — PF 
PRINT EMPNO, 
EMPNAME, NS 


DO 
YOU WANT TO 
CONTINUE ? 


Short Names for Memory Cells 
NS: Number of students 
PM: Physics marks of any one student 
SUM: Partial sum 
COUNT : Counter for students 
AVE: Average physics marks. 
Step-by-step Procedure 
Step 1. Input NS : the number of students in the class. 


Step 2. Initialize the value of SUM as 0. 

Step 3. Initialize the value of COUNT as 0. 

Step 4. Input the value of PM : Physics marks of next student. 

Step 5. Add PM to SUM and call it SUM. 

Step 6. Add 1 to COUNT and call it COUNT. 

Step 7. If COUNT is less than NS then go to step 4 else go to step 8. 
Step 8. Divide SUM by NS to give AVE. 

Step 9. Write AVE. 


Step 10. Stop. 
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Flow Chart 


Initialization, processing and 
ization part. Here the initial 


5 have been processed. Іп box 9, we 
calculate the average. In box 10, the result js printed. This is very 


he 1 typical of flow chart and 
many flow charts can be seen as Consisting of these parts. 


Example 6. To calculate simple interest of 2 
Interest and Time Period are given to you. 


To calculate simple interest, we need to know the values of principal, rate of interest 
and time period. We should have 25 sets of these values because these values will vary from 


5 customers, where Principal, Rate of 
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customer to customer. We сап not give all the values together. We will take one set аға time, 
calculate interest using the formula, I=P * К « Т/100 and print the value of interest. We 
repeat this loop 25 times. For this we should have counter and counter check. Тһе procedure 
will be like this : 
Short Names for Memory Cells 

P : Principal 

R : Rate of interest 

T : Time period 

INT : Interest to be calculated 
COUNT : For counting the number of customers 


Step-by-step Procedure 
Step 1. Initialize COUNT as zero. 
Step 2. Input the values of Principal, Rate of interest and Time period. 
Step 3. Calculate Interest using the formula INT—P*R*T/100. 
Step 4. Print INT. 


Step 5. Add 1 to COUNT and store the new value in COUNT again. 
Step 6. If COUNT —25 then go to step 2 else go to step 7. 
Step 7. Stop. 


Flow Chart 
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Example 7: Sudhir deposited Rs. 20,000 in his Savings Bank Account three years ago. 
Rate of interest is 12% per annum and isto be compounded monthly. Print table of the 
current amount"in Sudhir’s account each month for three years. 
Short Names for Memory Cells 

RATE  : Rate of interest 

AMT : Amount 


T : Time period 

I : Interest 

COUNT : Counter 

PR : Period rate 
Flow Chart 


INPUT uc 
YEAR, PERIOD ` 


NO 
STOP 
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The flowchart given on page 202 is based on the following algorithm : 
Algorithm 
Step 1. Input the AMOUNT, RATE, no. of periods per year. 
Step 2. Divide RATE by periods per year and call it PR (period rate). 
Step 3. Multiply periods per year with number of years and call it NP (number of 
periods). 
Step 4. Initialize the counter to 1. 
Step 5. Multiply AMT by PR and call it I. 
Step 6. Add I to AMT and call it AMT. 
Step 7. Write COUNT, I, AMT. 
Step 8. Add I to COUNT and call it COUNT. 
Step 9. If COUNT is less than or equal to the number of periods (NP) then go to 
Step 5 otherwise go to Step 10. 
Step 10. Stop. 


Example 8. Calculate the HCF (Highest Common Factor) for two given numbers. 
Solution 


Suppose two numbers are 27 and 45. Compare the two numbers and treat the bigger 
of the two numbers as numerator and the ot 


1 her number as denominator. In this case 27 is 
denominator and 45 is numerator. 
Step 1. Divide numerator by denominator. 
(denominator) 27) 45 (1 (quotient) 
27 


(remainder) 18 | 
Step 2, Divide the divisor of Step 1 by the remainder in Step 1. 


18) 27 (numerator) (1 
18 
(Remainder) 9 


Step 3, Repeat Step 2 with new values of divisor and ‘re 
until remainder becomes zero. 


mainder obtained in Step 2 


19) 18 (2 
18 
(Remainder) 0 
i The last divisor is highest common factor. .'. HCF of 27 and 45 is 9. In Step 1 divide 
eee by denominator and find the remainder. If the remainder is equal to zero then 
the > oe Т is the answer otherwise make your denominator the numerator and remainder 
m 


: ‘nator and again repeat the process till you have remainder equal to zero. 
| п аһоуе example, іп Step 3 the remainder comes to be zero. So, the denominator i.e. 
9 is the HCF of 27 and 43. | 


Now let us develop an algorithm for the above problem. 
hm. To find НСЕ of two given numbers A апа В. 
Step 1. Read two numbers and call them A and В, 


Step 2. Compare A and B. If B>A then go to Step 5 otherwise go to Step 3. 
Step 3. Call B, denominator (D) and call A, numerator (N). 
Step 4. Goto Step 6. 


Step 5. Call A, the denominator (D) and call B, numerator (N). 
Step 6. Divide N by D. 


Step 7. Check if remainder (R)=0 then go to Step 11 otherwise go to Step 8. 
Step 8. Call denominator (D) as numerator (М). 


Algorit 
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Step 9. Call remainder (R) as D. 

Step 10. Go back to Step 6. 

Step 11. Write “Highest Common Factor is" D. 

Step 12. Stop. 

Before we convert this algorithm into flow-chart Step 7 requires further expansion. The 
problem is how to calculate the remainder. 

Step (a) divide N by D and call it X (Quotient). 

Step (b) take integer value of X [there is INT function available] and call it Q. 

Step (c) Subtract (Q * D) from N and call it R. 

Now we can draw the flow-chart for finding HCF of 2 given numbers A and B. 
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Let’s do tracing of the above flow chart taking the two numbers as 27 and 45. 


Tracing 
A B D N X Q=INT (X) | R=N—(Q * D) Result 
“+ 45 27 45 1.6 1 18 
Г 18 27 1.5 i 9 
9 18 2 2 0 9 


Example 9, Calculate the LCM of two given numbers A and B. ч 
Solution. For finding the LCM of two numbers, divide one of the numbers by their 


HCF and multiply the quotient by 


the other number i.e., 


Loi wg 


Algorithm : 
Step 1. 


HCF 


Read two numbers and call them А and B. 


Step2. Calculate their HCF (following the procedure given in previous example). 
Step 3. Divide A by HCF and call it Quotient. 
Step 4. Multiply Quotient by B and call it LCM. 


Step 5. Write LCM. 
Step 6. Stop. 


READ A, B 
CALCULATE HCF 


LOM=QxB 
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HDF is calculated following the same procedure as explained in the previous example. 


Example 10. A person buys a number of goods from a departmental store in a sale. 
The departmental store is offering discount of 12% on each item. Additional discount of 
5% is given if the person has made purchases in excess of Rs. 1000/-. Input consists of 
number of items purchased and cost price of each item. | Calculate the discount and sale price. 


Algorithm 


Step 1. 


Step 
Step 
Step 
Step 
Step 
Step 
Step 
Step 


Read the number of items purchased and call it N. 

Initialize the item counter (I COUNT) as zero. 

Initialize TOTAL as zero. 

Read the cost of item and call it COST. 

Add COST to TOTAL and call it TOTAL. 

Add 1 to I COUNT and call it I COUNT. 

If I COUNT — N then go to Step 4. 

Multiply TOTAL by ‘12 and call it DISCOUNT 1. 

Subtract DISCOUNT 1 from TOTAL and callit SALE PRICE. 


Step 10. If TOTAL is < 1000 then DISCOUNT 2—0 and 


£o to step 13 otherwise go to 
Step 11. j ү 


Step 11. Multiply SALE PRICE by `05 and call it DISCOUNT 2. 


Step 12. Subtract DISCOUNT 2 from SALE PRICE and call it SALE PRICE. 
Step 13. Add DISCOUNT 1 and DISCOUNT 2 and call it TOT DISCOUNT. 
Step 14. Write TOTAL, TOT DISCOUNT, SALE PRICE, 

Step 15. Stop. 
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TOTAL =0 


DISCOUNT 2 - 0 
Y, NO 


DISCOUNT 2 = SALE PRICE * :05 


i 


SALE PRICE - SALE PRICE—DISCOUNT 2 


TOT DISCOUNT - DISCOUNT 1 « DISCOUNT 2 
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Example 11. А boy buys oranges at X oranges for Rs. 16 and sells them at Y oranges 
for Rs. 20. Find his gain or loss percent. і 


Algorithm | 
Step 1. Read values of X and Y. | 
Step 2. Divide 16 by X and call it UNIT COST. | 
Step 3. Divide 20 Бу Y and сай it UNIT SP. | 
Step 4. If UNIT COST > UNIT SP go to Step 9. 4 
Step 5. Subtract UNIT COST from UNIT SP and call it PROFIT. 

Step 6. Multiply PROFIT by 100 and call it PROFIT 1, 

Step 7. Divide PROFIT 1 by UNIT COST and call it PROFIT PER. 
Step 8. Write “PROFIT PERCENTAGE IS”, PROFIT PER. 

Step 9. Go to step 13. 

Step 10. Subtract UNIT SP from UNIT COST and call it LOSS. 

Step 11. Multiply LOSS by 100 and call it LOSS 1. 

Step 12. Divide LOSS 1 by UNIT COST and call it LOSS PER. 

Step 13. Write *LOSS PERCENTAGE IS", LOSS PER. 

Step 14. Stop. 


The flow chart for the above example is given on page no. 209. 
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START 
UNIT COST -16. 


YES NO 


LOSS = UNIT COST — UNIT SP PROFIT = UNIT SP—UNIT COST 


LOSS PER. 10551. - PROFIT 1 
UNIT COST BOO ERE TT CEST 


WRITE -LOSS PERCENTAGE 
15" LOSS PER 


WRITE “PROFIT PERCENTAGE 
IS" PROFIT PER 


Flow Chart 


Example 12. Prepare an algorithm to find the deviation from the average marks (posi- 


live or negative) і iati iven the average marks and actua 
and correspond rcentage of deviations given the averag 
marks obtained. Рим 4 


Solution. Before roceeding to develop an algorithm for the above problem let us 
Understand the terms Чез А candidate is considered above average (positive deviation) if 
-p5 marks are more than the average marks and is considered below average (negative deviation) 
if his marks are less than the average marks. If his marks are equal to average marks he is 
Considered to be average (no deviation). Various formulas which we shall be using are : 

ABOVE=MARKS—AV 
BELOW=AV—MARKS 
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ABOVE %= ABOVE #100 


BELOW %= BELOW * 100 


where terms have obvious meanings. 


Now we proceed to develop an algorithm for the above problem. 
Step 1. Read the values of MARKS and AV. 


Step 2. If MARKS=AV then go to step 8. 

Step 3. If MARKS>AV then go to step 10. 

Step 4. Subtract MARKS from AV and call it BELOW. 
Step 5. Calculate BELOW %= BELOW 


* 100, 


Step 6. Write “Answer: The шаг 
negative deviation percent 


Step 7. Go to step 13. 


ks show negative deviation of", BELOW; “The 
age 15”, BELOW %, 


Step 8. Write “Answer : The marks show no deviation". 


Step 9. Go to Step 13. 


Step 10. Subtract AV from MARKS and call it ABOVE. 


Step 11. Calculate ABOVE %= ABOV E . 100. 


Step 12, Write "Answer : 


ite The marks show positive deviation of", ABOVE ; “Тһе 
Positive deviation percentage is", ABOVE %. 
Step 13. Stop. 


Note. When ‘Write’ i 


в. instruction is executed, whatever is included in quote marks is 
outputed as it is. 


Now let us represent the above algorithm in the form of a flowchart 
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WRITE “Answer: Тһе marks 
show no deviation”. 


ABOVE = MARKS—AV 


BELOW = AV — MARKS 


o, _ ABOVE + 100 
ABOVE % = AV 


WRITE "Answer : The marks show 
positive deviation of", ABOVE; "The 
positive deviation percentage is", 
ABOVE %. 


value QS execute the above flow chart taking 75 as the value of MARKS and 52 as the 


Execution beging at START box numb wi is 
егей 1. When we reach READ box the va 
9f MARKS and АУ are read. Now MARKS=75 and АУ--52. 


Іп box numbered 3 the values of MARKS and AV аге compared. Since MARKS is 
u pared. іпсе = 
not guel to AV we come to box numbered 5. Here again their values аге compared. Since 
Sis greater than AV control takes us to box numbered 6. 


Here value of ABOVE is calculated. ABOVE=75—52=23. Next we come to box 
numbered 7, Here we calculate ABOVE %. ABOVE %=23 x 100--44:23%. 


of 23 Now we come to WRITE box. We write Answer : The marks show positive deviation 
. The positive deviation percentage is 44:23%. 
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Now the control takes us to box numbered 12 and we stop. 


Problem. If 8 men can reap 80 hectares in 24 days, how many hectares can 36 men 
reap in 30 days ? 


Solution. Before developing an algorithm for the above problem. Let us understand 
the procedure for solving it. 


In 24 days, if 8 men can reap 80 hectares then 36 men can reap 36x 0. 360 hectares 
in 24 days. 


Now if 36 men can reap 360 hectares in 24 days they can reap 360х 30.450 hectares іп 
30 days. 
Now let us develop an algorithm for the above problem. 
Algorithm. 
Step І. Assign the values to variables : 
- М1=8, HI—80, DI=24, М2--36, D2=30. 
Step 2. Calculate H2 using the formula 


. M2xHI 
ГЕМ > 


Step 3. Calculate H3 using the formula 


H2 


_ H2xD2 
нз= > 


Step 4. Write H3. 
Step 5. Stop. 


Flowchart for the above problem is given on Page 213, 


1. 


2 
3. 


a 
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Flow Chart 


М1-8 | 
+ 


Y 
Di=24 


Ww 


М2-35 


EXERCISE 12 

The value of N factorial (М1) is equal to nx (u— 1) х(и—2).-....3х2х1. Draw a 
flowchart to calculate and print the value of N ! where N is a positive integer. 
Make a flow chart to find the second largest number out of a given set of K numbers. 
Draw a flow chart to find the sum of squares of first 15 numbers 

ie., 1-Е2#-Е3-+Ь......... 152, г. 
Draw а flow chart to print multiplication table of any number N. Write its step-by- 
Step procedure also. 


Draw a flow chart to compute and print grades for an examination. i Input is roll no. 
and marks in five subjects out of 50. The grades are awarded as below : 


Percentage of Marks Grade 
90 and above “А 
80-89 ‘B 
70—79 с 


Less than 70 ‘Dr 
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6. Income tax T (in Rupees) is calculated on the taxable income 1 
to the following formulae : 


If 0 < I < 15,000 then T=0 
If 15,000 < I < 22,000 then Т--15% of I in excess of 15,000 


(іп Rupees) according 


Tf 22,000 <I < 45,000 then Т--3000--25%, of I in excess of 22,000. 
If 45,000 <I then Т--8,000--40%, of I in excess of 45,000. 


Write an algorithm to calculate the income tax payable by а person given his taxable 
income. Draw the corresponding flow chart also. 


7. Do tracing for the following flow charts and show the output. 


SUM - SUM « NUM 


NUM = NUM +1 


Also trace the above flow chart with following conditions : 
(ij) NUM <5 

(i) NUM > 5 

(iii) NUM >=5 
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(ii) 


COUNT = COUNT +1 


PRINT*TOTAL 
POSITIVE NOS*;'P. 


Do tracing for the above flow chart using following values and find the output : 
5, 0, —62, 29, 54, 79, 48,—9,—8, 0, 59, 62 


Е реба a flow chart for finding square roots of а set of М numbers which contain 
ew negative numbers also using the given instructions. 


8. 
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(i) The following instructions given below, when placed in the Correct order, would 
produce an output of 1, 3, 6, 10, 15. Design a flow chart using all instructions to 


produce the desired output. 
) А-1 ( START 


з 


4 
9. Following is the flow chart to calculate the sum of series 1+2-Е3+......-Ел 


Write what will be the output if you use the following condition in the 
() М>10 
(ii) М>20 
(iii) M=0 
(i) M > 20 
() М<20 
(vi) M < 20 


decision box ; 


PRINT S 
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11. ЕШ in the blanks in the following flow charts £ 


(i) A flow chart for calculating and printing the sum of first 100 numbers. 


(ii) A flow chart to find th 


е division of X by Y is given bel i 9 k 
whether Y is equal to zero_or not. и ана аы 


Extend the above flow chart to findithe quotient and г 


emainder of X/Y. 
12. Draw а flow chart for finding the greatest n 


1 umber that will divide 2930 and 3250 and 
will leave as remainders 7 and 11 respectively. 


13. Draw a flow chart for finding the L.C.M. of 364, 2520 and 5265. 


14. 


15. 


16. 
17. 


18. 


19. 
20. 


21. 
22. 


23. 
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А house is sold for Rs 1230 at a loss of 18%. What would have been the Joss or gain 


per cent had it been sold for Rs 1600? Write the algorithm and draw the flowchart for 
solving the above problem. 


A man purchases a certain number of toffees at 25 a rupee and the same number at 20 a 
rupee. He mixes them together and sells them at 45 for 2 rupees. Find his gain or 
loss per cent on the entire transaction. Write the step-by-step procedure for solving the 
above problem. 


What sum of money will produce Rs 143 interest in 3} years at 2} p.c. simple interest ? 
Draw a flowchart for the above problem. 


Find the amount at compound interest on Rs. 2700 in 3 years at 3} per cent р.а. Write 
the algorithm for solving the above problem. 

If 30 men working 7 hours a day can do a piece of work in 18 days, in how many days 
will 21 men working 8 hours a day do the same piece of work? Write the algorithm 
and draw the flow chart for above problem. ; 
How many horses would be required to plough 117 hectares of land in 35 days, if 10 


horses can plough 13 hectares in 7 days? Draw the flow chart for the above problem. 
In finding the H.C.F. of two numbers the last divisor is 49 and the quotients 17, 3, 2. 
Find the numbers. 


Draw a flow chart for the solution to the above problem. 
Draw the flow chart for finding the smallest prime number greater than 47. 
Draw a flow chart for finding the cost price of an item given its selling price and per- 
centage gain or Joss 


incurred. 
At what 


А Tate per cent simple interest will a sum of money treble itself in 25 years 7 
Write the algorithm for the above problem. 


ЕНЕ 


TEST PAPERS 


TEST PAPER 1 
(Time Allowed : 3 hours) 


Fill in the blanks to make each of the following a true statement : 
(a) Value of sin 20? sin 70°—cos 20? cos 70^is......... 


(b) In the figure, chords AB and CD intersect inside the circle 
at P. If AP—6 cm, BP—4 cm, PD=8 cm, then CP=...... 


(с) If P, Q, Rare three points ona circle with centre О and 5 
/ РОК = 57°, then Z РОК =......... А 


(4) The mean of 3, 5,7,9 and 111 


(е) А тегі number a is said to Бе a zero of a polynomial P(x), 
if. 


B 
(a) Find the sum and the product of the roots of the equation х2-- y 3-0. 


(b) Is Ү/ 100+ 4/36 the same as V 1004-36? Give reasons. 

(c) What is a system of linear equations having no solution called ? 
(d) Find the g.c.d. of (2x— 7)(3x-4-4) and (2x— 7)*(x 4-3). 

(e) Factorise x*—x— 12. 


(а) Prove that 1 1 2 


TESIRA * I—sin A ^ cos A 
(b) In a circle of 6 cm radius, find the length of a chord that has a ce 
(c) Two men are оп diametrically opposite sides of a tower. The 


of elevation of the top of the tower as 20? and 24? respectively. 
tower is 40 m, find the distance between them. 


©% 


ntral angle of 60°. 
y measure the angles 
Ifthe height of the 

(a) Prove that angles in the same segment of a circle are equal. 

(0) AB and CD are two equal intersecting chords of a circle whose centre is O. If M 
and N are respectively the mid-points of AB and CD, prove that ZOMN=/ONM. 

(c) In cyclic trapezium ABCD in which AD | BC, show that AB— CD. 

(а) If the corresponding sides of two triangles are Proportional, then prove that they 
are Similar. 


b) In AABC, ZBAC=90° and segment AD is perpendicular to the hypot 
\ Prove that AD?=BD x DC. уре BOR 


(с) РО апа РК аге equal chords of a circle. Prove that the tangent t t i і 
parallel to the chord QR. ы 9 the cirole at P'is 


(a) Find the real values satisfying x*—2x?—3-—0. 


Xl. xls Е 
(Б) Ехргеѕѕ ( БЕ -) as а rational expression. 
(c) Some students planned a picnic. The bud 
the group failed to go, the cost of food to 
many students attended the picnic ? 


get for food was 


Rs.24. Because ғ 
each member got ecause four of 


increased by Re. 1. How 


(a) Find the area of a triangle whose sides are 2:22 m, 2°46 m and 1'9 m 


(220) 
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(0) A metallic sphere of radius 10:5 cm is melted and then recast into small cones, each 
of radius 3°5 cm and height 3 cm. Find how many such cones are formed ? 

(c) А 20-metre deep well with diameter 14 metres is dug up and the earth from digging 
is spread evenly to forma platform 22 mX14m. Determine the height of the 
platform. 

(a) The mean monthly salary paid to 75 employees in a company is Rs. 1420. The mean 
salary of 25 of them is Rs. 1350 апа that of 30 others is Rs. 1425. Find the mean 
salary of the remaining employees. 

(6) Ina study on certain disease, the following data was obtained. Find the average at 
first detection. 


Age at first detection (in years) Number of patients 

2—6 1 

6-10 9 
10—14 21 
14—18 47 

18—22 52 
22—26 36 
26—30 19 
30—34 3 


Draw а fiow chart to find the sum of cubes of First 10 numbers 
Le, 19--29--334-......103 
TEST PAPER 2 
(Time Allowed : 3 hours) 


Fill in the blanks to make each of the following a true statement : 


а) Ifa perpendicular is drawn from the centre ofa circle to a 
chord, then the foot of the perpendicular... the chord. 


(b) In the figure, if AD is the bisector of Z BAC, then AB=------cm. 


(с) The value оғ 511 40% is 
сов 50% 


(4) The zeros of polynomial х®—9 аге.-.---.-. 


(е) A system of linear equations which has at least one solution g 

18 called a system of......... equations. 077 os 
(а) Find the sum and the product of the roots of the equation 

4x°—4x—3=0. 
(b) Find the value of k for which the system 
А kx+2y=5, 3x+y=1 has unique solution. 

(c) Find the l.c.m. of Qx— T)(3x4-4) and (2=—7)? (х--3). 
(d) How many transverse common tangents can be drawn to two circles of radii 2:5 cm 

and 3 cm, their centres being 5 cm apart. 


( ) i d the meas W i i 1 1 1 
Еїп ures of two op т ral, if one of them is 
2th of t n wo opposite angles of acyclic quadrilate 1 

(а) Pr that sin (90?— A) cos (90°—A) 


tan A 


—]-—sin? А, 
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9. Draw a flow chart to find the Н.С.Е. of 30, 45 and 75: 


(b) 
(c) 


(a) 
(b) 
(c) 


(a 
(b 


cM 4% 


(с) 


(а) 


(b) 


(c) 


(a) 


(b) 


(c) 
(a) 


(b) 


sin 0 sin 0 2 
Prove that 14-cos 0 2 l—cosÜ зіп 0 
From the top of a cliff 100 metres high, the an 


gles of depression of the top and 
bottom of a tower are observed to be (32:6)° and 45° respectively. Find the height 
of the tower. 


Provethata tangent toa circle atany point of itis perpendicular to the radius 
through the points of contact. 


Two circles intersect each other at the points P and Q. If AB and AC are tangents 
to two circles from a point A on the line containing P and Q, prove that AB=AC. 
AB and CD are equal chords of a circle whose centre is O. When produced, these 
chords meet at E. Prove that EA—EC. 


Solve 6 (=+ 5, ) 35 (x+4 )+62=0 


Father is six times as old as his son. Four years hence he will be four times as old as 
his son. Find their present ages. 


Solve the system of equations 

11х--15у--23--0 

7х- 2у--20--0. 
If a line divides апу two sides of a triangle in the same ratio, prove that the line 
is parallel to the third side. 
If a perpendicular is drawn from the vertex containing the right angle of a right tri- 
angle to the hypotenuse, then prove that the triangles on each side of the perpendi- 
cular are similar to each other. 


A point O in the interior of a rectangle ABCD is 
А, В, Cand D. Prove that 


OB*--OD! 2 OA?-- OC?2, 
The circumference of the base of a 9 m high conical tent is 44 m. Find the volume 
of the air contained in it. 


(Use x=22/7) 
Four equal circles are described about the four Corners ofa square so that each 
touches two of the others. Find the area of the Space enclosed between the circum- 
ferences of the circles, each side of the Square measuring 14 cm. (Use x—22[7) 
A toy is in the form of а cone mounted on а hemisphere, The diameter of the base 
of the cone is 6 cm and its height is 4 cm, Compute the surface area of the toy. 
There are 45 students ina class, of which 15 аге girls. The average weight of 15 
girls is 45 kg and that of the 30 boys is 52 kg. Find the mean EE in p? of the 
entire class. 
In a city the following weekl 
index for 1970-71. Calculate 


Joined with each of the vertices 


Y observations were made ina survey of cost of living 
the average mean weekly cost of living index : 
Cost of living index 


Number of weeks 
140—150 5 
150—160 10 
160—170 20 
170—180 9 
180—190 6 
190—200 2 
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TEST PAPER 3 
(Time Allowed : 3 hours) 


Fill in the blanks to make the following statements true : 


(a) 
(b) 
(c) 
(d) 
(е) 


(а) 
(b) 


(c) 
(а) 


(е) 
(а) 


(5 


Кы 


(с) 
(а) 


(5) 
(с) 


(а 


(b 


= / «> 


(с) 


(а 
(b 


= S 


(c) 


(a) 


Tangent at any point of a circle is...------ to the radius through that point. 

Two circles are congruent if and only if they have equal......... 

sin 50°+cos 40°=2 sin (.........)°. 

The solution set of the system of equations 

3х--4у----7, 3х-4у----9 і5----.. 

The volume of a right circular сопе=......... 

Find the zeros of the polynomial 3?--1, x € К. 

Write down a quadratic equation whose roots are —2 and 3. 

Find the reciprocal of the rational expression MA 

Find the length of a chord which is at a distance of 3 cm from the centre of a circle 
whose radius is 5 cm. 

Given a point P in the exterior of a circle. How many secants сап be drawn through 
P to the circle ? 


Find the roots of quadratic equation 


( = уы ( == )+2=0, хі 


The sum of the squares of the three consecutive natural numbers is 110. Determine 
the numbers. 


Simplify : 2—1 3x1 4 2 . 
plify x—2 x42 “Феж + 9x 


Prove that the angle subtended by an arc at the centre is double the angle subtended 
by it any point on the remaining part of the circle. 

Prove that a cyclic parallelogram is a rectangle. 

Prove that the tangents at the end-points of a diameter of a circle are parallel. 


Prove that if a line is drawn parallel to one side of a triangle, the other two sides 
are divided proportionally. 
ABCD isa trapezium such that AB | DC. If O is the point of intersection of its 


OA OB. 


diagonals, t 
» then show that OC ^ OD 


In AABC, AD is perpendicular to BC. 
Prove that AB:—BD?—AC?—CD*. 


A sector is cut from a circle of radius 21 ст. The angle of the sector is 1509. Find 

its length and area. 

A heap of wheat is inthe form of a cone of diameter 9 m and height 35m. Find 

its volume. How much canvas cloth is required to just cover the heap ? 
(Use x—3:14) 

The volumes of a sphere and a right cylinder are equal and the diameter of the 

Sphere equals the diameter of the base of the cylinder. Determine the ratio of the 

eight of the cylinder to the diameter of the sphere. 


cos 59°, 
біп 319 


Find the value. of 
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8. 


1+sin А cos А 2 
cos А +itsin A cosA ` 


(b) Prove that 


(c) A kite flying at a height of 65 metres is attached to a string inclined at 31? to the 


horizontal. What is the length of the string? Assume that the string is tight, 
(a) Following is the distribution of earnings of 200 workers in a flour mill : 


Monthly wages (in rupees) No. of workers 
80—100 20 
100—120 30 
120—140 20 
140—160 40 
160—180 90 


Find the average earnings of the workers. 


(b) The mean of 30 values was 150. It was detected on rechecking that one value 165 was 
wrongly copied as 135 for the computation of the mean. Find the correct mean. 


А bicycle is sold at a profit of 1296. Had it been sold for Rs. 180 more, 18% would have 
been gained. Find its cost price. Draw the flow chart for solving the above problem. 


TEST PAPER 4 
(Time Allowed : 3 hours) 
Fill in the blanks, making each of the following a true statement : 


(а) Equal chords of a circle are......... from the centre. 2 
(b) The value of SC [| m 5) 
(с) Inthe figure, if / BDC—30? and / СВА--1 10°, then 
ABCA 09. 
(d) Two tangents to a circle from an external point are.... = 
(е) 3xX°+7x2+45 isa Polynomial of degree......... in x. С 


(а) Find the value of k so that the equation 9x?4-3kx--4—0 has equal roots. 


(b) Reduce the rational expression XS to its lowest terms. 


(c) The ratio of any two corresponding sides of two similar triangles is 3:2. Find the 
ratio of the areas of these triangles. 


(d) When do two linear equations in x and y have no common solution ? 

(е) What is the total surface area of a hemisphere whose radius is x cm ? 
1 1 6 

(а) Solve "Sep xus —$x ER. 

(b 


= 


Solve the system of equations : 
Sx+2y+13=0 and — 7x—5y4-26—0. 


(c) The length of a room is 3 metres more than its breadth. If the area of the room is 
70 sq. metres, determine the dimensions of the тоот, 


(а) 


(b) 


(с 


м 


(а) 


(b) 
(c) 


(a) 


(b) 


(c) 
(a) 


(b 


= 


(с) 


(а) 
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Prove that if two circles touch each other, the point 
of contact lies on the line joining their centres. 


ABCD is a cyclic quadrilateral. A circle passing through 
А and В meets AD and BC in the points E and F res- 


pectively. Prove that EF is parallel to DC. B с 
In the figure, Pisa point on the chord BC such that 7 


АВ= АР. Prove that СР= СО. 2 


Prove: that = 605 A sin? A E $ ; 
i—tan A ‘sin A—cos А sin А-да A 


Show that cos 0 cos (90°—0)—sin 0 sin (90%--0)--0. 


A ladder leaning against a vertical wall makes an angle of 20° with the ground. The 
foot of the ladder is 3 metres from the wall. Determine the length of the ladder. 


Prove that in a right triangle the square on the hypotenuse is equal to the sum of the 
Squares on the other two sides. 


If two sides and a median bisecting one of these sides of a triangle are respectively 
Proportional to the two sides and the corresponding median of another triangle, 
then prove that the two triangles are similar. 


Prove that the bisector of an angle of a triangle divides the opposite side in the ratio 
of the sides containing the angle. 


The length of the minutes hand of a clock is 14cm. Find the area swept by the 
minutes hand in one minute and in one hour. (Take n=3'14) 


A cone of height 24 cm, has a curved surface area 550 cm*. Find its volume. 
(таке 2-7.) 


iur оГ тайпа 6 ст contains oil. Iron spheres, each of radius i5 em 
ntheoil H 5 vé 
of the oil by 2 cm ? ow many such spheres are necessary 10 raise the le 


The mean of the followin, қ И а 
1 g frequency table is 50. But the frequencies fı AN А 
іп classes 20--40 and 60—80 are missing. Find the missing frequencies : 


Class Frequency 

0—20 17 
20—40 Ж 
40-60 32 
60—80 ГА 
80—100 19 


Total 120 
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(b) Іп а study to test a new variety of wheat, an experiment was performed on 50 similar 
plots (under similar conditions) and the following results were obtained : 


Yield per hectare Number of fields 
(in quintals) 
10—20 2 
20-30 7 
30—40 12 
40—50 15 
50--60 
60-70 6 


Find the mean yield рег hectare from the above data. 


9. А man had Rs. 2,000, part of which he lend at 5% and the rest at 4%. The whole 
annual interest received was Rs. 92. How much did he lent at 5%? Write the algorithm 
for the above problem and draw its flow chart. 


TEST PAPER 5 


(Time Allowed : 3 hours) 
Fill in the blanks to make the following statements true : 


(а) In the figure, if AB is a tangent to the circle at R, 


Qis a diameter of the circle and ZRPQ=25°, then KA 
ARB 


(b) If the opposite angles of a quadrilateral are supple- 
mentary, then the quadrilateral is 


h SOM A 
(c) The value of COS BOT Been в 


(4) Тһе solution of the system of equation x+y=5, P Q 
(е 


x—y=3 ПЕ 
If the discriminant D of a quadratic equation 
ax’+bx+c=0, a0, is zero, the roots are... 


=> 


2. (a 


© 


One root of the equation 33*—10x-F3—0 is 1. Find the other root. 


(b) Express (сан. 2 as a rational expression. 


(с) 


Find the measures of two opposite angles of a cyclic quadrilateral, if one of them y 
11 
F th of the other, 
(d) The perimeters of two 
side of the first triangl 
(e) The mean of the nu 


Similar triangles аге 24 cm and 18 cm respectively. If one 
е is 8 cm, find the corresponding side of the other triangle. 


mbers 6, y, 7, x, 14 is 8. Express y in terms of x. 
$. (a) Prove that (SES J keso 
зїп 0 1—соз 6” 
(b) Prove that sin 0 cos (90^—0)--cos 6 sin (50°—0)=1, 


(c) The shadow of Qutab Minar is 81 metres long when the angle of elevation of the sun 
is 41° 30'. Find the height of Qutab Minar. 


4. (a) Prove that the Perpendicular from the centro of a circle to a chord bisects the chord. 


(b) 
(c) 
(a) 
(b) 
(с) 


(а) 


(b 


(a) 
(b) 


(c) 
(a) 


(b) 
(c) 
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If the sides of a quadrilateral touch a circle, prove that the sum of a pair of opposite 
sides is equal to the sum of the other pair. 

P is the mid-point of an arc АРВ of a circle. Prove that the tangentat P is parallel 
to the chord AB. 

Prove that the ratio of the areas of two similar triangles is equal to the ratio of the 
squares of any two corresponding sides. 

In AABC, / BCA isa right angle. Q is the mid-point of the side BC. Prove that 
BC*—4 (AQ'—AC?). 

Prove that any line parallel to parallel sides of a trapezium divides the non-parallel 
sides proportionally. 

Following are the data on the daily wages of casual labour employed by a group of 
limited concern : 


Daily wages (in rupees) Frequency 
4— 6 6 
6— 8 5 
8-10 10 
10-12 8 
12-14 3 
14—16 2 
Total 34 


students. 


A school has 4 sections of chemistry in class XI having 40, 35, 45 and 42 
ely for the 


ше mean marks obtained in chemistry test аге 50, 60, 55 and 45 respectiv 
sections. Determine the overall average of marks per student. 


Solve М/х®—16 —(х—-4)=А/х#—5х-Е4 , 

Find the quadratic equation whose roots are reciprocals of the roots of the equation 
3x?—20x+17=0. 

Solve the following system of equations by graphical method : 


" 202-909, 5х--2у--27. 
Ow many spherical bullets can be made out of a cube of lead whose edge measures 
22 em, each bullet being 2 cm in diameter ? Take == 


Given a circle with radius 3:5 cm. Find the area of its sector with central angle 30°. 


A well with 10 metres inside di i f it 

iameter is dug 14 metres deep. Earth taken out Ol! 
has been spread evenly around it to a width of 5 cm. Fin dus height of the embark- 
ment so formed. 


А fort had provisions for 150 men for 45 days. After 10 days 25 men left the fort. 


Pro 


H l 
алы Will the food last at the same rate? Draw a flow chart for solving the above 
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Exercise 2 (b) 


МЕ. LAT 2 
1 5,-5 zn aor ue Wi 
d. іі 5, $2 6. 9,—3 
9 8 
7. 0,3 8. 0,-- 9. 0, 5 
За zz 
10. 0, 24 11.. 0,5 12. 0,2 
із. 3,7 14. 8, -8 15. 212, =? 
1 1 
Тт ТГ KS 
16. 7 
Exercise 2 (c) 
1. 2,-8 2. 03. 4, 34 :--3;--5 4 5,—1 
5 —7 —5 LM ES 21, жей 
5. mue 5) 6. —2, > ТЕ 2 3 8. а = 
E -2 ES 1 5 
—5,—— — .—2,— =s -> 
9. —5 — 10. 4, її. —3,— 2.2.5 
Exercise 2 (d) 
—34- 45 Eu. =] Ж I-A 
1055 2:55.» 2 5-2, =a 3, Уз, -1 VIS 
S ЭТА ЗА, „дь SENS -3-48 0, 24246, 22v% 
7. 078,322 8. —127, 271 9, 2150715 
10. 065, 7:65 11. -017, 2°92 12. --059, 2:26 
Exercise 2 (е) 
1. (а) 16 (b) 1 (c) —5 (d) 32 
2. (а) Real roots (b) Real roots (c) No real roots (d) Real roots 
3. (a) Norealroots (b) Real roots (c) No real roots (d) Real roots’ 
4. (a) k<4 (b) к<0 (с) k2-6 (d) k2246 or k>—2, 6 
1 =0 
5. (а) "EB (0) Fy 6. (а) No real roots (b) i zz 
29203 5 137 
(c) No real roots (d) ato 7. (a) 5 (5) к=, - ү7 
8. (а) 48 ® = а, ке2,-10- 
Exercise;2 (f) 
n жо, Б]. 4. 1 
1. 21 2. —3;—5 3. =? 2 4. F 
8. =pg e rx T 7. х-2х42-0 8. 4x50 


9. 4+3x+4—0 10. 69--х-2-0 i x»—3x—10-9 12. 4x*48x-L3—0 


13. х--10х--22--0 14. 9:x2—12x—1—0 15. 24--12--0 16. 1;k=—6 
17. й--%5-% 18 k=4 
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Exercise 2 (g) i 
2 


1. (a) 6 (b) 5” (5) وک‎ 
2. (à) m4 () (p29) 4 (с) p'—3pq 
2 3 
a—b+c bt —4ab?c ЗаЬс—% 
& жт = 6), — (Q --а 


Exercise 2 (h) nm 
1. (a) Realfactors (b) No real factors (c) No real factors (d) Real factors 


1 --2 З Ее? 
2. (а) к<45 (b kS <- OR figi: 
3. (а) (x—1) 2х-1) (6) (+S) Qx+1) 
(с) (2х4-3) (3x—7) (D фк) G9 бы 
ЖЕТІСІ эша) 
4. (а) (х+2—\/2) (х+2+ 2) (b) 20+ мак жей Слет 
344/15 V. зы 
(с) (х--5-3 V3) (x+5+3 У3) (4) m ТІЛЕТІН 8 3 
Exercise 2 (i) же 
ў 2 
1. х= +2, х= 43 2. х=} AU 
2 
3. х=41, E 4. х4, х= 3 
1 
5. x=—], x=1'5 6. x= ip^ 749m 
7. x=1,x=3 8. х--2,х--3 
1 
9 х=1, ost 10. == т 
11. 5-0; х-14- 12. х--27, x=64 
13. х=6, х=11 14. x==2, х=5 
15. х=0, х=2 16. х=2, х=5. 
Exercise 2 (1) 
d. ~=5 2. х=0, 2. х-0 4. x=3,—1 
5. х=—1 6. аас. ы]. 7. x= 
У 4 
8. xe x1 9 х--1 10. х= 0067, 
Yi ео... ré 
x=2, 2 1+ У2 12. x=1, 5 
13. х--1,1 ELS MEN 8-1. 
> > 2 2 
TA. Тш, 2 і 
x= n 15. No solution 


3 
16 3452. 
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Exercise 2 (k) 


1. 9 2. 19,21 or —21,—19 3. 6,8 4. 12,13 
5. 16,17 6. 7,8,9 7. 12, 15 or —12, —15 
8. 23 9. 6,9 10. 3 11. 4:5 metres/minute 
3 5 
122 9532 13. 7,8 14. rcm 
15. 8cm, 15cm, 17 cm 16. x=3 17. 6cm, 4cm 
— 533 
18. 16m 19. ee cm 
20. 5cm, 12cm 21. 6m,3m 22. 6 hours 40 minutes 
23. 3 (¥5—1) cm internally; —3 (У5--1) cm externally 
24. 9,10, 11 25. Father 42 years, Son 3 years 
26. 6 years 
52200 200 Е 
27. (i) x hours, хз hours (ii) 20km 
28. х--100 29. 8. 
30. Base—15 cm, Altitude=8 cm, Hypotenuse=17 cm. 
Review Exercise II 
1. (a) —92 (b) р?-44<0 (с) g—4pr=0 (d) 22—2х—15=0 
(e) —5 (f) х3-2х-2-0 (g) two (h) T 
2. (а) -— (6) 1 3. x?—6x+7=0 
4. (a) Two real distinct roots (b) Real repeating root 
EN 4: = 1 
5. х= Spi 6. y-——, کر‎ 16 
АТ eed. 13 
Ti Y=, ye 8. y-4,y—5 
9. х=4, х=--1 10. 5,6,7 
11. Length 10 т, Breadth 7 т 
12. (3- У5) m i.e. 76 cm nearly 
13. 3 km/hour 14. 20mx5m 
15. 7km/hour 
RATIONAL EXPRESSIONS 
Exercise 3 (a) 
1. (x—3) (x41)? 2. 2(x—1) (x4-19 
3. х-2 4. 2x43 
5. 4x2 (2x-+1) 6. (x+3) (х—6) (x—2)2 
7. (x+3) (x44? 8. —(x+1) (43) (х—2) 
9. —(x+3)? (2x+1) (3 х-4) 10. (х2--2х--3) (х3-х2--5х--2) 


Exercise 3 (b) 


1. 
2. 


(а) апа (с) аге rational expressions. 
ax-4-b 
ext dx de? 27208020. 


| ах? +b 
cx" +dx? +e 
| numbers. 

4 xt-bx—2 . 
` 3x1 x2 


Exercise 3 (c) 


1 (x4-3) (x—2) 
ў х—1 
4 х-3 
5. rel 1 
2x41 
я. 2х--3 
Exercise 3 (а) 
1, xta 
' x—a 
5 хару? 
Mer 
9, -2x—6 


x?—36 


13, X bxt 3x xX-3 
G—1 (з3--2) 


Exercise 3 (e) 


Те — 
1 2. 
CORO 
X—y 6 
9, +8 
(х—2)* 10. 
13, =8 
x—2 


Exercise 3 (f) 


1 2 (х3--4х--3) 


х3--3х--2 
4. x*—5x--6 
4 7 ab 
а-х 
10, .1 
qe 
Exercise 3 (g) 
T. 22 
1 
(b) х--1 
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e where №, п, p, r are natural nümbers and а, b, с, d, e are non-zero real 


(х--2) (x—3) 3 ш 
2. (ED (x2 ^, ig ۹“ 
6. x83 х-4 а Z+ 
(OMS x—3 "2x1 
5(3x—1) 2x—5 2х+у 
10. = LM m 1. бу 
2x—5 2х%—2 
ШЕН 3. Суз nm 
e , 2х-42х-7 x+6 
Pm ° (x3) (х-2) 9x (x-+1) 
2 G2--1) 2x9 ILL 
10. Goer 10 wy "oOUGEDQSS-D 
4x3 3x?—14 
M. а 15. 1) 6-2) (х—3) 
— (4-1) з, 3х. а == 
FI ЕСУ 7 х-у 
4х 7 Es g «жк = 
I ° 33-25 4 201—1 
Жб. И —3х2—2242 
Жб р n SS 
2х5-2х4-4х3--14х2--4х--4 А 
14. х1) (22) (2) Qx4-D 
Е са ссе си ш з. 2093) 
2. х3—22—2х+2 ; ‘ 
5 -2х-24 6. x 
°` 22--2х--35 
2х--1 = 
s eu 
x4l 
ا‎ 
gx. x 
2. pe? Priori 3. (а) 
x—1 x®+x—12 
(0 Exp х--х-2 
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esed (ә) 
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3. 24,000 cm* 4. 1125 mê 5. 512 сш? 
6. 500 7. 4r 8. 20:27 
А 157 
9. 2/66cm 10. tiles 960 ; 20 11. 210 m, 168 m 
12. 69°71 cm; 627:39 cm? 13. 216sq. m 14. 9:89 cm 
15. length 14 m, breadth 10 m 16. 12 43 ст 117. 59'4 metres, Rs, 742:50 
18. 42,240 cm? 19. 377 dm? 20. 21cm 
21. 42cm 122. 24,300 m 24. 216 cm? 
25. 8 шіп. 168 вес. 26. 1cm 27. 1601 cm 


28. 80,080 стз. 


SIMILAR TRIANGLES 


Exercise 6 (a) 


1. (а) 6cm (b AE=4'5 cm, EC=3 cm 


2. (а) 28mm (b) 28cm 
4. PR=12 ст, QR —10'4 cm 
7% 


(а) AP=15 mm, PB=9 mm, AQ—175 mm, QC 


=10°5 mm 
(6) AP=60 mm, PB=36 mm, AQ=70 mm, QC=42 mm 
Exercise 6 (b) 
3. (а) А AEB ~ A DEC (b) 6cm 
S: ELIS 6. x=6 cm, y=32 ст 
Exercise 6 (c) 
2, 34 3. 1172 ст 7. (а) 5 (b) 1:9 
Exercise 6 (d) 
1. V/P—h? metres 2. 12m 4. 2cm 7. 20 ст 
8. 62 ап. 
Review Exercise V 
1. (a) True (b) True (c) True 
2. (а) 9:4 (b) proportional (c) squares (d) parallel 
(e) 16 cm Cf) similar (в) l'8cm (h) need not 
i; нБ 4186. св рын 
3 G) /АСВ=/ ас “AC — CD (ii) 40 (iit) 2x 
4. 31cm 5. 4cm 10. (i) 125cm (ii) 25x 
CIRCLES 
Exercise 7 (a) 
1. Zero 2. Two 3. No. 4. Yes 
5. Yes 6. Diameter=2 x Radius 
7. When it passes through the centre of the circle 8. Twice the radius 
Exercise 7 (c) 
2. Аст 3. 25cm 4. (i) 1cm ii 
7 
5. (а) 35cm ©) 5mm. 6. dem. е, 


9. 2cm, 8cm ; О, P and А are collinear. 
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Exercise 7 (е) 
5. 2cm,2cm 


Exercise 7 (Ғ) 


1. / POR=136° i2. 58° 5. (а) 65° (b) 130° 
6. /ОВА--50%, / ОАС=40°, 7. 140% 9. (а) 62° (p 28° 
Exercise 7 (g) 
2. 66° 5. ZMAN=110°, ZMON=120° 6. (а) 25° (b) 30% (с) 55° 
Exercise 7 (k) 
8, 37 6. /ВАр=110°, ZBCD=70° 7. 80° 
8. (i) 55° (i) 35° 9. (a) 50° (b) 40° (c) 90° 
10. (a) 27° (b) 83° (c) 70° 
Review Exercise VI 
1. (a) False (b) True (c) True (d) True 
2. (а) equal (b) right angle (c) supplementary (4) perpendicular 
(e) equidistant (f) equal angles (g) one (А) equal 
3. (a) 40? (b) 55% (c) 80? (d) 8cm 
6. /RNM-119, / МЕМ =32° 7. 50? 
10. /PRB—35, / PBR=115°, ZBPR=30° 
12. (i) 50°. 
TANGENT TO A CIRCLE 
Exercise 8 (a) 
6. 4cm 7. 8cm 9. (а) 10cm (b) 87cm (с) 43:5 cm? 
Exercise 8 (b) 
3. 4cm 4. 5ст 
Ехегсіѕе 8 (с) 
нй 4. 33°, 81°, 66° 
Ехегсіѕе 8 (4) 
1 8cm 
Exercise 8 (е) 
1. (а) 42cm (6) 6mm 2. 25 mm, 35 mm, 30 mm 
7. 7 mm, 10 mm, 12 mm. 
Review Exercise VII 
1. (a) perpendicular (b) equal (c) common tangent (d) centres 
(е) rs (f) direct (g) 6cm (л) 60% 
(i) 120% () 12cm 
GEOMETRICAL CONSTRUCTIONS 
Exercise 9 (a) 
l. (i) Circumcentre (ii) Equal (iii) Yes (iv) Orthocentre 
2. (i) In-centre (ii) OR=OQ (iii) ZACO=ZBCO 
4. 1:6 cm (nearly) 5. 1:6 cm (nearly) 8. 8 mm (nearly) 
9. 5 mm (nearly) 10. 1'2 ст (nearly) ; 2:3 cm 11. 13cm 
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Exercise 9(с) 
1 69cm 


1. (а) False 


Exercise 10 ( a) 


1. Rs. 780 

4. 1645 ст 

727185 
Exercise 10 (b) 

1. 32 marks 

5. 61:6 marks 


Ехегсіѕе 10 (с) 
1. 312% years 
5. 254 

Exercise 10 (а) 
1. 66 
5. 316 litres 
9. 456 

13. 1545 om 

Exercise 10 (e) 
1. Median 
5/1 13% 


Exercise 10 (Ғғ) 


l. (a) Population 
3. 125 
Review Exercise ІХ 
1. (а) 12 

(е) 5 
2. 110 


Pq4- 1000s 
6. 100075 qr 
10. 174 


Exercise 11 (c) 


No 
5. No 
9. 0--60% 


Exercise 11 (d) 


1. cos 9?--cot 9° 
Ss I 


2. 9'8cm nearly 
4. Each2cm (nearly) 5. 44cm each 


Review Exercise VIII 


(b) True (c) True 
STATISTICS 
2. 347С 
5: 4: 
8. 153 cm 
2. 25 marks 3. Rs. 10°54 
6. 159 ст 7. Rs. 182 
2. Rs. 28 3. 33:33 years 
6. 33'3'years 7. 18:45 years 
2. 4 kg 3. 627 cm 
6. 13°01 years 7. 19'6 
10. Rs. 145 п. 2027 
14. Rs. 112750 15. Rs.28 
2. 46 3.8 
6. 58; 58 
(b) 1000 (с) barometers 
4. 110. 
(5) 998 (с) 35 
(/)3 (g) 65 
34 4. 156 cm 
7. 20T54 cm 8. 607 years 
11. Rs.472 12. Rs, 22915, 
TRIGONOMETRY 
2. No 3. No 
6. 0--60% 7. 0=45° 
10. 6=60° 11. 6=60° 
2% 0 9.1 
9. 1 12. 1:4 


4. 4 
T. (1225374. 10); {1, 2, 3, 5, 9} 


3. Each 54 cm (nearly) 
6. T4cm (nearly). 


(4) True 


3. 69'5 kg 
6. у-13-х 
9. (а) 66 


4. 14:19 years 


4. 28'1 marks 


4. 21:8 

8. 1426 years 
12. Rs. 5631 
16. 3867 


"5 


(4) time 


(d) 55 


5. 614 
9. 2 


Exercise 11 (е) 


1. 0:5736 

5. 1192 

9. 2:381 
13. 1:6433 
Exercise 11 (f ) 

1. 1732 

5. 077626 

9. 41:4 
Exercise 11 (g) 

1. 616m 

5. 15°91m 

9. 285'75 m 
12. 371m ; 12716 m. 
Review Exercise X 

1. (а) 0 

(е) 0 
2. (а) 1 
8. 1325т 


Test Paper 1. 
1. (а) 0 
(е) P(a)=0. 
2. (а) 0; — 43 
(е) (x—4) (x+3). 


3. (b) бст 

6. (a) x=+V3 
7. (а) 2016 m? 
8. (a) Rs. 1500 


Test Paper 2. 
1. (а) bisects 
(е) consistent. 


(4) No, the two circles intersect each other. 


2. (а) 1; —$ 

3. (c) 3605 m 
5. (а) 2, 3,3, 4 
T. (a) 462 m? 

8. 


(а) 4967 kg 


2. 09613 
6. 2203 
10. 0:2943 
14. 12467 


2. 1:9022 
6. 63cm 
10. 3°95 cm? 


2. 2:344 km 
6. T5m 
10. 7:098 km 


(b) 1 
FY 1 
(b) 0 
9. 261m 


11. 
15. 


32. 
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TEST PAPERS 


(b) 3 cm 
(b) No 


(c) 195:73 metres. 
4Qg--1)? 

(b) (2—1) 

(b) 126 

(b) 19:2 years. 


(b) 10 cm 
(6) к=+6 
(b) 6 yrs., 36 yrs. 


(5) 42 ст? 
(b) 166:35 


077536 4. 08192 

& LITT 8. 08511 
1:6029 12. 04337 
2:167 
11680 4. 1:5308 
196 cm 8. 4605 cm? 
60°22 m 4. 200m 
683 m 8. 18°59 m 

. 42:555 m ; 20°75 m 
0 (d) 1 
7T62m 13. 2379 m 
(c) 1142 (d) 7 
(c) Inconsistent (d) 2x—7 
(c) 8 
(c) 10m 
(c) 1 (d) +3, —3 


(c) (2х—7)° (x+3) (3х+4) 
(e) 40°, 140% 


(с) x—2; y=—3 
(c) 66 cm? 
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Test Paper 3. 


1. (а) perpendicular (8) radii (c) 50° ( $ 
(e) } arth 
8х7--/ 3. 
2. (а) Has по zeros (b) х2—х—6=0 (с) A (d) 8 cm 
(е) many 
2—42 2+ 42 
з. (а) 272, 25% (у 5,6,7 (© zero 
6. (а) 55cm; 5775 cm? (b) 7418 п%; 8054 m? (с) 2:3 
Ta (ауа (с) 12621 m 
8. (a) Rs. 145 (b) 151. 
Test Paper 4. 
1. (a) equidistant (b) 1 (c) 40% (d) equal 
(e) three 
2. (а) k=+4 (b) a (c) 9:4 (d) when inconsistent 
(е) 3тх° cm? 
3: (а) —2; E (b) х--3, y=1 (c) 10m,7m 
5. (с) 319m 
7. (а) 1026 cm? ; 61544 cm? (b) 1232 cm? (c) 16 
8. (a) А--28,/,--24 (b) 426 quintals per hectare 
Test Paper 5. 
1. (а) 65° (Ы) cyclic (c) 1 (d) x=4, y=1 
(e) real and equal 
з--8--4х-Е2 М. 
2. (a) 3 o) халі (с) 48°, 132 
(d) бст (e) у=13—х 3. (c) 71°66 m 
6. (a) Rs. 9'18 (b) 523 
7. (а) x24,5 (b) 17х2—20х+3=0 (с) x=5, y=1 
8. (а) 2541 (b) 321 cm? (с) 4°67 т, 
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APPENDIX 
Logarithm Tables 
LOGARITHMS 


| 0 Pit 2] 4 Ea 7 8 9|1123|456|789 
10 ҮЗЕ 0170 5 913 | 172126 | 303438 
| :0294 0374 |4 8 12 | 162024 | 283236 
11| 0414] 0453] 0492 | 0531 | 0569 4 812 | 162023 | 273135 
ЕҢ 0645) 0682 4711 
12) 0792] 0828| 0864 | 0899 | 0934 3711 
roe f [ons ns 


1518 22 | 262933 


101315 
101215 


151719 
151719 
141618 
141517 
131517 
121416 
121415 
111315 
111314 
111214 
101213 
101113 
101112 
91112 
91012 
1011 
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TABLE I 
TRIGONOMETRIC RATIOS — DEGREES AND MINUTES 
LS sin cos tan cot sec cosec 

0°00’ 0.0000 1.000 0.0000 - 1.000 - 90°00’ 
10’ 0.0029 1.000 0.0029 343.8 1.000 343.8 89°50’ 
20 0008 1000 0.0058 1719 1000 1719 40 
30 0.0087 1.000 0.0087 114.6 1.000 114.6 30” 
40 0.0116 0.9999 0.0116 85.94 1.000 85.95 20 
10250 0.0145 0.9909 0.0145 68.75 1.000 68.76 10 
1900” 0.0175 0.9998 0.0175 57.29 1.000 57.30 89°00’ 
10 0.0204 0.9998 0.0204 49.10 1.000 49.11 88°50’ 
20 0.0233 0.9097 0.0233 42.96 1.000 42.98 “ 
30 00282 0.9997 0.0262 38.19 1.000 38.20 30’ 
40 0.0291 0.9996 0.0291 3437 1.000 34.38 20 
1°50 0.0320 0.9995 0.0320 31.24 1.001 31.26 10 
2°00 0.0349 0.9994 0.0349 28.64 1.001 28.65 88°00’ 
107 0.0378 0.9993 0.0378 28.43 1.001 26.45 87°50" 
20 0.0407 0.9982 0.0407 24.54 1.001 24.56 40 
30 004388 0.99000 0.0437 22.90 1.001 22.93 30 
40 0.0465 0.9689 00466 2147 1.001 2149 ж 
2°50 00494 0.9988 0.0495 20.21 1001 20.28 10 
3°00’ 0.0523 0.9988 0.0524 19.08 1.001 19.11 87°00" 
107 0,0552 0.9885 0.0553 1807 1.002 18.10 88°50! 
20 0.0581 0.9983 0.0582 1747 1.002 17.20 w 
w 0.0610 0.9981 0.0612 16.35 1.002 16.38 30 
ы 0.0840 0.9980 0.0641 15.60 1.002 15.04 ж 
3°50 0.0669 0.9978 0.0870 14.92 1.002 14.96 10 
4°00 0.0808 0.9976 0.0699 14.30 1.002 14.34 86*00' 
10 0.0727 0.9974 0.0729 13.73 1.003 13.76 85°50 
20’ 0.0758 0.9971 0.0758 13.20 1.003 13.23 40 
30 007855 0.0980 00787 12.71 1.003 12.75 30 
Av 0.0814 0.9967 0.0816 12.25 1.005 12.28 ж 
4°50’ 0.0843 0.9964 0.0846 11.83 1.004 11.87 10 
5°00’ 0.0872 0,0982 0,0875 11.43 1.004 11.47 85%00” 
17 00901 0.9950 0.0904 1106 1.004 1110 84°50" 
20 00929 09957 0.0934 10.71 1004 10.76 40 
30 00958 0.9954 0.0963 1039 1.005 1043 30" 
40 040087 0.0951 0.0992 10.08 1.005 1013 ж 
5°50 01016 09048 01022 9.788 1.005 9.839 10 
6°00’ — 0.1045 (009445 0.1051 9.514 1006 9.567 84°00/ 
10 0104 0.9942 0.1080 9.255 1008 9.309 83°50 
20 0.1103 09939 01110 9.010 — 1.006 9.065 40’ 
87 0.1132 0.9998 01139 877 1006 8.834 30° 
40 0111 09932 01160 8.555 1.007 8.614 20 
6°50 — 0.1190 0.9929 0.1198 8.345 1.007 8.405 10 


7°00 


0.1219 
cos 


0.9925 
sin 


0.1228 


8.144 


1:008 


8.206 
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Do sin cos tan cot sec cosec 
7°00 0.1219 0.9925 0.1228 8.144 1.008 8.206 83°00 
10 0.1248 0.9922 0.1257 7.953 1.008 8.016 82°50 
20 0.1276 0.9918 0.1287 7.770 1.008 7.834 40 
30’ 0.1305 0.9914 0.1317 7:596 1.009 7.661 30 
40 0.1334 0.9911 0.1346 7.429 1.009 7.496 20 
7°50 0.1363 0.9907 0.1376 7.269 1.009 7.337 10 
8°00’ 0.1392 0.9903 0.1405 . 7.115 1.010 7.185 82°00’ 
10 0.1421 0.9899 0.1435 6.968 1.010 7.040 81950” 
20 0.1449 0.9894 0.1465 6.827 1.011 6.900 40 
30 0.1478 0.9890 0.1495 6.691 1011 6.765 30 
40 0.1507 0.9886 0.1524 6.561 1.012 6.636 20' 
8°50’ 0.1536 0.9881 0.1554 6.435 1.012 6.512 10’ 
9°00’ 0.1564 0.9877 0.1584 6.34 1.012 6.392 81°00 
10 0.1593 0.9872 0.1614 6.197 1.013 6.277 80°50 
20 0.1622 0.9868 0.1644 6.084 1.013 6.166 40’ 
30 0.1650 0.9863 0.1673 5.976 1.014 6.059 30 
40 0.1679 0.9858 0.1703 5.871 1.014 5.955 20 
8°50 0.1708 0.9853 0.1733 5.769 1.015 5.855 10 
100 017% 0.9848 0.1763 5.671 1.015 5.759 80^00' 
TUER Рур 
10 0.1765 0.9843 0.1793 5.576 1.016 5.665 79950” 
20 0.1794 0.9838 0.1823 5.485 1.016 5.575 40° 
307 0.1822 0.9833 0.1853 5.396 1.017 5.487 30 
40 0.1851 0.9827 0.1883 5.309 1.018 5.403 20' 
10°50 0180 09822 0.1914 5.226 1.018 5.320 10 
110. 01908 0.9816 0.1944 5.145 1.019 5.241 79°00’ 
10 0.1837 0.9811 0.1974 5.066 1.019 5.164 . 78°50’ 
20 01965 0.9805 0.2004 4.989 1.020 5.089 40’ 
30 0.1994 0.9799 0.2035 4.915 1.020 5.016 | 930 
w 0.2022 0.9793 0.2065 4.843 1.021 4.945 20' 
11°50 0.2051 0.9787 0.2095 4.773 1.022 4.876 10 
اا ہیی ا ی‎ 
12^00 02079 0.9781 0.2126 4.705 1.022 4.810 78°00 
17 02108 09775 02156 4638 1023 4.745 2950 
2% 0.2136 0.9769 0.2186 4.574 1024 4.682 40’ 
30 0.2164 0.9763 0.2217 4.511 1.024 4.620 30 
ж- 0.2193 0.9757 0.2247 4.449 1.025 4.560 2% 
12°50’ 0.2221 0.9750 0.2278 4.390 1.026 4.502 10’ 
13°00’ 0.2250 0.9744 0.2309 4.331/ 1.026 4445 77°00’ 
10 0.2278 0.9737 0.2339 4.275 1.027 4.390 76°50' 
20 0.2306 0.9730 0.2370 4.219 1.028 4.336 40' 
30 0.2334 0.9724 0.2401 4.165 1.028 4.284 30 
40 0.2363 0.9717 0.2432 4.113 1.029 4.232 20’ 
13°50’ 0.2391 0.9710 0.2462 4.061 1.030 4.182 10 
14°00’ 0.2419 0.9703 0.2493 4011 1.031 4.134 76°00 
cos sin cot tan 
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g> sin cos tan cot sec cosec i 
14°00 0.2419 09703 0.2493 4.011 1.031 4134 78°00 
10 0247 09696 0.2524 3.962 1.031 4088 75% 

20 0.2476 0.9689 0.2555 3.914 1.032 4.039 40 
30 0254 00681 0.2586 3.867 1.033 3.994 w 
40 02532 0.9674 0.2617 3.821 1.034 3.950 20 
14°50” 02560 0.9867 0.2648 3.776 1.034 3.906 10 
15°00" 0.2588 0.9659 0.2679 3.732 1.035 3.864 75°00’ 
10’ 0.2616 0.9652 0.2711 3.689 1.036 3.822 74°50" 
20’ 0.2644 0.9644 0.2742 3.647 1.037 3.782 w 
87 02672 0.9636 0.2773 3.606 1.098 3.742 30 
47 02700 0.9628 0.2805 3:566 1.039 3.703 20 
15°50 0.2728 0.9821 0.2838 3.526 1039 3.665 10 
1607. 02756 0.9613 0.2867 3.487 1.040 3.628 74^00" 
1" 02784 09605 0.2899 3.450 1041 3.592 73°50 
20 0.2812 0.9598 0.2931 3.412 1.042 3.556 40 
30 0.2840 0.9588 0.2962 3.376 1.043 3.521 30’ 
40° 0288 09580 0.2994 3.340 1.044 3.487 20 
16°50’ 0.2896 0.9572 0.3026 3.305 1.045 3.453 10’ 
170 02924 0.9583 0.3057 3.271 1.046 3.420 73*00' 
107 02952 0.8555 0.3089 3.237 1047 3.388 72°50 
20 02979 0.9548 03121 3.204 1.048 3.356 40 
30 0.3007 0.9537 0.3153 3.172 1.049 3.328 w 
47 0.3035 0.9528 0,3185 3.140 1.049 3.295 20 
17°50’ 03062 0.9520 0.3217 3.108 1.050 3.265 10 
180 0,3090 0.9511 0.3249 $078 1.051 3.236 72°00’ 
10 0.3118 0.9502 0.3281 3.047 1.052 3.207 71°50’ 
20 0.3145 0.9492 0.3314 3.018 1.053 3.179 40" 
87 0.3173 0.9483 0.3346 2.989 1.054 3.152 30 
40 03201 0.9474 0.3378 2.960 1.056 3124 20’ 
18°50’ 0.3228 0.9465 0.3411 2.932 1.057 3.088 10 
18°00 0.3256 0.9455 0.3443 2.904 1.058 3.072 71°00 
10 0.3283 0.9446 0.3476 2.877 1.059 3.046 70°50’ 
20 03311 ооз 0.3508 2.850 1.060 3.021 40’ 
30 0.3338 0.9426 0.3541 2.824 1.061 2.996 30” 
40 03385 09417 0.3574 2798 1062 2.971 20 
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TABLE I (CONTINUED) 


Ea? sin cos tan cot sec cosec 
21900 0.3584 0.9336 0.3839 2.605 1.071 2.790 69°00' 
10 03611 0.9325 0.3872 2.583 1.072 2.769 68°50' 
20 0.3638 0.9315. 0.3906 2.560 1.074 2.749 40 
30 0.3665 09304 0.3938 2.589 1075 2.729 30 
40 0.3692 0.9293 0.3973 2.517 1.076 2.709 20! 
21950 0,2748 0.9283 0.4006 2496 1.077 2.689 10 
22*00 0.3746 0.9272. 0.4040 2.475 1.079 2.809 68°00’ 
10 0.3773 09261 04074 2.455 1.080 2.850 67%50 
20 03800 0.9250 0.4108 2494 1081 2.632 40 
30’ 0.2827 09239 0.4142 2414 1082 2.613 30’ 
44 02854 09228 04176 2304 1.084 2.595 20 
22°50’ 0.3881. 0.9216 0.4210 2375 1.085 2.577 10 
23*00 0.3007 0,9205 0.4245 2356 1.086 2.559 67°00’ 
10 0.3934 0.9194 04279 2.337 1.088 2.542 66950! 
ж 0.3061 0.9182 0.4314 2.318 1.089 2.525 40 
30 0.3987 . 0.91711 0.4348 2300 1.080 2.508 30 
40 0404 09159 0.4383 2.282 1092 2.491 20 
23°50' 0.4041 0.9147 0.4417 2.264 1.093 2.475 10 
24°00’ 04067 0.0135 0.4452 2246 1.085 2488 66°00’ 
10 0404 0.9124 0.4487 2.228 | 10%6 2443 65°50 
20 04120 (09112 0.4522 2211 1097 2427 40 
30 0447 09100 0.4557 2.404 1099 2411 30 
40 04173 (05088 0.4592 2477 1100 2.396 20 
24°50 0.4200 0.9075 0.4628 2.161 1.102 2.381 10 
25°00’ 04228 09063 0.4663 2145 1.103 2.380 65°00 
10 04255 04905: 0.4609 2128 1105 2.352 64250! 
20 0.4279 0.9038 0.4734 2412 110 2.337 40’ 
307 04305 0.9028 0.4770 2007 1108 2.323 30° 
40 0.4331 (09013 04806 2.081 1.109 2.309 20 
25°50 0.4358 0.9001 0.4841 2.066 1.111 2.295 10” 
26°00’ 0.4384 0.8988 0.4877 2.050 1.113 2.281 64°00’ 
10 0.4410 0.8975 0.4923 2.035 1.114 2.268 63950” 
20' 0.4436 0.8962 0.4950 2.020 1.116 2.254 40’ 
30 0.4462 0.8949 0.4986 2.006 1317 2241 30 
40 04488 0.808 0.5022 1991 1119 2.228 20 
26°50’ 0454 0.8922 0.5059 1977 1.121 2.215 10 
27°00’ 0.4540 0.8910 0.5095 1.963 1.122 2.203 63°00’ 
10 04566 0.8807 0.5132 1949 1124 2100 82950! 
20 04502 0.8884 0.5169 1935 1126 2.178 40 
30’ 0.4617 0.8870 0.5206 1.821 1.127 2.166 30’ 
40 046483 0.8857 0.5243 1907 1.129 2.154 20 
27°50 04668 0.8843 0.5280 184 1131 2.142 10 
28°00 0.4895 0.8828 0.5317 1881 1133 2480 62%00 

COS sin cot tan cosec sec <? 
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п> sin cos tan cot sec cosec 
28°00 0.4695 0.8829 0.5317 1.881 1.133 2.130 
17 04720 0.8816 0.5354 1.868 1.134 2.118 
20' 04746 0.8802 0.5392 1.855 1.136 2.107 
30’ 0.4772 0.8788 0.5430 1.842 1.138 2.086 
40 04797 0.8774 0.5467 1.629 1.140 2.085 
28°50 0.4823 0.8760 0.5505 1.816 1.142 2.074 
29°00’ 0:4848 0.8748 0.5543 1.804 1.143 2.083 
10 0.4874 0.8732 0.5581 1.792 1145 2.052 
20 0.4899 0.8718 0.5619 1.780 1.147 2.041 
30 0.4924 0.8704 0.5658 1.767 1.149 2.031 
407 0.4950 0.8589 0.5696 1.756 1151 2.020 
29*50 0.4975 0.8875 0.5735 1.744 1.153 2.010 
30°00’ 0.5000 0.8660 0.5774 1.732 1.155 2.000 
10’ 0.5025 0.8646 0.5812 1.720 1157 1.990 
20 0.5050 0.8631 0.5851 1.709 1159 1.980 
30’ 0.5075 0.8616 0.5890 1.698 1161 1.970 
40’ 0.5100 0.8601 0.5930 1.688 1.163 1.961 
30°50’ 0.5125 0.8587 0.5969 1.675 1.165 1.951 
31°00’ 0.5150 0.8572 0.6009 1.664 1.167 1.942 
10 0.5175 0.8557 0.6048 1.653 1.169 1.932 
20 0.5200 0.8542 0.6088 1.643 1171 1.923 
30° 0.5225 0.8526 0.6128 1.632 1.173 1914 
40 0.5250 0.8511 0.6168 1.621 1175 1.905 
31°50’ 0.5275 0.8496 0.6208 1.611 1.177 1.896 
32900” 0,5299 0.8480 0.6249 1.600 1.179 1.887 
10 0.5324 0.8465 0.6289 1.590 1.181 1.878 
20 0.5348 0.8450 0.6330 1,580 1.184 1.870 
30” 0.5373 0.8434 0.6371 1.570 1.186 1.861 
40’ 0.5398 0.8418 0.9412 1.560 1.188 1.853 
32950! 0.5422 0.8403 0.6453 1.550 1.190 1.844 
33°00’ 0.5446 0.8387 0.6494 1.540 1.192 1.836 
10’ 0.5471 0.8371 0.6536 1.530 1.195 1.828 
2% 0.5495 0.8355 0.6577 1.520 1497 1.820 
30' 0.5519 0.8339 0.6619 1511 1199 1.812 
40 0.5544 0.8323 0.6661 1.501 1.202 1.804 
33°50’ 0.5568 0.8307 0.6703 1.492 1.204 1.796 
34°00' 0.5592 0.8290 0.6745 1.483 1.206 1.788 
10’ 0.5616 0.8274 0.6787 1.473 1.209 1.781 
20 0.5640 0.8258 0.6830 1.464 1.211 1773 
30' 0.5664 0.8241 0.6873 1.455 1.213 1.766 
40" 0.5688 0.8225 0.6916 1.446 1.216 1.758 
34°50’ 0.5712 0.8208 0.6959 1.437 1.218 1.751 
35°00’ 0.5736 0.8192 0.7002 1.428 1.221 - 1.743 
cos sin cot tan совес sec 
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asm cos tan cot sec cosec E 
— 35°00 05738 081909 07002 їз 12231 1744 s500 
10 0.5780 0.8175 0.7046 1419 1223 1738 54°50’ 
20 0.5783 0.8158 0.7089 1.411 1.226 1.729 40 
30° 0.5807 0.8141 0.7133 1.402 1.228 1.722 30° 
40 0.5831 0.8124 0.7177 1.393 1.231 1.715 20 
35°50’ 0.5854 0.8107 0.7221 1385 1233 1.708 10 
36°00 0.5878 0.8090 07265 1378 1з 1701 54200: 
7740 0501 04073 07310 1368 1239 169 53% 
20 0.5925 0.8056 0.7355 1.360 1241 1.688 40' 
30 0.5948 0.8039 0.7400 1.351 1.244 1.681 30’ 
40 0.5972 0.8021 0.7445 1.343 1.247 1.675 20 
36°50’ 0.5995 0.8004 0.7490 1.335 1.249 1.668 10’ 
37°00’ 0.6018 0.7986 0.7536 1.327 1.252, 1.662 53%00” 
oA Е 
22 0.6041 0.7969 0.7581 1.319 1.255 1.655 52950” 
2, 0.6065 0.7951 0.7627 1311 1.258 1.649 40’ 
30 0.6068 0.7934 0.7673 1.303 1.260 1.643 30’ 
ж- 0.6111 0.7916 0.7720 1.295 1.263 1.636 20’ 
37°50 0.6134 0.7888 0.7768 1.288 1.266 1.630 10 
38°00’ 0.6157 0.7880 0.7813 1.280 1.269 1.624 52900” 
30 0610 07882 07880 1272 1272 1618 519507 
ж 0.6202 0.7844 0.7907 1.265 1.275 1.612 40 
w 0.6225 0.7826 0.7954 1.257 1.278 1.606 30’ 
ж 0.6248 0.7808 0.8002 1,250 1.281 1.601 20’ 
38°50’ 0.6271 0.7780 0.8050 1.242 1.284 1.595 10 
39*00 0629: 0.7771 0.8098 1235 1287 1.588 51900! 
ж 0.6338 0.7735 0.8195 1.220 1.293 1.578 40” 
30 0.6361 0.7716 0.8243 1.213 1.206 1.572 30 
ж 0.6383 0.7698 0.8292 1.206 1.299 1.567 20”. 
90°50’ 0.6406 0.7679 0.8342 1.199 1.302 1.501 10 
40%00” 0.6428 0.7680 0.8381 1.192 1.305 1.556 50%00” 
10 0.6450 0.7642 0.8441 1.185 1.309 1.550 49950” 
ж 0.6472 0.7623 0.6491 1.178 1.312 1.545 40’ 
30 0.6494 0.7604 0.8541 1.171 1.315 1.540 30 
40 0.6517 0.7585 0.8591 1.164 1.318 1.535 20 
40°50’ 0.6539 0.7586 0.8642 1.157 1.322 1.529 10’ 
41°00 0.6561 0.7547 0.8603 1.150 1.325 1.524 49°00 
10 0.8583 0.7528 0.8744 1.144 1.328 1.519 48°50’ 
20 0.6804 0.7509 0.8796 1.137 1.332 1.514 40 
30 0.6826 0.7490 0.8847 1.130 1.335 1.509 30 
40 0.6648 0.7470 0.8809 1.124 1.339 1.504 ж 
41°50 0.6670 0.7451 0.8952 1.117 1.342 1.499 10" 
42°00 0.6601 0.7431 0.9004 1111 1.346 1.494 48°00’ 
cos sin cot tan cosec sec <? 
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TABLE I (CONTINUED) 
Um sin cos tan cot Sec ` cosec 
42200 0.6691 0.7431 0.9004 1.111 1.346 1.494 48°00° 
10° 0.6713 0.7412 0.9057 1.104 1.349 1.490 47°50 
20° 0.6734 0.7392 0.9110 1,098 1.353 1.485 40° 
30° 0.6756 0.7373 0.9163 1.091 1.356 1.480 30° 
40° 0.6777 0.7353 0.9217 1.085 1.360 1.476 20° 
42°50" 0.6799 0.7333 09271 1.079 1.364 1.471 10: 
43°00" 0.6820 0.7314 0.9325 1.072 1.367 1.466 47200” 
10° 0.6641 0.7204 0.9380 1.066 1.371 1.462 46%50 
20° 0.6862 0.7274 0.9435 1.060 1.375 1.457 40° 
30° 0.6884 0.7254 0.9490 1.054 1.379 1.453 30° 
40° 0.6905 0.7234 0.9545 1.048 1.382 1.448 20 
43°50° 0.6926 0.7214 0.9601 1.042 1.386 1.444 10 
44°00 0.6947 0.7193 0.9657 1.036 1.390 1.440 46°00 
10° 0.6967 0.7173 0.9713 1.030 1.394 1.435 45°50" 
20. 0.6988 0.7153 0.9770 1024 1398 1431 40 
30 0.7009 0.7133 09827 1.018 1.402 1.427 30 
40° 0.7030 0.7112 0.984 1.012 1.408 1.423 20° 
44°50° 0.7050 0.7092 0.9942 1,006 1.410 1.418 10 
45°00" 0.7071 0.7071 1.000 1.000 1.414 1.414 45°00 
cos sin cot tan cosec sec < 
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TABLE II 
TRIGONOMETRIC RATIOS — DEGREES IN DECIMAL FORM 


еа ee oe ee EE 


No value 


572.96 
286.48 
190.99 
143.24 
114.59 
95.495 
81.853 
71.622 
63.665 
57.299 
52.090 
47.750 
44.077 
40.930 
38.202 
35.815 
33.708 
31.836 
30.161 
28.654 
27.290 
26.050 
24.918 
23.880 
22.926 
22.044 
21.229 
20.471 
19.766 
19.107 
18.492 
17.914 
17.372 
16.862 
16.380 
15.926 
15.496 
15.089 
14.703 
14.336 
13.987 
13.654 
13.337 
13.035 
12.746 
12.469 
12.204 
11.951 
11.707 


No value 


572.96 
286.48 
190.98 
143 24 
114,59 

95.490 

81.847 

71.615 

63.657 

57.290 

52.081 

47.740 

44.066 

40.917 

38.188 

35.801 

33.694 

31.821 
30.145 
28.636 
27.271 
26.031 
24.898 
23.859 
22.904 
22.022 
21.205 
20.446 
19.740 
19.081 
18.464 
17.886 
17.343 
16.832 
16.350 
15.895 
15.464 
15.056 
14.669 
14.301 
13,951 
13.617 
13.300 
12.996 
12.706 
12,429 
12.163 
11.909 
11.665 
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254 
TABLE II (CONTINUED) 

sin 0 tan | созес Ө зес@ 
0.1736 0.1763 5.7588 1.0154 
0.1754 0.1781 ^| 5.7023 1.0157 
0.1771 0.1799 5.6470 1.0161 
0.1788 0.1817 5.5928 1.0164 
0.1805 0.1835 5.5396 1.0167 
0.1822 0.1853 5.4874 1.0170 
0.1840 0.1871 5.4362 1.0174 
0.1857 0.1890 5.3860 1.0177 
0.1874 0.1908 5.3367 1,0180 
0.1891 0.1926 5.2883 1.0184 
0.1908 0.9816 0.1944 5.2408 1.0187 
0.1925 0.9813 0.1962 5.1942 1:0191 
0.1942 9.9810 0.1980 5.1484 1.0194 
0.1959 0.9806 0.1998 5.1034 1.0198 
0.1977 0.9803 0.2016 5.0593 1.0201 
0.1994 0.9799 0.2035 5.0159 1.0205 
0.2011 0.9796 0.2053 4.9732 1.0209 
0.2028 0.9792 0.2071 4.9313 1.0212 
0.2045 0.9789 0.2089 4.8901 1:0216 
0.2062 0.9785 0.2107 4.8496 1.0220 
0.2079 0.9781 0.2126 4.8097 1.0223 
0.2096 0.9778 0.2144 4.7706 1,0227 
0.2113 0.9774 0.2162 4.7321 1.0231 
0.2130 0.9770 0.2180 4.6942 1.0235 
0.2147 0.9767 0.2199 4.6569 1.0239 
0.2164 0.9763 0.2217 4.6202 1.0243 
0.2181 0.9759 0.2235 4.5841 1.0247 
0.2198 0.9755 0.2254 4.5486 1.0251 
0.2215 0.9751 0.2272 4.5137 1.0255 
0.2232 0.9748 0.2290 4.4793 1.0259 
0.2250 0.9744 0.2309 4.4454 1.0263 
0.2267 0.9740 0.2327 4.4121 1.0267 
0.2284 0.9736 0.2345 4.3792 1.0271 
0.2300 0.9732 0.2364 4.3469 1.0276 
0.2317 0.9728 0.2382 4.3150 1.0280 
0.2334 0.9724 0.2401 4.2837 1.0284 
0.2351 0.9720 0.2419 4.2528 1.0288 
0.2368 0.9715 0.2438 4.2223 1.0293 
0.2385 0.9711 0.2456 4.1923 1.0297 
0.2402 0.9707 0.2475 4.1627 1.0302 
0.2419 0.9703 0.2493 4.1336- 1.0306 
0.2436 0.9699 0.2512 4.1048 1.0311 
0.2453 0.9694 0.2530 4.0765 1.0315 
0.2470 0.9690 0.2549 4.0486 1.0320 
0.2487 0.9686 0.2568 4.0211 1.0324 
0.2504 0.9681 0.2586 3.9939 1.0329 
0.2521 0.9677 0.2605 3.9672 1.0334 
0.2538 0.9673 0.2623 3.9408 1.0338 
0.2554 0.9668 0.2642 3.9147 1.0343 
0.2571 0.9664 0.2661 3.8890 1.0348 
cos 0 sin (| cot 8 sec 0 cosec à 


80.0 
79.9 
79.8 
79.7 
79.6 
79.5 
79.4 
79.3 
79.2 
79.1 
79.0 
78.9 
78.8 
78.7 
78.6 
78.5 
78.4 
78.3 
78.2 
78.1 

78.0 
17:9 
77.8 
777 
77.6 
77.5 
77.4 
77.3 
77.2 
77.1 

77.0 
76.9 
76.8 
76.7 
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TABLE П (CONTINUED) 
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Ге [ me 


-т- 
@deg | deg min sin cosec Ө sec б 

150 | 15 0 0.2588 0.9659 0.2679 3.8637 1.0353 

15.1 15 16 0.2605 0.9655 0.2698 3.8387 1.0358 

152 | 15702 0.2622 0.9650 0.2717 3.8140 1.0363 

15.3 | 15 18 0.2639 0.9646 0.2736 3.7897 1.0367 

154 | 15 24 0.2656 0.9641 0.2754 3.7657 1.0372 

15.5 | 15 30 0.2672 0.9636 0.2773 3.7420 1.0377 3.6059 
156 | 15 36 0.2689 0.9632 0.2792 3.7186 1.0382 3.5816 
157 | 15 42 0.2706 0.9627 0.2811 3.6955 1.0388 3.5576 
15.8 | 15 48 0.2723 0.9622 0.2830 3.6727 1.0393 3.5339 
15.9 | 15 54 0.2740 0.9617 0.2849 3.6502 1.0398 3.5105 
160 | 16 0 0.2756 0.9613 0.2867 3.6280 1.0403 3.4874 
16.1 16 6 0.2773 0.9608 0.2886 3.6060 1.0408 3.4646 
16.2 | 16 12 0.2790 0.9603 0.2905 3.5843 1.0413 3.4420 
163 | 16 18 0.2807 0.9598 0.2924 3.5629 1.0419 3.4197 
164 | 16 24 0.2823 0.9593 0.2943 3.5418 1.0424 3.3977 
165 | 16 30 0.2840 0.9588 0.2962 3.5209 1.0429 3.3759 
166 | 16 36 0.2857 0.9583 0.2981 3.5003 1.0435 3.3544 
167 | 16 42 0.2874 0.9578 0.3000 3.4800 1.0440 3.3332 
168 | 16 48 0.2890 0.9573 0.3019 3.4598 1.0446 3.3122 
169 | 16 54 0.2907 0.9568 0.3038 3.4399 1.0451 32914 
0 | 517 0 0.2924 0.9563 0.3057 3.4203 1.0457 3.2709 
17.1 177,5 0.2940 0.9558 0.3076 3.4009 1.0463 3.2506 
2 |717 42 0.2957 0.9553 0.3096 3.3817 1.0468 3.2305 
173 | 17 18 0.2974 0.9548 0.3115 3.3628 1.0474 3.2106 
17.4 | 17 24 0.2990 0.9542 0.3134 3.3440 1.0480 3.1910 
17.5 | 17 30 0.3007 0.9537 0.3153 3.3255 1.0485 3.1716 
17.6 | 17 36 0.3024 0.9532 0.3172 3.3072 1.0491 3.1524 
117 | 17 42 0.3040 0.9527 0.3191 3.2891 1.0497 3.1334 
178 | 17 48 0.3057 0.9521 0.3211 32712 1.0503 3.1146 
17.9 | 17 54 0.3074 0.9516 0.3230 3.2536 1.0509 3.0961 
180 | 18 0 0.3090 0.9511 0.3249 3.2361 1.0515 3.0777 
18.1 18 6 0.3107 0.9505 0.3268 3.2188 1.0521 3.0595 
182 | 18 12 0.3123 0.9500 0.3288 3.2017 1.0527 3.0415 
183 | 18 18 0.3140 0.9494 0.3307 3.1848 1.0533 3.0237 
184 | 18 24 0.3156 0.9489 0.3327 3.1681 1.0539 3.0061 
185 | 18 30 0.3173 0.9483 0.3346 3.1515 1.0545 2.9887 
18.6 | 18 36 0.3190 0.9478 0.3365 3.1352 1.0551 2.9714 
187 | 18 42 0.3206 0.9472 0.3385 3.1190 1.0557 2.9544 
18.8 18 48 0.3223 0.9466 0.3404 3.1030 1.0564 2.9375 
18.9 | 18 54 0.3239 0.9461 0.3424 3.0872 1.0570 2.9208 
190 | 19 0 0.3256 0.9455 0.3443 2.0716 1.0576 2.9042 
191 19 6 0.3272 0.9449 0.3463 3.0561 1.0583 2.8878 
19.2 19 12 0.3289 0.9444 0.3482 3.0407 1.0589 2.8716 
19.3 | 19 18 0.3305 0.9438 0.3502 3.0256 1.0595 

194 | 19 24 0.3322 0.9432 0.3522 3.0106 1.0602 

19.5 | 19 30 0.3338 0.9426 0.3541 2.9957 

19.6 0.3355 0.9421 0.3561 2.9811 

19.7 0,3371 0.9415 0.3581 2.9665 

19.8 0.3387 0.9409 0.3600 2.9521 

. ў ) 0.3620 2.9379 


74.4 
74.3 
74.2 
74.1 
74.0 
73.9 
73.8 
73.7 
73.6 
73.5 
74.4 
73.3 
73.2 
73.1 
73.0 
72.9 
72.8 
72.7 
72.6 
72.5 
72.4 
72.3 
72.2 
72.1 


72.0 
71.9 
71.8 
71.7 
71.6 
71.5 
71.4 
71.3 
71.2 
71.1 

71.0 
70.9 
70.8 
70.7 
70.6 
70.5 
70.4 
70.3 

70.2 
70.1 
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TABLE П (CONTINUED) 


20.5 20 30 0.3502 0.9367 
20.6 20 36 0.3518 0.9361 
20.7 20 42 0.3535 0.9354 
20.8 20 48 0.3551 0.9348 
20.9 20 54 0.3567 0.9342 
21.0 2100 0.3584 0.9336 
21.1 21 6 0.3600 0.9330 
21.2 21 12 0.3616 0.9323 
21.3 21 18 0.3633 0.9317 
21.4 21 24 0.3649 0.9311 
21.5 21 30 0.3665 0.9304 
21.6 21 36 0.3681 0.9298 
21.7 21 42 9.3697 0.9291 
21.8 21 48 0.3714 0.9285 
21.9 21 54 у 0.3730 0.9278 
22.0 22 0 0.3746 0.9272 
22.1 22 6 0.3762 0.9265 
222 22 12 0.3778 0.9259 
22.3 22 18 0.3795 0.9252 
22.4 22 24 0.3811 0.9245 
22.5 22 30 0.3827 0.9239 
22.6 22 36 0.3843 0.9232 
22.7 22 42 0.3859 0.9225 
22.8 22 48 0,3875 0.9219 
22.9 22 54 0.3891 0.9212 
23.0 23-0 0.3907 0.9205 
23.1 23 6 0.3923 0.9198 
23.2 23 12 0.3939 0.9191 
23.3 23 18 0.3955 0.9184 
23.4 23 24 0.3971 0.9178 
23.5 23 30 0.3987 0.9171 
23.6 23 36 0.4003 0.9164 
23.7 23 42 0.4019 0.9157 
23.8 23 48 0.4035 0.9150 
23.9 23 54 0.4051 0.9143 
24.0 24 0 0.4067 0.9135 
24.1 24 6 0.4083 0.9128 
24.2 24 12 0.4099 0.9121 
24.3 24 18 0.4115 0.9114 
24.4 24 24 0.4131 0.9107 
24.5 24 30 0.4147 0.9100 
24.6 24 36 0.4163 0.9092 
24.7 24 42 0.4179 0.9085 
24.8 24 48 0.4195 0.9078 
24.9 24 54 0.4210 0.9070 


IER 


TABLE II (CONTINUED) 


25,3 
25.4 
25.5 
25.6 
25.7 
25.8 
25.9 
26.0 
26.1 
26.2 
26.3 
26.4 
26.5 
26.6 
26.7 
26.8 
26.9 
27.0 
27.1 
27.2 
27.3 
27.4 
27.5 
27.6 
27.7 
27.8 
27.9 
28.0 
28.1 
28.2 
28.3 
28.4 
28.5 
28.6 
28.7 
28.8 
28.9 
29.0 
291 
29.2 
29.3 
29.4 
29.5 
29.6 
29.7 
29.8 
29.9 
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cosec Ө зес@ cot 
. 2.3662 1.1034 | 2.1445 
; 2.3574 1.1043 2.1348 
. 2.3486 1.1052 2.1251 
0.4274 0.9041 0.4727 2.3400 1.1061 2.1155 
0.4289 0.9033 0.4748 2.3314 1.1070 2.1060 
0.4305 0.9026 0.4770 2.3228 1.1079 2.0965 
0.4321 0.9018 0.4791 2.3144 1.1089 2.0872 
0.4337 0.9011 0.4813 2.3060 1.1098 2.0778 
0.4352 0.9003 0.4834 2.2976 1.1107 2.0686 
0.4368 0.8996 0.4856 2.2894 1.1117 2.0594 
0.4384 0.8988 0.4877 2.2812 1.1126 2.0503 
0.4399 0.8980 0.4899 2.2730 1.1136 2.0413 
0.4415 0.8973 0.4921 2.2650 1.1145 2.0323 
0.4431 0.8965 0.4942 2.2570 1.1155 2.0233 
0.4446 0.8957 0.4964 2.2490 1.1164 2.0145 
0.4462 0.8949 0.4986 2.2412 1.1174 2.0057 
0.4478 0.8942 0.5008 2.2333 1.1184 1.9970 
0.4493 0.8934 0.5029 2.2256 1.1194 1.9883 
0.4509 0.8926 0.5051 2.2179 1.1203 1.9797 EA 
0.4524 0.8918 0.5073 2.2103 1.1213 1.9711 63 6 0 
0.4540 0.8910 0.5095 2.2027 1,1223 1.9626 63 0 629 
0.4555 0.8902 0.5117 2.1952 1.1233 1.9542 62 54 $28 
0.4571 0.8894 0.5139 2.1877 1.1243 1.9458 62 48 ДЕ 
0.4586 0.8886 0.5161 2.1803 1.1253 1.9375 62 42 522) 
0.4602 0.8878 0.5184 2.1730 1.1264 1.9292 62 36 | 62. E 
0.4617 0.8870 0.5206 2.1657 1.1274 1.9210 62 30| 62. 
0.4633 0.8862 0.5228 2.1584 1.1284 1.9128 62 24 | 624 
0.4648 0.8854 0.5250 2.1513 1.1294 1.9047 62 18 | 623 
0.4664 0.8846 0.5272 2.1441 1.1305 1.8967 62 12 | 622 
0.4679 0.8838 0.5295 2.1371 1.1315 1.8887 62 6 | 624 
0.4695 0.8829 0.5317 2.1301 1.1326 1,8807 62 0| 620 
0.4710 0.8821 0.5339 2.1231 1.1336 1.8728 61 54 | 619 
0.4726 0.8813 0.5362 2.1162 1,1347 1.8650 61 48 | 618 
0.4741 0.8805 0.5384 2.1093 1.1357 1.8572 61 42 | 617 
0.4756 0.8796 0.5407 2.1025 1,1368 1,8495 61 36 | 61.6 
0.4772 0.8788 0.5430 2.0957 1.1379 1.8418 61 30 | 61.5 
0.4787 0.8780 0.5452 2.0890 1.1390 1.8341 61 74 | 614 
0.4802 0.8771 0.5475 2.0824 1.1401 1.8265 61 18 | 613 
0.4818 0.8763 0.5498 2.0758 1.1412 1.8190 61 12 | 612 
0.4833 0.8755 0.5520 2.0692 1.1423 1.8115 61 6] 611 
0.4848 0.8746 0.5543 2.0627 1.1434 1.8040 61 0| 610 
0.4863 0.8738 0.5566 2.0562 1.1445 1.7966 60 54 | 60.9 
0.4879 0.8729 0.5589 2.0598 1.1456 1.7893 60 48 | 60.8 
h 0.8721 0.5612 2.0434 1.1467 1.7820 60 42 | 607 
2.0371 1.1478 1.7747 60 36 | 60.6 
2.0308 1.1490 1.7675 6с 30 | 60.5 
2.0245 1.1501 1.7603 60 24 | 604 
2.0183 1,1812 1.7532 60 18 | 603 
2.0122 1.1524 1.7461 60 12 | 602 
2.0061 1.1535 1.7391 60 6 | 601 
sec 0 cosec tan 0 deg mih: |; eden - 
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TABLE II (CONTIN UED) 


TABLE II Sa ы 


0 deg 
35.0 
35.0 55.0 
35.1 54.9 
352 54.8 
35.3 54.7 
35.4 54.6 
35.5 54.5 
35.6 54.4 
357 54.3 
354 54.2 
35.9 54.1 
36.1 54.0 
36.1 53.9 
36.2 53.8 
36.3 53.7 
364. 53.6 
%5 53.5 
36.6 53.4 
36.7 53.3 
6 53.2 
459 53.1 
37 53.0 
A 52.9 
que 52.8 
2 52.7 
34 52.6 
313 52.5 
76 52.4 
тИ 52.3 
зга 52.2 
о 52.1 
зв 52.0 
381 51.9 
286 51.8 
348 51.7 
384 51.6 
285 51.5 
MS 51.4 
ay 51.3 
38.9 11 
39.0 51.0 
394 51.0 
39.2 50s 
39.3 507 
39.4 506 
39.5 505 
39.6 504 
39.7 503 
397 50.3 
39.8 50.2 
50.1 


Ө deg 


Cad (АУ (АҘ (АЗ Cad Cad П.а. fad Boe 6 аат 7 007‏ 843 کله 


аа-аа‏ دا UJ GJ) W G3 G3‏ ډیا GJ‏ دا 


чч‏ ديا 
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41.3 41 18 0.6600 0.7513 
41.4 41 24 0.6613 0.7501 
41.5 41 30 0.6626 0.7490 
41.6 41 36 0.6639 0.7478 
41.7 41 42 0.6652 0.7466 
41.8 41 48 0.6665 0.7455 
41.9 41 54 0.6678 0.7443 
42.0 42 0 0.6691 0.7431 
42.1 42 6 0.6704 0.7420 
42.2 42 12 0.6717 0.7408 


43.8 | 43 48 0.6921 0.7218 
43.9 | 43 54 0.6934 0.7206 
440 | 44 0 0.6947 0.7193 
44.1 44 6 0.6959 0.7181 
44.2 | 44 12 0.6972 0.7169 


